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For asymptotically high incident velocities we provide simple, heuristic, almost classical, derivations of
the cross section for forward charge transfer, and of the ratio of the cross section for capture to the
elastic-scattering cross section for the projectile scattered through an angle close to m/3.

I. INTRODUCTION

The cross section for forward charge transfer for a projec-
tile P incident with asymptotically high velocity v; = vu, on
a target nucleus T to which is bound one electron e is con-
ceptually of great interest in quantum theory since the
second Born term gives the dominant contribution. Using a
model in which the e is initially uniformly distributed over
the surface of a sphere of radius a, that is, in which the e
has an initial (normalized) distribution

p, ( r ) =S(r —a)/4rrr',

the cross section was first calculated, classically, by Tho-
mas. ' After a long period of confusion occasioned by the
fact that the classical result did not agree at all with the
first-Born-term contribution, it was shown by Drisko2 that
for capture from the 1s state Thomas's result and the
second-Born-term contribution agreed to within a constant.
The precise connection between classical and quantum
theory was clarified only quite recently; it was shown' that
for capture from a high Rydberg state (with l = n )—cap-
ture which will occur primarily to final states which are
themselves high Rydberg states —the classical and second-
Born contributions approach one another exactly as n —~.
This is not too surprising a result since high Rydberg states
can be described classically. A detailed discussion can be
found in Ref. 3 and in a relatively recent review.

The calculation of the second Born term is quite compli-
cated even in the domain of present interest, that is, even
for v asymptotically high. We present here a quite simple
derivation. The derivation can surely be made rigorous, but
the proof that the derivation is rigorous would itself be ex-
pected to be very complicated, in which case it would serve
no purpose, and we present no such proof. We will consid-
er the paper to be a success if the reader is convinced, as we
are, that the conceptually simple derivation is very believ-
able.

Before analyzing the forward-charge-transfer process com-
mented on above, we examine charge transfer at large pro-
jectile scattering angles, a process which has received some
attention recently. Thus we consider a projectile P which
captures an outer electron from a heavy atom and scatters
elastically through a large angle 8 from the hcavy-target nu-

cleus T. It turns out that the probability for capture peaks
at tt= n/3. In Sec. II we give a conceptually simple deriva-
tion of the ratio of the cross section for capture to the cross
section for elastic scattering. This derivation facilitates the
analysis, in Sec. III, of the forward-charge-transfer process.

A preliminary insight into the validity of classical theory
for high-energy charge transfer is obtained by considering
the consequences of the uncertainty principle with regard to
the initial state, an electron bound to a target. The require-
ment that the initial spatial distribution be known implies
that the initial velocity distribution cannot be known exact-
ly, but the enormous speed imparted to the electron by the
projectile renders the relatively small uncertainty in the ini-
tial velocity distribution irrelevant.

II. CHARGE TRANSFER AT SCATTERING
ANGLES CLOSE TO n'/3

The projectile P, with atomic number Z~ and mass
M~ &) m, is incident with a velocity v; = v~ „where
v » e /tt (a characteristic speed for an outer electron e of
mass m ). T is taken to have a mass » Mv so that the
recoil of T can be neglected. P undergoes two binary col-
lisions, the first with e and the second with T. (If the col-
lisions were to occur in the reverse order, e and P could
not emerge with the same velocity and capture could not oc-
cur. ) Since P scatters from T through a large angle e the
impact parameter of P relative to T must be very small and
we can assume that P is incident along the negative z axis.
It follows that the P ecollision o-ccurs effectively at x=0,
y =0, z & 0. Note that if vf is the final velocity of P we
must have ivfi=u since the P Tcollision is elastic-and
recoiless. Note also that it follows from the kinematics, and
from the condition that e emerge with a velocity close to
vf, that 8=m/3

The probability PcA(8) is the probability, calculated in the
classical approximation, that P, scattered through an angle 0
with a final velocity vf, will capture the e . For a given lo-
cation of the e on the sphere of radius a centered at T, we
can calculate the velocity v' of the emergent e . PcA(8) is
the ratio of the "appropriate" area of the sphere to the total
area 4m a of the sphere. The appropriate area is the area
for which i

v' —vfi is less than or equal to the escape velo-
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city immediately after the P-T collision. Integrating over 0
gives the total probability PcA of capture. One finds, using
the fact that PcA(8) peaks at 8= m/3,

i 7/2

PcA(& bd) =
mv 2 a a

(2.1)

By time-reversal invariance we expect PcA(i f), the
probability of capture from a specified initial distribution
p;( r ) to a specified final distribution pf( r ), to contain a
factor pf( r ). [Consider capture of an e by T for
(P+e ) incident on T; the initial distribution would be

pf ( r ).) We therefore expect PcA (i bd ) to contain

pbd( r ) = Xfpf( r ) (2.4)

where the sum is over all bound states. [The presence of
the factor r ' in the integrand also suggests the introduc-
tion of the factor p~(r), for as is well known, and as we
shall see in a moment, p~( r ) is proportional to r /. l In
a semiclassical approximation we can use a simple version
of Thomas-Fermi theory to give

