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The problem of a particle trapped in a quartic double-well potential in the presence of a mono-
chromatic external field is studied. Renormalization-group techniques are used to determine at
what external field frequencies and amplitudes barrier penetration can occur for a particle initially
trapped at a given energy in one of the potential wells.

I. INTRODUCTION

A problem of great current interest concerns the mecha-
nism by which a dynamic external field might destabilize
systems by increasing the rate of transition over potential
barriers on the microscopic level. In this paper, we con-
sider the simplest possible model system which contains
the essential features of this problem—namely, that of a
particle trapped in a quartic (double-well) potential in the
presence of a monochromatic external force field. As we
shall show for this system, predictions can be made
analytically for the external field amplitude (at a given
frequency) necessary to open a pathway through the phase
space which will enable a particle of a given energy to es-
cape one of the potential wells.

As has been discussed elsewhere,! a dynamic external
field induces a dense set of resonance zones in the phase
space of a conservative system. For weak external fields,
the overall behavior of these induced resonance zones is
largely determined by properties of the unperturbed sys-
tem and will be dominated by a set of principle resonance
zones. For very weak external fields, the principle reso-
nance zones remain isolated. A particle in the vicinity of
one principle resonance zone cannot travel through the
phase space to the vicinity of a neighboring principle
zone. However, as the amplitude increases, the KAM
(Kolmogorov-Arnol’d-Moser) invariants in the region be-
tween the two principle zones begin to be destroyed until a
pathway is finally opened between the two zones and the
phase space begins to appear chaotic (from now on we
shall call this process “breakdown”).

A very simple criterion for determining when break-
down (often called “overlap”) occurs has been described
by Chirikov.>® However, recently a more accurate
method was developed by Escande and Doveil* using
renormalization-group techniques. We shall adapt the
renormalization-group techniques to the problem of bar-
rier penetration which we consider here.

We begin in Sec. II with a discussion of the properties
of a quartic double-well system in the absence of an exter-
nal field. These properties determine the location and size
of the induced principle resonance zones when the dynam-
ic external field is present. In Sec. III we describe the
behavior of the induced primary resonance zones when an
external field is present and in Sec. IV we introduce the
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two-resonance approximation and write the Hamiltonian
in so-called “standard form” for application of the nor-
malization group. In Sec. V, we give predictions for
field-induced barrier penetration as a function of field fre-
quency and amplitude and we compare some of these pre-
dictions to the results of numerical simulation. Finally, in
Sec. VI we make some concluding remarks.

II. UNPERTURBED DOUBLE-WELL SYSTEM

We will first consider a particle of mass m =2 con-
strained to move along the x axis in a double-well poten-

tial

Vix)=—2x>4x*. (2.1)
The Hamiltonian for this system is
=4p2—2x2+x*=E,, 2.2)

where E is the total energy of the system and p and x are
the momentum and position, respectively, of the particle.
The potential V(x) is plotted in Fig. 1. When E; <0, the
particle is trapped in one of the wells. When E; >0, the
particle is free to move across the barrier. The phase-
space trajectories for this system for five different energies
are plotted in Fig. 2. At energy Eo= —1 the system has
two stable fixed points (p =0 and x =+1) and at energy
E(=0 it has one unstable fixed point (p =0 and x =0).
We may perform a canonical transformation to new

Vix)

FIG. 1. Plot of quartic potential ¥ (x)= —2x?+x*.
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FIG. 2. Plot of phase-space trajectories for particle of mass
m =2 trapped in the quartic potential ¥ (x)= —2x2+x* Tra-
jectories are plotted for energies Eo=—1, —0.52, 0.0, 0.56, and
1.43. The trajectory E,=0.0 is the separatrix and separates
trapped motion from untrapped motion.

variables (J,¢) such that ¢ is cyclic.’ The canonical
transformation is

=V _%
x=VJ+1dn 57 A (2.3)
and
= _¢ _9¢
p 4J cn 7 ,A |sn 7 A, (2.4)

where dn, cn, and sn are Jacobi elliptic functions and the
modulus £ is defined as
2J
A=,
J+1
Note that when E; >0, k >1 and Egs. (2.3) and (2.4) can
also be written as

(2.5)

=V _¢ 1
x=VJ+1cn 57 (2.6)
and
__ Y ¢ 1 ¢ 1
p=——rsn| o=, dn 57 ] . (2.7)

In terms of these new canonical variables, the Hamiltoni-
an becomes

H=J*—1=E,. (2.8)

The canonical variables (J,4) are not action-angle vari-
ables.

