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Auroral kilometric radiation due to a new plasma instability
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In this paper we show that a high-frequency plasma instabihty can lead to auroral kilometric ra-
dlat1on. In thc pI'cscncc of low-frcqucncy 1on-cyclotloQ turbulcncc and 8 high-fI'cqucncy
extraordinary-mode (X-mode) test wave, this instability occurs due to a nonlinear force which ori-
ginates from the resonant interaction between electrons and modulated electric fields. The growth
I'atc of thc X-mode wave, 1Q thc form of auroral kilomctr1c rad1at1on, has bccQ CRlculRtcd RQd com-
pared with observations.

I. INTRODUCTION

Several theories have been proposed to explain the au-
roral kilometric radiation (AKR) in recent years. ' Very
recently, two of the present authors have proposed that
AKR is produced by the enhanced extraordinary-mode
(X-mode) radiation and occurs due to bremsstrahlung in-
teraction between aurora beam electrons and electrostatic
&on-cyclotron turbulence or double layers. Th1s mecha-
nism has been found to have several interesting features
including its large growth rate and the close correlation
between AKR and double layers. In this paper, we
present a slightly different method to explain AKR while
keeping essentially the general treatment of the previous
paper in Ref. 3. Specifically, it will be shown that the
high-frequency X-mode instability, producing AKR in
plcsclicc of loll-cyclotroll tulbulcflcc oi' double-layer po-
tentials, occurs due to a high-frequency nonlinear force
which comes from the resonant interaction between elec-
trons and a modulated electric field. Thus electrons suffer
acceleration (or deceleration) due to the nonlinear force
and the accelerated electrons can radiate X-mode waves in
the form of auroral kilometric radiation.

In contrast to the parametric interaction process, where
a low-frequency wave becomes unstable in presence of a
pump wave which is a high-frequency wave, in our mech-
anism the high-frequency wave grows in the presence of
low-frequency wave turbulences.

The nonlinear force can be calculated within the frame-
work of the linear-response theory and is obtained in Sec.
D. In Sec. III, with the help of the fluid equations, a new
high-frequency instability due to the nonlinear forces is
predicted and the growth rate of this instability is calcu-
lated in Sec. IV. Comparison with the linear theory' and
d1scuss1ons aIc conta1ncd In Scc. V.

In order to calculate the nonlinear force, we need an ex-
pression for the modulated electric field and the electron
distribution function. For this purpose, we consider a

homogeneous magnetized plasma in the presence of an
enhanced turbulence due to electrostatic ion-cyclotron
waves, with 'tllc cxtc111al 111Rgnctlc field Bo 111 tllc z direc-
tion. The basic equations governing the interaction of the
turbulent fields with an electron which leads to X-mode
radiation are the set of Vlasov-Maxwell equations

c) - e - v&(8—+v 7 ——E+
t Pl C

Since the ion-cyclotron wave turbulence which is as-
sumed to propagate almost perpendicular to the magnetic
field with propagation vector k=(ki, O, kii) is already
prcscIlt 111 oui sys'tcII1 (scc Fig. I ), tlic various pllyslcal
quant1t1cs can bc written as

f.=fo +&fI.+&'f2.+5f
E=eEt+5E,

B=Bo+58,

(4)

where fo ls the spRcc- Rild tlIIlc-avcl"aged part, f1~f&, are the low-frequency fluctuating parts of thc elec«on
distribution function, Et is the electrostatic ion-cyclotron
wave field which is assumed to be in the z and x direc-
tions, e is a small parameter, 5f is the perturbed distribu-
tion function, 5E( r, t) and 58(r, t) are the perturbed elec-
tric and magnetic fields of the high-frequency X-mode test
%'avc %'hich 1S introduced to oUI systcn1 Q pnoP'E. The X-
mode wave is assumed to propagate perpendicular to the
magnetic field with propagation vector K=(K,O, O). Ac-
cording to the linear-response theory of a turbulent plas-
ma, wc have

5f=is 5fh+Pc5fih+Pc ~f
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V„B,

II

where p is another small parameter ((M «e) and 5Elh, b,E,
5Bth, b,B, 5fi», and hf come from the mixed mode pertur-
bation. Linearizing the Vlasov equation we obtain, to the
order e,

—+v 7 fi, ———El fo, .
Bt m

(10)

FIG. 1. Geometry of model; It is the propagation vector of
the X-mode radiation, and k is the propagation vector for the
electrostatic ion-cyclotron waves or double layers.

