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Molecular dynamics of dense gases: Effects of continuous potentials
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Molecular-dynamics simulations of dense gases at 297 K (reduced temperature T*=T/@=1.47)
have been carried out using a Lennard-Jones (LJ) (6-12) pair potential and a truncated LJ potential.
Our objective was to study the effects of continuous potentials, with and without attractive forces,
on density fluctuations in dense fluids, and to interpret recent neutron scattering measurements on

krypton gases which revealed significant deviations from results for hard-sphere fluids. We corn-

pare our results with experiments and other studies using molecular dynamics and kinetic theory,
but which employed hard-sphere potentials. In particular, predictions of the full width at half max-

imum for S(q, co) show improved agreement with experiments for values of q &qo where qo is the
position of the first diffraction peak in S(q), when the full potential is used. This satisfactory
agreement verifies the sensitivity of the width of S(q, m) to potential-dependent effects.

I. INTRODUCTION

It is a long held belief that the study of the dynamic
structure factor S(q, co) of a dense gas or a simple liquid
will reveal aspects of thermal fluctuations which are sensi-
tive to the details of intermolecular interactions. ' From
the standpoint of nonequilibrium statistical mechanics,
the calculation of S(q, co) is of considerable interest be-
cause it is one of the most fundamental observable quanti-
ties of a fluid system. From the standpoint of current
studies in neutron and laser spectroscopy, the measure-
ment of S(q, co) provides an opportunity to test, at the
molecular level, modern dynamical theories of simple
fluids as well as to study transport phenomena at finite
frequencies and wavelengths. For these reasons the prob-
lem of S(q, co) has been the focal point of sustained
theoretical and experimental efforts during the past two
decades. ' In a number of investigations computer
molecular-dynamics simulation has played a unique role
in elucidating the characteristic behavior of S(q, co) of a
liquid with Lennard- Jones interactions of hard-sphere
fluids. ' "

Despite the fact that the general properties of S(q, co)
are well known, there exists no tractable theory for
analyzing this function in Auids where the atoms interact
via a continuous pair potential function having both a
repulsive and an attractive part. For dilute gases S(q, co)
can be calculated by solving the linearized Boltzmann
equation as an initial-value problem, and results are
known for hard-core interactions, Maxwell molecules
(repulsive r potential), and the I.ennard-Jones potential.
For dense fluids where imperfect gas behavior cannot be
ignored a more general kinetic equation is needed. ' In
the case of hard spheres the Enskog equation, with a sim-
ple but essential modification, has been studied and
found to be valid up to quite high densities by comparison
with simulation results. On the other hand, a comparable

theory for continuous potential functions is still lacking;
consequently the effects of different potential functions on
S (q, co) have not been systematically analyzed.

An indication of potential related effects in S(q, co) in
dense gases was recently obtained from neutron scattering
measurements on dense krypton gases at room tempera-
ture. %hen the line-shape data were compared with cal-
culations and simulation results for hard spheres, a sig-
nificant difference in the wave-number variation of the
linewidth of S (q, co) was found. It seems reasonable to at-
tribute this to differences in the dynamics of intermolecu-
lar collisions however, one cannot be certain of this in-
terpretation without a full calculation using a realistic po-
tential or a molecular-dynamics simulation.

The purpose of this paper is to present the results of a
molecular-dynamics study of S(q, co) in dense krypton
gases at the same conditions as the neutron measurements.
The simulation results obtained using a Lennard-Jones 6-
12 potential are found to be in sufficient agreement with
the neutron data to establish that the difference between
neutron data and hard-sphere results indeed can be attri-
buted to differences in the potential. Moreover, simula-
tion results obtained using a truncated Lennard-Jones po-
tential, a purely repulsive interaction, reveal that the at-
tractive forces have an appreciable effect even at a tem-
perature of 1.5 times the potential-well depth.