III. PERTURBED DOUBLE-WELL SYSTEM

Let us consider next the motion of a particle of mass m
in a more general double-well potential and in the pres-
ence of an oscillatory force field. The Hamiltonian can be
written
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H=p?/2m —2BX 2+ A% * + €% cos(w?) , @.1)

where B and A4 are parameters which may be used to ad-
just the shape of the potential, € and w are the amplitude
and frequency, respectively, of the external field, p is the
momentum of the particle, X is its position, and 7 is the
time. We can now rescale variables, i.e., let

H=AH/B? p=(24/mB*'%5, x=(4/B)\*% ,

and t=(2B/m)'/?7 and write the Hamiltonian in the
form

H=+p?—2x*+x*+&x cos(@t) , 3.2)
where €=€(4 /B3)'/? and @=w(m /2B)'/2. Note that the
equation of motion for x is just the Duffing equation.®’

Hamiltonian (3.2) can be written in terms of canonical
variables (J,¢) [cf. Eqgs. (2.3) and (2.4)]. It then takes the
form

H=J?—1+&VJ +1cos(@t)dn (3.3

¢ 4
V2 £’

Since the Jacobi elliptic functions are periodic, the Hamil-
tonian (3.3) may be expanded in a Fourier series. For
E, <0 it takes the form

_J2—14+z S _nm
H=J 1+en=2—wg,,(J)cos V57 KK ) ot|, (3.4
where
T |n | 7K"()

— h 3-5
&= ek s | K (3.3
and for E; > 0 it takes the form

o (n+3)7md
H=J*—1+¢ hy(J)cos | ———=———at |, (3.6)
€ 2 hileos | s @
where
V3T (|n | +35)mK'(£)
ha) =TV oo |1 3.7
2kK(#4) K(4)

In Egs. (3.4)—(3.7), K(4) is the complete elliptic integral
of the first kind,
1

K'(k)=K[(1—£%)17?], K=K [2— ] ,

and
12
K=K

1
[172‘
As can be seen from Egs. (3.4) and (3.6), the external
field introduces an infinite number of primary resonance
zones into the phase space of this system. (See Ref. 1 for
a more extensive discussion for the case of the Toda sys-

tem.) For small € the primary resonances are located at
values of J=J; which satisfy the equations (for E, <0)

KAV
nmw -

b= 2J (3.8)
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and the equations (for Ey > 0)
_BKV2

B (n++)mr B

(3.9

A plot of J{ vs @ is given in Fig. 3 for several values of n.
These curves locate the position of the primary resonance
zones in the phase space. The primary resonance zones
are induced into the phase space by the external field.
They are always spaced an equal distance apart along the
frequency axis. As frequency is lowered the resonance
zones in regions J > 1 and J < 1 all converge to J =1.

IV. TWO-RESONANCE APPROXIMATION

We are interested in values of the external field ampli-
tude € at which a particle which is initially trapped in one
of the wells can be driven over the barrier. The smallest
value of € at which this can occur will vary with frequen-
cy @ of the external field. As we shall see, we can obtain
fairly good estimates using the two-resonance approxima-
tion and renormalization-group techniques.

Let us focus on the region of phase space between reso-
nance zones ny and ng+1 for E; <0. The Hamiltonian
can then be written as

H=J—1+% roé
= —1+6g"0(J)COS m—wt
(ng+1)
By +1(J)cos 7%7%—5’] .