To order p,

5 8
dt

v X80 5fh
mc 5v

5E=p 5E»+lme5Eth+pe b,E o

58=@58»+pe58th+pe bB,
e 5E»+ —v X58» f0, =0 . (11)
m c Bv

To order pe,

8 8 e
Bt 5r mc

8 e- 5
v X 80 5fi» ——El 5f»

5v m ()v
r

e 1 8 e 1 8
5E»+ v X58» fle 5EI»+ v X58lh f0e

Pl C v m c Bv

(12)

And to order pe,
5 B e 5—+v' — vXEo' Ef El' 6fo+ 6El—o+ vX6Eo ' fr )=6
Bt 5r mc 5v m C Bv

(13)

f„(k, to) =—
—Ei~~(k, co) fo,

E(cu —kii Uii )

where k and co are, respectively, the wave vector and the
frequency of the electrostatic waves and

~ ~

means parallel
to the magnetic field.

The Vlasov equations (11)—(13) are now solved by in-

where ( ) means the phase average over the low-
frequency fluctuations. It should be noted here that the
phase of El field is random while 5E» field is coherent.
Thus, it is necessary to average over the phase of El field
fluctuations. Equations (11) to (13) are the basic equa-
tions for the induced bremsstrahlung interaction which
comes from electron acceleration due to nonlinear forces.

For low-frequency electrostatic waves, the electron
motion along the magnetic field is important. The
Fourier component of the corresponding distribution
function f„is, from Eq. (10), given by

I

tegrating along the orbits of the particles in the unper-
turbed fields. In cylindrical coordinates, u„=u icosg,
u~ =vi sing, u, =v~~, the particle orbits r'(1 ) are given by

U,
'

=ViCOS($ —Q, 1 )o Uy' ——Visln($ —Q, 7 ) UE =oV((

Vy Vyx'=x — sin(p —Q, 1.)+ sin()I),0, Q,
Uy Ugy'=y+ cos(p —Q, 1.)— cosp,0, 0,

z =z+U~t~, ~=t —t .

(15)

Here, Q, =e80imc is the electron cyclotron frequency
and the other symbols have their usual meaning.

From Eq. (13), retaining the most dominant nonlinear
term in the high-frequency perturbation, the high-
frequency nonlinear force F& caused by the electron ac-
celeration through the modulation electric fields (5Elh)
can be written in the Fourier space as

Pv(K())=coo f g 6Eo (E )e
' (l to')' fo()e ', ru')lv dV .

k ~et)
Bv

Substituting Eqs. (Al) and (A2) for 5Elh(K —k ', Q —01')

and Eq. (14) for f&,(k ', co') we obtain, after a long but

I

straightforward calculation,
Fh(„(K,Q) = —iA'8'Q, 5EP (K,Q)
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F~y(K, Q) = —A'O'Q5Ely(K, Q),

46)~8Pl OQ
2

2A'= g 2 f
El[~(k')

f

[1+hz(g) ]

tl
k'U4 k'

1

MN[c k
ti

—(Q —aI')I]

1

Q, —Q H[c (K' +k ii ) —(Q —co')z]

where Uo is the electron drift velocity along z direction.

