
PHYSICAL REVIE%' A VOLUME 29, NUMBER 4 APRIL 1984

Influence of space charge on the computed statistical properties of stored ions cooled
by a buffer gas in a quadrupole rf trap
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We use an improvement of a three-dimensional model [Phys. Rev. A 27, 2321 (1983)], taking
space charge into account for ions confined in a quadrupole rf trap. This model allows us to calcu-
late the spatial and energy probability densities of strongly confined ions in the presence of a light
buffer gas and shows the evolution of these properties as the total number n of ions increases. The
ions are Ce+ in the presence of dilute helium. For the chosen working point, the distributions
remain Gaussian when n does not exceed (2—3) &(10' ions at room temperature. The influence of
the temperature on the importance of space-charge phenomenon is also studied.

I. INTRODUCTION

Ion storage techniques by rf quadrupole field trapping
allow one to maintain an ionic population for long periods
of time in the absence of collisions, wall effects, and mag-
netic field. In order to reduce parasitic effects caused by
temperature, the ionic population can be cooled. ' We
have shown theoretically that elastic collisions with a light
buffer gas in thermodynamic equilibrium induce behavior
close to the state of thermodynamic equilibrium in the
ions. After a reorganization time the velocities and the
positions of the ions follow a Gaussian distribution which
oscillates at the driving frequency Nev. ertheless, it may
be necessary to confine such a large number of ions that
space-charge effects perturb the trap characteristics and it
is imperative to know the limitations which can be pro-
duced. Our purpose here is merely the study of these per-
turbations and we will not treat strong space-charge ef-
fects but limit ourselves to threshold effects in what we

shall call the "weak space-charge limit. "
The first models taking this phenomenon into ac-

count were established with the hypothesis that the parasi-
tic field corresponds to a uniform spatial distribution of
the ions in the trap.

These models predict that the values of the fundamental
frequencies of the motion decrease when the total number
of confined ions n increases. Recent experiments and
theory ' (in absence of collisions) have indicated the limi-
tations of these models. Previously we have introduced
the influence of space charge, taking into account col-
lisions with a hght buffer gas. ' Assuming a Gaussian
distribution, this model permitted us to show that the sec-
ular frequencies decrease when n is greater than 10 ions.
Moreover because of the existence of a nonlinear term in
the equation of motion, the secular frequencies depend on
the amplitude of the movement and therefore on its ener-
getic state. With the view to giving an account of the
shift and the spreading of these frequencies we defined an
"effective" fundamental frequency. This approach also
allowed us to show that for some values of n the charac-

teristic ellipses of the trajectories in phase space were al-
most conserved.

In this paper we will use the previously described for-
malism to compute the energetic distributions of the ion-
ic population subjected to the space charge. Lastly, we
will discuss the critical influence of the temperature of the
buffer gas on the appearance of modifications caused by
space charge. The work is concerned with similar condi-
tions as previously given. (The driving frequency is
0/2m. =10 /2m. rads '.) These conditions allow us to
neglect wall effects and are always satisfied in the case of
collisionally cooled populations. The partial pressure of
the buffer gas does not exceed 10 Torr, so that ion-atom
collisions occur approximately every hundred periods of
the rf field. At T =300 K the volume occupied by the
ions is close to 10 mm so that ion-ion collisions are
supposed to be improbable and are neglected. The thresh-
old lies around an ion number n equal to 10 ions and the
limit of the model s validity is reached when n is approxi-
mately equal to 2&(10 ions.

II. METHOD

The generative equations have been previously present-
ed in detail. Let fo be the main component of the distri-
bution of the position and the velocity of an ion at the in-
stant to. In the Gaussian case, it can be chosen as
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where K is a normalization factor and o., o, o-„o,o.,„o,cr„o
are the components of the spatial and velocity dispersions.
In the case of the weak space charge, we cannot suppose
that the dispersions remain simply dependent on the coef-
ficients of the motion. So, it is necessary to find two
classes of parameters to know the distributions and there-
fore to use two equations:

29 2098 1984 The American Physical Society



29 INFLUENCE OF SPACE CHARGE ON THE COMPUTED. . . 2099

[g ( xp& xp) —g ( xkr xk ) ]fp( xp~ xp)d xpd xp =0
&
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I

v2 —x(t)
I [fc(c)g(uk)dc —g(uk)]dxpdxpdv2dt=0. (3)

g is a function of the position and the velocity, vz
represents the velocity of the buffer gas, c the impact pa-
rameter (collisions are assumed to follow hard-sphere
model). The subscript k denotes the values at the instant
tk =kT~, where T~ is the period of the driving frequency.
The solution of these equations gives the values of the
dispersions. o„p and b=o, p/o, p are well suited to the
research of the solution. It is necessary to add in the sys-
tern of the motion equation a coupling term equal to

(e/m) 7 V(t)

with

V(t) = f&~,~(x(t))~
ne 1

47TEp
I
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where e/m is the charge to mass ratio of the ion. The po-
tential V(t) represents the field created by the ionic charge
due to the Coulomb interactions.

At any time, o, (t) and cr „(t) can be computed from the
integration of the trajectories corresponding to given ini-
tial conditions and ionic density. The confirmation of the
Gaussian model is obtained by using relations (2) and (3)
for different functions g; the results, in each case, must be
independent of g.

When a weak space-charge field is present the trajec-
tories in the phase space are not elliptic but can be locally
approximated by such curves. It is thus possible to corn-
pute the individual fundamental frequencies co; for a given
time and initial conditions. The effective frequencies are
finally obtained from the average values of the samples.
(Note that our first definition of this parameter was only
valid in the adiabatic approximation. '

)

For instance,

1 Bxox] +xox i x i —xoarccos, B =
~m Bxo+x o x&xo

and

rp"„=E(rp;„) .

III. RESULTS

Numerically the two equations cannot be treated simul-
taneously since solving for one parameter requires a
knowledge of the other and moreover the knowledge of
o, (t). We use, therefore, an iterative method. The initial
values introduced in the equations being those found for a
number of ions n'&n, the parameters being initialized
with n =0, i.e., without space-charge effect.

We have explained that the distribution is not Gauss-
ian if the value of the parameters depend on the chosen
function g and we have decided to take for the limit of the
Gaussian representation the condition that the different
values of b„,b, do not differ from each other by more
than 10%%uo.

The search for b„and b, is made with 500 samples,
thanks to a variance reduction method. A greater number
is needed to obtain a precise value for cr»p and o»p. Fi-
nally, we compute the time dispersions with 1000 samples.

The method has been used for values of n lying between
10 and 6)& 10 ions. The spatial dispersions are close to 2
(for z) or 4 (for x and y) mm, which gives an idea of the
volume occupied by the ions.

When n does not exceed 10 ions the parameters are not
greatly perturbed. Figure 1 shows the evolution of b and
b, with n and for different g functions. When n is ap-
proximately in the range (2—3))&10 ions, the values ob-
tained for each g function are different by more than
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FIG. 1. Evolution of the parameters b:b„=o.„„p/o.,„p and
b =o p/o p with n. For n )2)& 10' the method no longer al-

lows one to obtain o.,p from b then; the computed values de-
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FIG. 2. Evolution of o. p, o.„p (T„p,T,p, respectively) in the
area of validity of the model. o p and o.„p increase with n,
whereas the ionic temperatures T. and T;, remain constant.
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10%. On 'tllc 0'thcf' handk fol' thc sRIIlc VRlucs of 11k 0'q~o

Rnd 0'»0 remain constant, so that 1t 1s possible to I'eprcscnt
the spatial disperions cr,„o and o;,0 as functions of n (Fig.
2). Since the model is based on a perturbation method it
allows one to demonstrate the advent of the strong space-
charge regime from the determination of the value of n at
which the model breaks down. In fact, when n increases,
the shape of the spatial distribution evolves and begins to
evidence repulsive behavior, i.e., the distribution tends to
spread.

When n is less than 2X10 ions, the shape of the ionic
cloud remains approximately constant, because, firstly, the
latlo 0' c/0" c docs llot dcPcnd OII /I, and secondly, tclll-
poral variations of the energetic and spatial distributions
are not changed and stay periodic at the frequency of the
driving field. As in the space-charge-free case, the relative
amplitude of the variations with time is always of the or-
der of q for the spatial dispersions and 0.7 for the velocity
dispersion, the influence of the outer source is not modi-
fied here.