This approximation will be good in the region

Jn, <J <Jp 41 and € small.

It is now useful to make a canonical transformation to
new coordinates (Py,X;) in such a way that the point
Po=0 is located at J =J; , (we will shift the origin of coor-
dinates and rescale them). Furthermore, the resonance
zone ngy will be at rest in this new reference frame. This
can be accomplished by means of the generating function®
2\ 24J")K W)

RomT )
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FIG. 3. Location of principle resonance zones as a function
of frequency @ and momentum J. Only the first four zones for
energies Eo >0 and Ej <0 are plotted.

(4.2)

J
F, 500 =—(Fo—at) [, dr!
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XSO --
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FIG. 4. A sketch of the phase space in the two-resonance ap-
proximation for a Hamiltonian in standard form. The zone of
width Xo=2(U§" /mq)"? in velocity space has speed vo=0 and
zone of width Yo=2(U§’ /m¢)'/* has speed vy =1.

The coordinates (J,4) and (py,X,) are related through the
equations

J n1/2 ’ ’
ﬁo=—a—_F= f dJ,(ZJ) A(J)K(J') ’ 4.3)
3% I3, nom
where 4, =,€(J,fo) and K, =K (4£,), and
IF  _  _ V2 AK
¢—— —_ a7 —-(Xo —~0)t) not . (44)

If we Taylor expand Eq. (4.3) about J,fo and revert the
series, we find

nomPo
J=Jf 4+ ——2P0
L) (2‘]:0 )1/2'40Kc

n (2)172 E, 2

UL ... L @45)
8L K] | Po+

where E,=E(4£,) is the complete Jacobi elliptic integral

of the second kind.
If we now make use of the resonance condition (3.8),

and if we let g,(J)—g,(J5) for n =ny and n =ny+1, we

1.0 .
0.8}
0.6}
0.4}

0.2

FIG. 5. Solid lines give renormalization-group predictions for
breakdown. The dotted line gives the Chirikov prediction
[redrawn from Ref. 4 (J. Stat. Phys.)].
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FIG. 6. Plot of breakdown criterion as function of X /Y and
X +Y for ko=2. The dotted line is Chirikov; the solid line is
the renormalization group.

obtain

H(ﬁo,fo,t)=H+ '%%

2
p _ -
=W P—1— E’f— g, (J5 )cosTy
0

+_€-g,,0+1(J:0+1)COS[k()(fo—-—AUot)] . (4.6)

The replacement g,(J)—g,(J;) is necessary to best
represent the relative sizes of the two resonance zones. In
Eq. (4.6) we have introduced an effective mass,

2, kK]

my= , 4.7
*" n3rE. /(U )—K.,]
a wave vector,
no+1
k=220 4.8)
no
and the velocity of the resonance zone ng+1,
no
AUO = —1|@ . (4.9)
no —+ 1

As a final step we will make a transformation to a coor-

LY

[eX1 3
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FIG. 7. Field amplitude at which breakdown occurs between
primary zones no=1 and no=2 as a function of frequency. The
dotted line is the Chirikov prediction. The solid line is the
renormalization-group prediction. The squares give the result of
numerical simulation.
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dinate frame in which resonance zone ny--1 has unit velo-
city while the zone n, remains at rest. This can be accom-
plished by means of the canonical transformation
to‘—-’Avot, Po= —p_o/Avo, x0=5c'0, and H()= —H/(AU())Z.
We then find

2
-G p2
(AU0)2 2m°

Hy(po,xo,t0)= — U cosx,

—UP cos[Ko(xo—10)] » (4.10)
where
€g, (Jr )
(x) _ 0'Y "o
Ug =~ o (@.11)
and
€ 11U 1)
vp = Tt 4.12)