III. DISPERSION RELATION GF THE XMODE

To obtain the dispersion relation of the X mode, we fol-
low closely the method of Chen and write the equation of
motion for the electrons with the nonlinear force term as

P

Bv ~ ~ VXB
mn +(v V)v = en—E+- —+F (20)

C

~p[c (E' +kl) )—(Q —co')I]

2 2
a)p~ Q~ 1

X ~+—
2Q, —Q M[c

klan
—(Q —cg') ]

(21)

where the symbols have their usual meaning. Linearizing
and Fourier analyzing we get from Eqs. {20)and {21)

Here z(g) is the plasma dispersion function,
g=(~' —kt~UO)/kt~U, and U, =(2Tfm)'~' is the electron
thermal velocity. In deriving Eqs. (17) and (18), we have
taken the space- and time-averaged distribution function
to bc

v +Bo EF~v= . 5'(K)+
1m 0 mnQ

Q 5'„(K)=4IrienoQU„, (23)

m (U~~
—Uo)

CXP 2T CXP

(Q cK—)5'„(K)=4~ienoQU~ . (24)

Now, substituting the values of F~ from Eqs. (19), we ob-
tain the values of U„and u~ from Eq. (22) as

5EI„(K) i—
mQ 0

Substituting Eq. (26) into Eq. (24) and noting that only the contribution of C' is important, we get

4&lePl OQ
{Q cK )5—Epy(K)=-

(Q —Q, )
5EI (K)

mQ Q

46)~e Q2

mQ k, m(QI Qz) m
(kg)

i

2 [I+('z(g)]
~ll k' U, HP[c (K' +k' )—(Q —co') ]II

(Q, —Q ) M[ klan
—(Q — ') ]

Hcl'c wc note tllat for thc 81111plc case of EC)Ql~ considered 111 tllls ploblcnI, tllc cocfflclcllt of 5E~(K) 18 Blucll 8111allcl'

than that in 5E8~(K) Therefor. e, dropping the first term in the right-hand side of Eq. (27) and rearranging, we get the
dispersion relation for the X-mode wave given by
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E
(Q —Q, ) 1—

ll

2 2pee 1

(Q, —Q ) M[c kii —(Q —co') ]

4' Q
(k ) j

2 [1+kz(k)]
g2 ki2 4

(28)

IV. GROWTH RATE OF THE X-MODE
RADIATION 1 — —— =0.C2

Q„Q„—Q,
(29)

The X-mode wave instability can be calculated by set-
ting Q=Q„+iy in Eq. (28), where Q„ is the real frequen-
cy and y is the growth rate. Now, neglecting the non-
linear frequency shift, the real frequency Q„of the X-
mode radiation can be calculated, by equating the real
terms of Eq. (28) to zero, as

For Q„&cE, Eq. (29) reduces to

Q.—Q, = &gQ„co~ &&0, .
Qe

(30)

Equating the imaginary terms in Eq. (28) we get the
growth rate for the X-mode radiation for cE «Q, given
by

j EIii(k')
[ co&~

y =(2n)'i.
4ano T Q

Vp 0, kj1—
M[c k

ji
—(Q —co') ] k

ji

(31)
In deriving Eq. (31), we have used-relation (30). Now, calculating the values of H, I', and M, we get the final expression
for growth rate of the X-mode radiation given by

y =(2ir) co~,
1/2 4 1—

tc [ki (kI —2IC)]+2Qco')

Q 1 co
i
Eiii(k')

i
uo

)+2Q' Q k
ii

u 4irno

2
Qe kq

COpe

(32)

V. APPI. ICATION AND DISCUSSION
As an illustration, we apply the result of our investiga-

tion to AKR. Accordingly, we take the typical plasma pa-
rameters; X=8.3&&10 cm '

(A, =7.5 km, A, is the
wavelength of AKR), kI 2E, ki ——10=kii, no ——10 cm
T=400 ev, Qe =10~pe~ vp=0 5ve~ ~ —+i =140 Hz, and
Q=Q, =250 kHz. We use these parameters in Eq. (32),
then we get

=(2m. )'i (Q, /cK) (uo/u, ) g (co~, /2Qco') W', (33)

here 8 =[ lEiii(k )
I

/4~noT](ke/kii )(ki/kii) is th
normalized ion-cyclotron wave energy, k, is the electron
Debye wave number. According to the observations

Eiii =10 mV/m and W=1.98X10, and then Eq. (33)
reduces to y/Q, =10 ' which is large enough to generate
AKR.