II. MOLECULAR-DYNAMICS SIMULATIONS

The simulations were carried out using standard
molecular-dynamics techniques. " Newton's equations of
motion for a system of X krypton atoms in a cubical box
with periodic boundaries were integrated using a fifth-
order predictor-corrector method. The potential function
used was an effective two-body potential of the Lennard-
Jones form, VLs(r) =4@[(crlr)' (crjr) ], with o =3 57 A—.
and @=201.9 K.' Additional runs were made using a
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TABLE I. Molecular-dynamics simulations of krypton gas.

Potential

256
256
256
500
500

~LJ
~LJ

~LJT

~LJ
~LJT

0.4872
0.6279
0.6279
0.6279
0.6279

4000
4000
4000
4000
4000

1.0—

truncated I.ennard-Jones potential, VI IT(r) = Vi I(r)+e
for r &(2)'~ and zero, otherwise. To keep the computa-
tions manageable the interatomic forces were cut off at
r =2.5o', which is typically between the second and third
nearest neighbors in the fcc solid.

To begin a run, we first choose a density n'=nIJ,
where n is the number density (atoms/m ), and a reduced
temperature T*=T/e. Then we choose N =4s,
s =1,2, . . . , which fixes the box size. The particles, ar-
ranged initially on a fcc lattice, are given velocities sam-
pled from a random distribution and then continuously
rescaled to the desired temperature until the system has
reached equilibrium. Particle trajectories, r;(t),
i =1, . . . , X, are saved and later analyzed to give the in-
terrnediate scattering function E(q, t) and the static struc-
ture factor S(q) as discussed below.

Results have been obtained at room temperature and
two densities, n =10.6)&10 (n =0.487) and 13.8X 10
(n*=0.628). Runs were made with X =256 and 500, to
ascertain the effects of finite system size. Time step size
was taken to be At=0. 005~, where r=cr(tn/e)'~ and
Pal =83.9 thc atoID1c mass. Parameters which describe
specific simulations for which results will be given are
summarized in Table I.

The time correlation function of interest is the inter-
mediate scattering function

E(q, t) =—g (exp[i q r;(0)]exp[ —i q. rJ(t)] ),
/, J

where r;(t) is the position of particle i at time t, and ( )
denotes an ensemble average. The frequency transform of
E(q, t),

] oo

S(q, co) =—J dt cos(cot)F(q, t)

is the dynamic structure factor, the quantity that can be
measured by neutron and light scattering. In practice we
1nvokc thc clgodic hypothesis Rnd I'cplacc thc ensemble
RvcI"agc by Rn avclagc over R number of tIQ1c or1glns. The
time origins were chosen sufficiently far apart to ensure a
reasonable decay of statistical correlations. Typically time
origins were separated by 10—20ht, and at least 150 ori-
gins were taken in computing values of F(q, t). In addi-
tion, for a given value of q an average over a number of
vectors q was made.

The static structure factor S(q) is given by F(q, t) at
I =0. T1HS quantity ls qilltc scllsltlvc 'to the RIIlollI1't of
averaging taken; therefore, it is a good indicator of the re-
liability of the computed results.

Neutron Data
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FIG. 1. Comparison of measured and calculated static struc-
ture factors S(q) at (a) n*=0.482 and (b) n*=0.628.

III. RESULTS

The static structure factor S(q) was obtained from the
initial values of the intermediate scattering function. A
comparison between our calculated values and the experi-
mental data is shown in Fig. 1 for the two densities. We
have found that in computing S(q) at different time ori-
gins, the results can fluctuate by as much as their own
magnitude (which is usually of order unity); large fluctua-
tions were more frequent at the lower gas density. We
therefore relied on averaging over a large number of time
origins to ensure reproducibility of the results. Generally,
after about 150 time origins the cumulative average values
of S(q) fluctuated by less than 5% of their magnitude.