(Avo )2

A sketch of the system described by Hamiltonian (4.10) is
given in Fig. 4. It consists of two resonance zones: one
(ng) with velocity vy =0 and the other (ny+ 1) with veloci-
ty vo=1. The half-width of zone n, in velocity space is

m

0 ) —=c
1.5 20 25 3.0 35 4.0 @

FIG. 8. Field amplitude at which breakdown occurs between
primary zones no=2 and no=3 as a function of frequency. The
dotted line is the Chirikov prediction. The solid line is the
renormalization-group prediction. The squares give the result of
numerical simulations. The point at €= 10 only shows the order
of magnitude of breakdown.
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U(()x) 172
Xo=2 l (4.13)
0
and the half-width of zone ny+1 in velocity space is
y» 1172
Yo=2 |— (4.14)
mo

The Hamiltonian (4.10) is now in standard form and is
ready for application of the renormalization-group
transformation.

V. RENORMALIZATION-GROUP ESTIMATES
AND NUMERICAL RESULTS

The details of the renormalization-group transforma-
tion as applied to conservative dynamical systems has
been discussed elsewhere.* We will apply the results
of that method to the present problem. The
renormalization-group analysis of the region between two
given resonance zones gives a criterion for estimating the
field amplitude at which breakdown (or overlap) occurs.
The renormalization-group estimate improves consider-
ably on the simpler Chirikov criterion as we shall see.
The key results of Escande and Doveil are reproduced in
Fig. 5. The dotted line gives the Chirikov criterion

(a) |
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FIG. 9. (a) Strobe plot of p and x for ®=1.92 and €=0.01.
(b) Variation in energy of particle for 3=1.92 and €=0.01.
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(Xo+Yo=1) for breakdown. The solid lines give the
renormalization-group results in the two-resonance ap-
proximation. That is, breakdown occurs when the sum
Xo+Y, is equal to its value on one of the solid lines in
Fig. 5. [Note that the particular curve that must be used
depends on the value of ky Eq. (4.8)].

We will now obtain estimates for the amplitude € at
which breakdown occurs between primary resonance
zones ng=1 and ny=2 as a function of frequency @ and
we shall compare some of these estimates to numerical re-
sults. As we shall see, breakdown between zones ny>2
occurs at smaller amplitudes (for a given frequency) than
that between zones ny=1 and ny=2. Thus, when break-
down between zones ng=1 and ng=2 occurs there is a
finite probability for particles with energy within the re-
gion of influence of zones n( > 1 to cross the barrier.

First, we note that the resonance zone ny=1 only exists
for values of frequency @ <2 (cf. Fig. 3), and that for
no=1 we have ky=2 [cf. Eq. (4.8)]. In Fig. 6 we have
plotted the renormalization-group criterion for breakdown
(solid curve) when ko =2 as a function of the ratio X /Y vs
X +Y. For a given ratio X/Y, breakdown (or overlap)
will occur when X +Y equals its value on the curve in
Fig. 6. This information can be obtained from Fig. 5.
Values of X, and Y, as a function of € and @ are given by

20F i e ]

0.24

0.1
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FIG. 10. (a) Strobe plot of p and x for @#=1.92 and €=0.10.
(b) Variation in energy of particle for @=1.92 and €=0. 10.
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,  2nb(no+1er’s, (U5 IK.—E./(1-J5)]

Xo= 27 K] (5.1)
and
,  2no(no+ 1€ 1 1Un 1)K —Ec/(1=T5)]
Yo= 8% A2K? ’
(5.2)

where £, =2J; /(1+J; ), E.=E (£,), and K, =K (£,).

In Fig. 7 we give both the Chirikov and
renormalization-group predictions for the external field
amplitude € as a function of frequency @, at which break-
down occurs between zones nop=1 and no=2. We also
give values of € observed in numerical simulation. We see
that in all cases the renormalization-group estimates give
better predictions than does the Chirikov estimate. We
believe that the fairly large discrepancy between the exper-
imental result and the prediction of the renormalization
group to frequencies @=1.81 and 1.91 may be due to a
distortion in the ny=1 zone caused by the nonresonant
zone n =—1. As ng=1 moves to larger values of J, this
distortion effect should decrease.