It is now clear that, in addition to the conventional
three-wave decay9 (the matching conditions are
E E'=+k, Q —Q'=—+co) and nonlinear scattering' [the
condition is Q+co= (E+k )u], the third mechanism as dis-
cussed here originates from the induced breinsstrahlung of
X-mode waves and is caused by electrons which resonate
with the modulation waves (the condition is co=ku). The
readers should note that the linear resonance between the
ion-cyclotron wave and resonant electrons has nothing to
do with the new plasma instability pointed out by us. As
is shown in Sec. III, the high-frequency nonlinear forces
(F~) are the origin of the induced bremsstrahlung insta-
bility.

The scenario in this paper is shown in Fig. 2. During a
magnetospheric substorm, the energetic electrons ( —1

keV) are injected from the plasma sheet. The interaction
between the high-energy electrons and the low-energy (-1
eV) background electrons generates ion-cyclotron waves
(double layers). Next, the strong AKR occurs due to a
new maser effect (turbulent bremsstrahlung instability).

Here, we compare our theory with a linear theory. ' lt is
widely thought that AKR arises from a relativistic effect
(gyrotron"). In Table I, we show the difference between
the linear theory and the turbulent bremsstrahlung insta-
bility. We think that these two classes of theory are com-
plementary to each other.

Next, we show a detailed comparison of the growth
rates of the two instability mechanisms. Since the ob-
served size of the auroral arcs is about 100 km, one might
estimate the size of the AKR source region to be about
100 km. ' The effective growth length (L) of the AKR is

LEC TRON
BEAM

X-mode AK R

FIG. 2. Auroral region is schematically drawn. Double layer
is moving along the field line with the velocity of 10 km/s.



29 AURORAL KILOMETRIC RADIATION DUE TO A NEW PLASMA. . . 2175

TABLE I. Shown below are the differences in the linear and nonlinear theories.

Linear theory (Ref. 1) Nonlinear theory

Resonance condition
Type of instability

Phase bunching mechanism

Energy source

SC~~ v~~
—n+n, /y =0

Gyrotron

Relativistic electron mass
change
Loss cone+ relativistic
electron

a) —kiev ii =0
Turbulent bremsstrahlung
instability
Resonant electron

Low-frequency turbulence
(double layer)+ electron beam

given by L =vs/y, here vg and y are the group velocity of
the X mode and the growth rate, respectively. By using an
average group velocity vg of 8.45 X 10 km/s and electron
gyrofrequency (0, ) of 250 kHz, the normalized growth
rate y/0, & 3 X 10 is necessary for the growth of AKR.
The maximum linear growth rate y/0, =5X10 is ob-
tained by Omidi and Gurnett for the S3-3 electron distri-
bution function. The growth rate predicted by Wu et al.
is 5X10 &y/0, &5X10 . On the other hand, the
growth rate obtained by the nonlinear theory is
y/0, =10 '. This large growth rate is overestimated, be-
cause we have assumed only the hot component for the
electron distribution function. The inclusion of the cold
component in the nonlinear theory is left for future study.
However, judging from the result of this paper, we can say
that the nonlinear theory will be an important component
of the AKR production in various situations.

