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Optical bistability of a dense exciton-biexciton system: CuC1
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The steady-state solution of the Langevin equation for a dense exciton-biexciton system is investi-
gated. The corrections to the previous work, the contribution of the field —exciton-biexciton interac-
tion, and the local-field correction are shown to modify the threshold of optical bistability signifi-
cantly.

I. INTRODUCTION

Optical bistability (OB) is the nonlinear response of a
material to incident laser light which results in bistability
and reversible hysteresis of the output as a function of the
incident intensity. Absorptive OB (the nonlinear response
of a saturable absorber) was first predicted by Szoke
et al. ' Later, McCall showed by numerical integration of
the Maxwell-Bloch equations with boundary conditions
for a Fabry-Perot cavity, that under suitable conditions
such a system can exhibit differential gain and transistor
action. This work led to the experiments of Gibbs,
McCall, and Venkatesan in Na vapor in which the main
predictions of McCall were realized. The analysis of the
data, however, indicated that the observed OB was essen-
tially of a dispersive nature and this was subsequently ex-
plained by a simple phenomenological cubic model.

The results of the earlier work stimulated much theoret-
ical and experimental activity. Of particular note is the
contribution to the fundamental understanding of absorp-
tive OB by Bonifacio and Lugiato ' who showed that OB
can be regarded as a first-order phase transition far from
thermodynamic equilibrium. The case for mixed absorp-
tive and dispersive OB has also been worked out by them
and the general conditions for OB in collections of two-
level atoms have been predicted.

Because of rather obvious potential practical applica-
tions, interest in OB later turned to its observation in
semiconductors. The first demonstrated OB in a semicon-
ductor was conducted by Gibbs et al. ' in GaAs at low
temperature in which the OB is primarily dispersive and
the nonlinear index arises from light-induced changes in
excitonic absorption. Subsequently, and almost coincident
with the first GaAs experiment' was the work of Miller,
Smith, and Johnston" who observed OB in InSb at S K
due to a direct band-gap resonance mechanism. Quite re-
cently, Gibbs et al. have observed excitonic OB at room
temperature in a GaAs-GaAlAs superlattice etalon. '

Theoretically, Koch and Haug' (KH) have studied OB
in the vicinity of the biexciton resonance, and indications
are that the intensity-dependent resonance may indeed be
the mechanism for the observed OB in GaAs of Ref. 10.
Furthermore, the results of the work of KH relate quanti-

tatively to the two-photon resonance Raman scattering ex-
periments in CuC1. ' Thus, CuC1 holds particular interest
as a candidate for OB, and indeed KH predicted OB in
CuCl as a function of frequency of the incident beam us-
ing only the intrinsic reflectivity in a CuCl resonator of
I-pm thickness (i.e., without extraneous reflecting sur-
faces such as mirrors). This is what we shall refer to as
truly intrinsic OB, i.e., due entirely to the nonlinear in-
teraction between the incident light and the material itself.

Recently, it was claimed' that incorporation of the
complete field —exciton-biexciton (FEB) interaction and
the local-field correction' (LFC) in a semiclassical model
for CuC1 predicts OB for a thin slab of material of dimen-
sion less than a wavelength of the incident field, tuned
near the two-photon biexciton resonance. Apparently, the
results of Ref. 15 are intended to be a correction to the
nonlinear dielectric function e in KH. Unfortunately, the
results reported in Ref. 15 for e cannot be correct for the
main reason that their complex dielectric function e con-
tains a double pole that does not satisfy the Kramers-
Kronig relation. ' The problem originated from an in-
correct treatment of the FEB as we will show later.