In Fig. 8 we give the predictions for breakdown between

(a)

-2.0}

-0.4}

-0.8}

120 160 200 T

FIG. 11. (a) Strobe plot of p and x for @=1.92 and €=0.18.
(b) Variation in energy of particle for #=1.92 and €=0.18.
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no=2 and ny=3. Again we see there is impressive agree-
ment between the predictions of the renormalization
group and the observed values.

In Figs. 9—14, we give the results of numerical simula-
tion for amplitudes €=0.01, 0.10, 0.18, 0.20, 0.25, and
0.40 at frequency 1.92. At this frequency, J{=0.452 and

$=0.997. Thus, the region of influence of resonance
zone ng=1 is centered at Eg= —0.796 and the region of
influence of resonance zone ny=2 is centered at
Ey,=—0.006. In Figs. 9(a)—14(a) we give strobe plots of
the momentum p and position x of the particle trapped in
the bistable potential. That is, p and x are plotted each
time the external field goes through one period of oscilla-
tion. In all cases, the particle starts with a momentum
p =0 and position x=0.24 or with energy E,=—0.112.
Thus, the particle always starts with energy between the
region of influence of resonance zones no=1 and ny=2.

In Fig. 9 (€=0.01) the external field has only a slight ef-
fect on the particle. We see that the particle energy oscil-
lates between Ey= —0.114 and Ey= —0.101 and the par-
ticle never escapes the well. This also means that no par-
ticle with energy Eq< —0.114 can escape the well. In
Fig. 10 (€=0.10) we are starting to see the effect of the
stochastic layer along the separatrix. All zones ng>2
have “broken down” and the region of phase space occu-

(a)

o
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FIG. 12. (a) Strobe plot of p and x for @®=1.92 and €=0.20.
(b) Variation in energy of particle for @=1.92 and €=0.20.
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FIG. 13. (a) Strobe plot for p and x for @=1.92 and €=0.25.
(b) Variation in energy of particle for @=1.92 and €=0.25.

pied by them has gone chaotic. At this value of € all par-
ticles with energy E, > —0.13 can escape the barrier. The
energy of the particles oscillates between E ~ —0.13 and
E =~ +0.35. Overlap between ny=1 and ny=2 has not
occurred.

In Fig. 11 (€=0.18) our particle becomes trapped in a
quasiperiodic orbit which lies partly above the barrier and
partly below it. In Fig. 12 (€=0.20) we begin to see break-
down between ng=1 and no=2. The particle not only
can escape the barrier but it can also descend to energies
Ey~—0.9 and, therefore, the particle has made contact
with resonance zone ny=1. Conversely, there is a finite
chance that any particle with energy Eo> —0.9 can es-
cape the barrier. A pathway has been opened in the phase
space for very low-energy particles to escape the barrier.
In Figs. 13 (€=0.25) and 14 (€=0.40) we see the increas-
ingly chaotic behavior and growing energy range sampled
by the particle in the presence of the external field.

VI. CONCLUDING REMARKS

In this paper, we have presented a theory which enables
us to predict the region of phase space in which trapped
particles may be destabilized by a dynamic external field
in the sense that a pathway will be opened in the phase
space through which a fraction of the particles can mi-
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FIG. 14. (a) Strobe plot of p and x for =1.92 and €=0.40.
(b) Variation in energy of particle for @=1.92 and €=0.40.

grate over the top of the potential barrier. We have stud-
ied here only those frequency domains near the low-energy
natural frequencies of the unperturbed system. In all
cases there is a critical field amplitude necessary to desta-
bilize the system. We have found that the largest effect
occurs near the frequency of the harmonic limit. [The
harmonic limit of ¥ (x) is found by expanding V(x) about
the stable fixed points (x =+1). The harmonic frequency
is w=2.]

A problem of equal interest is the effect of very low-
frequency fields (far below the harmonic limit) on this
system. Because of the convergence of all resonance zones
at very low frequencies, the potential exists for some ef-
fect at low frequencies. We shall discuss this problem in a
subsequent paper.
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