The argument a bd of Pch has been inserted to make it
clear that the initial state was characterized by a, with the
spatial distribution p, ( r ) of Eq. (1.1), and that the final
state was any bound (bd) state. We could proceed by a
similar analysis to determine PcA for an arbitrary initial dis-
tribution p;( r ) rather than for p, ( r ), but it will prove
convenient instead to rewrite PcA(a bd) in a different
form, one which makes the extension to p;( r ) obvious.
Thus, we rewrite PcA(a bd) in a form which contains

p, ( r ) and which contains all of the essential "physics, "
namely,

PcA(a bd) = J PcA(r bd) p, ( r )4mr

x [5(x)5(y)X( —z) 1 d r, (2.2)

where in the integrand we replaced a by the variable r. This
equation is an identity, no matter what the form of
PcA(r bd) is. The factor X( —z) in the integrand [here
X(z) is the Heaviside step function] has no effect on thp

identity; the square bracket in the integrand represents the
physical fact that the electron must initially lie on the nega-
tive z axis to be struck by P. To obtain PcA(i bd), the
probability of capture from an arbitrary initial distribution,
we need merely replace p, ( r ) in Eq. (2.2) by p;( r ). Us-
ing Eq. (2.1) for PcA(r bd), with a replaced by r, we find

PcA(/' bd) =4~C Ji 5(x)5(y)X( —z) d r . (2.3)
i'p;(r)

C"= 16rr'(/r/m v )'(Zpe'/[m v'/2] )' . (2.6b)

Writing pbd ( —», ) as the sum given in Eq. (2.4),
PcA(i f ) is obtained from PcA(i bd) by simply replac-
ing p~( —su, ) by just one term in its sum, pf( —», ). In-
terpreting p ( —su, ) as i$ ( —sf/, ) i, for n=i or f, where

is a normalized wave function, we obtain exactly the
same result as was recently obtained' in a semiclassical ap-
proximation (SCA) .

To understand more thoroughly the basis of the above
approach, note firstly that P can be treated classically since
the wavelength of P is very much smaller than any relevant
length. Note further that the use of the classical distribu-
tion p, ( r ) for the initial state of the electron is reasonable
if a )) a0=112/me2, that is, if the initial state is a high Ryd-
berg state. Thus the replacement of p, ( r ) by p, ( r ) is
reasonable if p;( r ) is the quantum spatial distribution of a
high Rydberg state. Now if i is a high Rydberg state, cap-
ture will occur predominantly into high Rydberg states, and
the main contribution to the sum p~( r ) will come from
states f that are high Rydberg states. In this case it is
reasonable to evaluate p~( r ) using Thomas-Fermi theory.
Finally, this leads to the above quantum expression for the
probability of capture from state i to state f. This expres-
sion was derived only for states i and f that are high Ryd-
berg states, but since the expression has a general form it is
not unreasonable to conclude that it is valid for all states i
and f, and this is borne out by comparison with the exact
result.

III. FOR%ARD CHARGE TRANSFER

We will be concerned with the cross section hard, for for-
ward charge transfer via double scattering (ds). Our objec-
tive is to obtain the quantum expression for ad, starting
from the classical approximation for o-d„ found by Tho-
mas' to be

0-~,(a bd ) = C"/a'/2, (3.1)

Introducing the right-hand side of Eq. (2.5a) as a factor in
the integrand in Eq. (2.3), we obtain

PcA(i bd) =4vrCC' J/p;( r )5(x)5(y)X( —z)pbd( r )d r

= C" JI p, ( —ski, )pu( —su, )ds, (2.6a)

where we have integrated over x and y and set s = —z, and
where

(4~/3) pp'(r )
(2~x)'

where

( /3) 213/2Z 7/2Z 2(e2/ 2) 11/2 (3.2)
where the Fermi momentum pF(r ) is given by

PF (r ) ZPe'

1 = C'pbbs( r )r
C' = 6n '/r'/(2mzpe') ' '

(2.5a)

(2.5b)

[We do not need a self-consistent approach to determine
V(r), as in the usual Thomas-Fermi theory, since we are
not concerned here with interacting electrons filling up all of
available phase space at a given point r; we have only one
e and it sees a potential —Zpez/r. ] We therefore have

we have assumed an initial distribution p, ( r ) defined by
Eq. (1.1). The e when struck by P emerges at an angle
very close to m/3 with respect to the incident direction u, of
P. Thereby e attains a speed very close to v. It is then
elastically scattered from T through an angle very close to
m/3, emerging with a velocity very close to v;. Therefore
e can be, initially, at any distance r from T, but-it must be
at a polar angle very close to 2'/3 with respect to 1/, so that
it will pass close by T after being scattered by P. We there-
fore write our identity —the factor 5(8 —22r/3) guarantees
that the electron has the appropriate initial position and the
factor 2/sin8 is introduced so that we do indeed have an
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identity —as

o-q, (a bd) =
&

oq,.(r bd)p, (r) . d r
25(H —2m/3)

sinH

Therefore integration over P gives 2m and we obtain
fO OO

o.q, (i f ) = C „p;(r,
3

2m, 0)pr(r, 2~/3, 0) dr

where

(3.5)

o' (l bd)=2C C'
J p( r )S(8—21r/3)

~ phd( r )dr d8d@ (3.4)

We replace, in this last equation, p~( r ) by pr( r ) on the
right-hand side, and therefore a ~,(i M ) by o ~,(i f ) on
the left-hand side. Assuming that i and f have specified an-
gular momentum quantum numbers, with the z axis the an-
gular momentum quantization axis, p;( r ) and pr( r ) are
each independent of @ since the angular dependences are
given by the absolute squares of spherical harmonics.

(3.3)

We now replace p, ( r ) by p;( r ), introduce p~( r ) as
above, use Eqs. (2.5), and substitute for oq, (r bd) from
Eq. (3.1) to arrive at

4

C 4vrC C 28m4Z~Z
ft1 'U

3

(3.6)
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in exact agreement with the (quantum) second Born term,
Eq. (5.14) of Ref. 4. The transition from the classical to the
quantum cross sections, for the two processes considered
above, is possible because the classical expressions contain
charge densities which can be replaced by probability densi-
ties, so that interference effects associated with the wave
function do not arise.
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