The effects of finite system volume, or equivalently the
dependence on the number of particles are expected to
show up in the small q regions of Fig. 1. When 2'/q be-
comes comparable to the box dimension, one can expect
unphysical correlations caused by the periodic boundary
conditions. Results for 256 and 500 particles are shown
for the higher density system to indicate system size ef-
fects. Within the wave-number range that we can com-
pare these results, no significant differences due to system
size cali bc obscrvcd Rt tllc lcvcl of s'tatlstlcal avcl'Rglllg
that was performed. Overall good agreement with the ex-
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FIG. 5. Variation of boo with q at n*=0.482. Crosses are
neutron data corrected for resolution; dashed line is hard-sphere
kinetic theory; and the circles are molecular-dynamics simula-
tions using the V~J potential (X=256).

of our results to these effects was examined and will be
discussed in turn below.

Comparisons between the calculated S(q, co) and several
measured spectra at n =0.482 are given in Figs.
4(a)—4(c). The frequency variable co is expressed in meV.
In general, the simulation results and neutron data are in
good agreement. This is true even for the peak values
S(q,0) which can be sensitive to the truncation of I' (q, r),
more so than the values of S(q, co) at finite co. Discrepan-
cies between calculated and measured peak values were
found to be of the same size as effects due to the finite
truncation of the data.

Because the S(q, co) spectra are all smooth functions, it
is more revealing to characterize their behavior in terms
of how the width varies with q. This also could be done
with the peak heights, but as we have already noted,
S(q,0) exhibits a sensitivity to statistical noise and trunca-
tion of F(q, r) which can make them less accurate than
the full widths at half maximum. The uncertainty in the
widths was estimated by examination of their sensitivity
to the use of different time cutoffs in the correlation func-
tion data and in certain cases how reproducible they were
from independent simulation data. Generally, the relative
error in b,co is less than + 10%%uo.

The variation of b,co with q is shown in Fig. 5 for
n'= 408 . 2Experimental results, corrected for instru-
mental resolution, are given by the crosses, and the hard-
sphere kinetic theory results of Dufty et aI. are shown as
the dashed line. These kinetic theory results have been
verified by hard-sphere molecular-dynamics simulations.

The general behavior of A~ is what one can expect
from previous studies, h~ increasing with q and a dis-
tinct dip occurring at the wave number where S(q) has its
first maximum. The dip is a characteristic structure in
Leo and signifies the intrinsic relation between S(q,~) and
S(q); physically it means that the line shape of S(q, co) is

strongly influenced by the spatial correlations in the fluid.
The appearance of this feature at the present density em-
phasizes that local spatial effects are important in the
dynamics of gases at densities around the critical density.

As we can see in Fig. 5 the simulation results using the
Lennard-Jones potential are in good agreement with the
neutron data. For 1.5 & q & 2.5 A ', all the results
agree including the hard-sphere kinetic theory calcula-
tions, thus suggesting that the dynamics of density fluc-
tuations in this wave-number region is not sensitive to po-
tential details. For q(1.S A ' the considerable differ-
ence between the Lennard-Jones potential and hard-sphere
results confirms the sensitivity of S(q,co) to potential de-
tails. Since the hard-core potential differs from VLJ in
several respects, we may ask what is the relative impor-
tance in the observed difference in b,co between a repulsive
potential with a finite range of interaction and the attrac-
tive part of the force derived from VLJ. It is this question
that motivated our repeating some of the simulations with
a truncated Lennard-Jones potential VLJT. This, however,
was done only for the higher density system.