We also find that the energetic properties stay constant
wllllc tllc nlodcl ls valid. For thcsc valllcs Of Il, tllc sllapc
of the velocity distribution remains rigorously Gaussian.

The associated temperature is independent of n which
means that the kinetic energy of each ion is constant.
This property should be kept for larger values of n. The
effective frequencies have also been computed and they
are represented in Fig. 3. The indicated dispersions shorv
that each trajectory corresponds to a different value of the
individual frequency. The decrease of the values indicates
that space charge moderates the motion. Calculations of
some trajectories, in phase space, using thc results found
above show the evolution of the individual properties of
the ions (Fig. 4). The trajectories practically retain, except
fo1 soIIlc sIDall pcrturbations, their cHiptlc charactci.

%C have prcscntcd R method %'hich sho%s ho%' thc sta-
tistical properties of the ions are modified when space
charge is not negligible (n p10 ions for T =300 K). For
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We know that in the absence of space charge, the mean
Ionic tcnlpcratllrc bccolncs of tllc OldcI' of twlcc tllc Ollc of
a light buffer gas introduced into the trap once the reor-
ganlzat1on time has elapsed.

In this section we present the n value of the threshold of
the Gaussian model for different values of the tempera-
ture T. When T decrease, the variation of b vs n is
translated and the threshold of the strong space-charge re-
gime appears at smaller and smaller values of n T.he
computed values show that the ionic temperature and the
temporal varlatlons of the parameters always remain con-
stant of the properties of the ionic population. In Fig. 5
the variations of o.,o and u vnth T are given. Figure 6
shows the magnitude of the evolution of b with n against
T. The shape of the phenomenon is governed by the fact
that the kinetic energy of the ions is less when the ionic
temperature decreases and so each ion is more sensitive to
the repulsive potential exerted by the others.
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FIG. 3, Evolution of the effective fundamental frequencies
with the total number of ions n. Above the validity threshold it
1s Qot poss1blc to compute them bccRusc wc do not know how to
obta1n a sample which represents thc population. Ncal thc
threshold these frequencies are strongly reduced by the effects of
spRcc chaI'gc.

PIG. 4. Representation of t4c 10Q1c Inot10Q 1Q phase space at
multiple instants of T in the case of perturbed trajectories (very
large amplitude of the motion, event very unprobable). Dura-
tion of the integration: 400T . n =10~ ions. In the less per-
tuI'bcd case thc spreading of thc cuI'vcs al c Inorc nax'I 0%", thc
saIIlc pcI'tulbatlons R1c obscrvcd for gI'cater lon numbers Rnd fol
more probable initial conditions. Top to bottom: movement
alollg X, RlOQg Z.
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FIG. 6. n dependence of the parameters with T. Evolution of
the relative vaHatIon of b: 56/b = (6~y o» —6 4)/6~y g~.
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the first time we show how space charge modifies the in-
div1dual Incchanlstlc properties, thc Illcan spatial disper-
sion of the ionic population, the shape of the spatial distri-
bution, and the fundamental frequencies, oppositely to the
cncrgctlc properties. Thc Inethod ls a pcrturbatlon
method and therefore presents some limitations. Howev-
er, it permits us to define a domain of n values
(n & 2X 10 iona at T =300 K for which the properties are
only quantitatively modified (weak space charge).

It is also possible to obtain a threshold, i.e., a value of n
for which the properties are perturbed qualitatively (ap-

FIG. 5. Evolution of the parameters o.,„o,o„o,u„,a), with T,
for n =5X10 ions [dashed lines correspond to the space-
charge-free case (n =0)].

pearance of the strong space-charge regime). This thresh-
old is a very acute function of the temperature of the ionic
cloud. It will be interesting to apply this model to the
study of the influence of the working conditions (a,q, Q)
on the n values in the weak space-charge regime. The
method could be refined by the introduction of a spatial
distribution which describes the spreading of the cloud in
the presence of space charge. This could be done by de-
fining a two-parameter distribution. This will make al-
ready rather cumbersome calculations notably heavier, but
will allow one to see whether or not the character of the
energetic distributio~ remains Gaussian in the strong
space-charge regime. Finally, this technique could be
equally applied to ions cooled by other methods such as
"laser cooling. "
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