The fine structure of AKR emission spectra have been
reported by Gurnett et al. ' How these observation recon-
cile with our theory is a very important point. In Fig. 3,

Bo Vo

Bvi Bv&
m +u eEisin(kx —cot ), — (34)

where u is the beam velocity. A possible solution for the
nonresonant electron is

the thickness of X-mode trajectory is proportional to the
amplitude of the X mode. Note that if waves propagate in
directions down, coming toward the Earth from the
source (S), they will eventually reach the right-hand cut-
off frequency point and reflect back toward lower magnet-
ic field region. Thus, X-mode radiation also reaches the
escaping point (E). If the source point (S) moves at a
velocity about 10 km/s, then the dynamic spectrum would
show a drift pattern as is observed by Gurnett et al

The turbulent bremsstrahlung instability predicts a par-
ticular phase relation between a pump field and the high-
frequency radiation. To clarify the physics, we take a
low-frequency pump field as an electrostatic wave without
external magnetic field. According to Chen, we turn on a
coherent low-frequency electrostatic wave Ei(x, t) and
consider the electron dynamics. The linearized fluid equa-
tion for the beam is

«o cos(kx cot)—
Vnonres

m co —ku

The linearized continuity equation is

dni Bni Bvi

(35)

N
C
S
U

i+
—50 km~

EARTH
FIG. 3. Path of X-mode radiation in density cavity region

(co~ &&Q„here co~ and Q, are the electron plasma frequency
and electron gyrofrequency). Multiple reflections off density
cavity boundaries provide long paths for growth. The X mode
eventually reaches a weak field point (E) where it is accessible to
free space. Source point (S) and the escaping point (E) are as-
sumed to be situated at altitudes of one Earth radius and two
Earth radii, respectively. Source point (S) is assumed to move
downward at the velocity 10 km/s.

here n„ is the beam density with velocity u. Substituting
Eq. (35) into Eq. (36) yields

n nonres nu
«ik cos(kx tot)—

m (to —ku )
(37)

Equation (37) shows the number density perturbation for
the nonresonant electrons (to&ku ).

Next, we consider the fluid equation for resonant elec-
trons (co=ku). For resonant electrons, we must consider
the initial condition. Then we have, instead of Eq. (35),

Vres
«i cos(kx cot) cos(kx kut)— ——
m co —ku

We must solve the equation of continuity for n i [Eq. (36)]
again subject to the initial condition n ~

——0 at t =0. Thus
we get for resonant electrons
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We expand Eq. (39) around u =m/k, then Eq. (39) reduces
to

h '"it ' P" .nil t/nq
"V)))JV

eE)k

(a) —ku )

X [ cos(kx rut ) cos(—kx —k—ut )

=kx-~t
X 2Z.

FIG. 4. Phase relation of density for electrons in a low-
frequency electrostatic wave. Ei Slid Pi ale the electric field alld
the potential of the low-frequency wave. n„,„,~ and n, show
the number density for the nonresonant electrons and resonant
electrons. 6E~ is the high-frequency radiation field. High-
frequency radiation occurs at the particular phase due to the
turbulent bremsstrahlung instability.

Figure 4 shows what Eqs. (37) and (40) mean. The first
two curves show the electric field Ei and the potential
—

equi seen by the electrons. The third and fourth curves
are a plot of Eqs. (37) and (40) for the nonresonant and
the resonant electron density perturbation due to a
coherent low-frequency wave (Ei). We see easily that
resonant electrons are rich in density for the potential en-

ergy minimum. The resonant electrons are necessary to
transfer energy from a pump field to the radiation field.
Accordingly, the expected high-frequency bursts due to
the turbulent bremsstrahlung instability have a close
correlation in phase with that of resonant electrons num-
ber density. The bottom curve in Fig. 4 represents the
high-frequency radiation field versus phase (kx cot). We-
must note that the recent experiments' also reported such
a phase relation between a low-frequency pump field and
the radiation field (5', ). In view of this discussion, we
suggest that experimentalists should carefully look for
such a phase relation between AKR and low-frequency
ion density fluctuations.
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APPENDIX

After a long calculation, we can calculate 5', from Eqs. (11)—(13) and, finally, with the help of Maxwell's equations.
The electric fields of the mixed mode perturbation are calculated to be