Figure 6 shows the results of simulations using the full
and the truncated potentials at the density n*=0.628.
While the agreement between simulations using VI J and
neutron data is generally improved over the hard-sphere
results, some discrepancy still remains for q &1.0 A
We should emphasize that this discrepancy does not exist
for the lower gas density results. In view of the Vi,iT re-
sults, we can conclude that the use of continuous poten-
tials produces two noticeable improvements in the differ-
ences between hard-sphere calculations and the neutron
data. First, for wave numbers between 1.3 and 1.7 A
the close agreement among the VLJ and VLJT simulations
and the data suggests that the continuous nature of the
repulsive potential plays an observable role in the dynam-
ics. Second, below 1.2 A ' the VLJ and Vr.JT c ~~~ly

separate with the VLJ producing better agreement with the
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FIG. 6. Variation of Aco with q at n*=0.628. Crosses are
neutron data corrected for resolution; dashed line is from hard-
sphere kinetic theory; closed and open circles are molecular-
dynamics simulations for 256 particles using the VLJ and VLJT

potentials, respectively; closed and open triangles are
molelcular-dynamics simulations for SOO particles using the VLJ
and V~JT potentials, respectively.



J. J. ULLO AND SIDNEY VIP

neutron data. This stmngly suggests that a significant
part of the difference between hard spheres and Vis for
q ~1.2 A should be attributed to the attractive forces.
It is interesting that the VIJT results turn out to be
equivalent to hard-sphere calculations for q ~1.2 A
but RI'c nearly coIIlmcnsuratc with tllc VLJ slITlulatlons
above that wave number. One also should keep in mind
that the magnitude of the effects discussed here is certain
to vary appreciably with temperature.

The remaining discrepancy between VLJ and the neu-
tron data at low wave numbers (Fig. 6) does not have a
clear explanation as yet. Additional study of the low-q
dynamics UslQg s1mUIat1ons Rt dcns1t1cs lntcrmed1atc to
tIlosc stud1cd 1Q this work might bc %'Orth%'hilc. In addi-
tion, the extension of a hydrodynamics description of
S(q,co) to sufficiently high wave numbers where a reason-
aMe extrapolat1on to the low-q neutron data m1ght be pos-
sibIc could bc coQsldclcd.

Finally, we note that for wave numbers amund 3.0 A
the molecular-dynamics results, although sparse, suggest
the existence of a second dip in b,co, but additional calcu-
lations are needed to clarify the dynamics in this region.

IV. DISCUSSION

We believe the results presented in this work demon-
strate that the line shape of S(q,oi) is sensitive to the de-
tails of intermolecular interactions in a dense gas. This
conclusion 1S Inadc poss1blc by cxplo1tlng RQ csscnt1RI ad-
vantage of molecular-dynamics simulation over laboratory
experiments, that of isolating specific effects of potential
functions by using different potentials in simulations
which are identical otherwise. ' Although the study of
S(q, co) in dense noble gases has been of interest for some
time, ' ' the particular Iinewidth sensitivity discussed
here was first revealed in the recent neutron measurements
on krypton. Thc scnslt1vlty 1Q qucst1GQ RppcRI's 1Q thc 1c-

gime of wavelengths short compared to values where hy-
drodynanuc behavior of S(q, co) dominates. (In the hydro-
dynamic regime one expects also significant difference be-
tween hard-sphere and I.ennard-Jones fluids since the two
systems have d1ffercnt cqu111br1um and transport proper-
ties. )

Further QlolecuIar-dynaIIlics studies, especiaHy at Iow-g
values would be of interest, although computing costs
would be higher because larger systems should be investi-
gated. Also it would be useful to examine the effects of
attractive forces at different temperatures; one expects
generally an cnhanccnlcnt at Iowcr tcIIlpcratures.

The availability of molecular-dynamics data on S(q, co)
further emphasizes the need to develop a kinetic theory
description of thermal fluctuations for dense fluids in
wh1ch atoms 1nteract v1a cont1nuous potent1als or poten-
tials with attractive forces. Derivations of generalized ki-
nct1c cqURt1ons foI' CGIlt1QUGus potentials Ilavc bcc11 report-
ed' ' but none of the analyses have been carried far
enough to extract quantitative results for time correlation
functions. The problem of deriving a tractable kinetic
equation which treats pmperly the dynamics of two-body
collisions in the presence of a continuous potential and the
spatial correlations that exist in a dense fluid, and the
problem of analyzing such an equation, still remain a
ChallengC.
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