Although interesting in itself, mirrorless (intrinsic) OB
is also intriguing from the potential application to small,
fast-switching devices. In this situation, one may have the
possibility for elements of thickness smaller than a reso-
nance wavelength and switching rates perhaps limited by
the inverse of the transit time of light through the ele-
ment. The possibility of achieving intrinsic OB without
mirrors was first suggested by Bowden and Sung' and by
Bowden' based upon a fully quantum-mechanical treat-
ment of interatomic correlation in the presence of an
externally applied laser field. A close classical analog to
the results of the fully quantum-mechanical model is the
application of the local field correction' to the macro-
scopic Maxwell field in a semiclassical Maxwell-Bloch
model. 20

The purpose of this paper is to reexamine the effect of
the FEB as a cause of OB together with the LFC. In Sec.
II the Hamiltonian ' for the exciton and exciton-
biexciton model is presented and discussed, and the
Langevin equations are obtained from which the complex
dielectric function e is derived. Next, we review the
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local-field correction pertinent to this problem in Sec. III.
Then, in Sec. IV, the correction to the main conclusion of
KH is discussed, and a detailed comparison is presented.
Section V is used to summarize our results and review the
implication for observation of intrinsic OB in CuC1.

—i = —6(8) ig—2E (b)+i (8)yBB +
at

where 5=to„—co and b, =co —2'. The dielectric func-
tion e-+ for E+is-defined by

e—+ =1+4m (P- ) /E
II. FIELD DEPENDENCE OF

THE DIELECTRIC FUNCTION e(k, a) )

The Hamiltonian given in Refs. 13, 15, and 21 for CuC1
consists of two parts: the free excitons and biexcitons Hp,
and the interaction of excitons and biexcitons with the
external laser field H'. Hp and H' in the rotating frame
of the external field frequency co are, respectively,

Hp ——(co„co)bt—b + (co 2'�)B—tB, (1)

H'=ig ~E+b~+ig2E+B b+H. c. (2)

Here, co„and tom are the energy levels of excitons and
biexcitons and b (b) and 8 (8) are their collective
creation (annihilation) operators, and units are chosen
such that 6=1. The external field amplitude E+ (E )

associated with e '"' (e'"') is treated as a c number. g& 2

is the coupling constant of the external field with the in-
duced dipole moment,

where in the rotating-wave approximation, the polariza-
tion P—+ is obtained by writing H'= —P+E —P E+
and

(P+) =igi(b)+ig2(b 8) .

The incident wave is -E+ throughout the paper, and e+
is to be calculated.

The major difference of our work and others in the cal-
culation of e- is that either it is assumed that'

(b'8) =0
or in Eq. (7) (Ref. 15)

(b'» = &b') &8),
which introduces complex poles in both upper and lower
planes and violates the Kramers-Kronig relations. In-
stead, we take another Langevin equation with damping
constant y,

g, = —(N/2V)'"-'& d), ,

g2 ———(N/2)' e (d)2,

(3a)

g,E.(&b—'b) &8'») .- (10)

—! —(b 8))= (6 diiyI(b B—) ig, E (Bi-a
dt

where N and V are the number of unit cells and the
volume, respectively, and e is the polarization vector of
the external field. The dipole moment matrix elements

di 2 are usually inferred from the experimental data, '

since it is difficult to obtain the quantitative wave func-
tions of the excitons and biexcitons. Notice also that the
factor co'i in the definition of gi q is included in E . A-
short review of the approximations involved in our Hamil-
tonian is in order here. First, the spatial dependence of
the matrix elements is neglected throughout the paper. As
a result of the approximation the ensemble averages
(8 8) and (b b) are the number density of biexcitons
and excitons, respectively. In principle, one must include
the external field and diagonalize the exciton-field interac-
tion in H to introduce polaritons. The polaritons of dif-
ferent branches would then replace the E+ and b in the
interaction involving the biexcitons. Our assumption that
E+- are c numbers makes a complete treatment of polari-
tons impossible. However, a full account only introduces
a shift of co„and ~ as demonstrated in Ref. 21, and
should not affect the nonlinear part of the dielectric func-
tion e. Also since the actual values co„and co are deter-
mined experimentally, whatever effects the self-consistent
treatment introduces should be included in the empirical
parameters. Obviously, our model is consistent with the
earlier works on the OB in CuC1. ' ' ' '