5Eg„(K—k ', Q —ro')

4nie(Q co')—
MX[c kjj —(Q —a)') ]

I~exp[i(j i)P]—
dv u~

~

~ ~

i [lQ, —k j)u((
—(Q —a)')]

,Jrr

X . JiEi~~(k "') 5', (K—k ' —k '")
BUI

I

Eii(k "') 5' (K—k ' —k )+I' 5'„(K—k —k" ) (Xi+i+Ji i)
BUy

I——Ii'5' (K—k ' —k "')(Ji+i—Ji i)3'

2me(Q —a)')A(Ji+i —Ji i)
H [c2(E' +k

j( )—(Q —cu') ]

exp[i(m —n')P]
)( dv uy

i[nQ, —
kj~u~)

—(Q —co')]
7
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X J„E,ll(PV) @"„(K—k —klv)
BUll

+-,' E„(k") 5f„(K—k —k")
BUy

+F"5EPy(K k' ——k' ) (J„+l+J„ l}

F"—5',y (K k'——k )(J„+l
—J„

2

5Ey,y(K —k ', Q —ri)')

4mie(Q co')—
HP[c (E' +kll )—(Q —co')2]

JJexp[i(j —1)P]
X dVUy

i [1Q,—k llull
—(Q —co')]

,J,l

X JlElll(k "') 5', (K—k ' —k "')
BU~I

+ Tl Eu(k "') 5'(K —k ' —k "')
BUy

+F'5Eh (K k' —k"')—(Jl+l+J(, )

F'5' (K——k ' —k "')(Jl+l —Jl l)

2nie(Q rU'}A(Jq+—l+Jl, )

M[ kll —(Q — ') ]

J exp[i(m n)P]—
dVU~ '[,—k' —( — '}]

X J„Eall(k ) 5fI, (K—k ' —k )
BUll

——F"(K—k ' —k ' )(J„+l—J„ l)

+ —,
' E„(k") 5f„(K.—k —Pv)

OUg

+F"5EI (K—k' —k "}

where J„ is the Bessel function,

k ~I+k ~')" ()F=B fl(k-)+Q, „, Ulla
—UIB fl(k ),

GUS A —M —QP BUy BU
~ I

IV

F = fl, (k )+, ,v Ull
—Ug fl, (k ),-lv kli+kll 5 ~ lv

BUy Q —co —co Uy Ull

X (J„+l+J„ l)
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4me'(Q —ro') J,A(Jl+l —Jl l )exp[i (j—/)p]H=1+ z z
dv u„

m [c'«'+ k ji') —«—~')'] j I 2l [/Q. —k jiui(
—«—~')]

4nie(Q c—o') 8 JA(Jl+l+ Jl 1)e—xP[l(J l)—0]M=1+ 2 dv u„—
c kji —(Q —lo') 2i [lQ, —kjiuii —(Q —ro')]

4mie(Q co—')

M[c kji —(Q —co')']

e J exp[i(j—l )P] 2lre(Q —co')A (Ji+ l
—Jl l )

dvu~
~

~ ~

j l i[lQ —kjiuii —(Q — ')] H[c (K' +kji ) —(Q — ') ]
J~A (J„+l+J„ l )exp[i(m n)p—]

dvus
2l [ll Qe —k j i

U
i i

—(Q —Co ) ]

4'lrle(Q —co )

H[ '(~'+kji') —("— ')']

~

~ ~

Jjexp[i(j l)P—]
dv Us

i [lQ, —k jiuii
—(Q —ro')]

,J, l

2~e(Q ro')A—(Jl+l+ Jl l)

M[c kji —(Q —co') ]

X'=E—ki

J A(J„+l—J„ l)exp[i(m )nt]l—
X dvu„—"

m „2i[nQ, —kjiuii —{Q—co')]

kjiuii Oft
(Q —co') Buii
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