Vfe set up the Langevin equations for the b and B by
neglecting the fluctuations but introducing relaxation
widths y„and y

—i = —5 b —ig&E++E'g2E B +i b y„, 4
- a

Bt

The populations (b b) and (8 8) can be determined
by taking another set of Langevin equations as done in
Sec. III. In the thermal equilibrium approach, which is
used for a comparison later, we take

(b'b) =&b'». , &8'»=&8'». , (11)

where ( )p is the equilibrium value.
The steady-state solution of Eqs. (10), (4), and (5) are

given by
—lg)E

(8 )=
—gig2«')'

(12)

e+ =1+4m
5~' —Ig2 I'IE I'

(Bb,' —Ig2 I IE I
)(6 6+iy)—

(15)

where 6'=b, iy, IE I
=E+E,—and y„ is taken tobe

zero to avoid unnecessary enlargement of the parameter
space. In general, y„&y &y, but even for the case
y„=y, y„does not seriously affect the results, since
5)&b. We therefore take y„=o throughout in order to
proceed with the analysis unencumbered,

'g,E+S, (14)——igf gz IE I'E' . +
~—~+t»~' —

I g2 I'IE I'
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(a'a), —(b'b),
So —— (16)

5—b, +iy
and ( )o is the equilibrium expectation value.

A comparison of Eq. (15) with the earlier works shows
that in KH, the last two terms are neglected, which is jus-
tified for large width y or small lifetime of exciton-
biexciton pair. It is to be noted that y may have signifi-
cant contributions from collisions of the exciton-biexciton
pairs with other particles, as well as radiative damping.
In Ref. 15, So is dropped; in addition, the term propor-
tional to g2 ~

E
~

from ( b B ) has a denominator
(5b, —gz ~E

~
) which originated from the unjustified

factorization approximation given in Eq. (9). In principle,
one should have another set of equations of motion to
determine the expectation values in So instead of taking
the equilibrium value. This procedure is not taken to
avoid more parameters.

III. LOCAL-FIELD CORRECTION

We will briefly review the major effect of the local-field
correction (LFC) before applying it to our problem. The
correction relates the macroscopic field E, which appears
in Maxwell's equations, to the local-field E' which induces
the polarization P,

(P) =paE', (17)

E '= E+(4~/3+S') (P), (18)

where S' is a term which depends upon the relative loca-
tion of surrounding atoms; S'=0 for cubic or spherical

I

where p is the density of the molecules and a is the molec-
ular polarizability. The origin of the LFC is discussed in
detail by Van Kronendonk and Sipe' where it appears as
removal of the self-field of an atom, at a specified posi-
tion, from the macroscopic field E to give the local-field
E' which is responsible for the induced dipole moment of
the atom as given in Eq. (17). The correction they derive
1s

symmetry. In what follows, we shall take S'=0 in (18)
and use the LFC without apology.

From Eqs. (17) and (18) we have

E ' =E(1——', gapa) (19)

and

(P) =Epa(1 ——,gapa)

@=1+4m pa(1 —,

gapa—)
(20)

(21)

The LFC, therefore, is carried out by computing pa at
first and introducing (1——,gapa)

' in various places. In
practice, if there are many different electronic states local-
ized at the same position, and if only one particular state
is of interest, say, the state with the lowest eigenfrequency
(poao), then E can be written as

4m gp;a;
@=1+ (22)

1 —-', m gp;a;
47TPoAP—:e„+

1 —
3 77/ p;a;

In general, e is known (E„=5for CuC1), then Eq. (22)
is equivalent to

6'= 6~ +zp47TPgcxo,

where we have used

(23)

&~+2
Zp—

3 1 —
3 ~POCxp

1 ——,m. $p;a;
4

(24)

and the factor zo is the general LFC term for e & 1.
Before the LFC is applied to the calculation of e for

CuC1 we must emphasize the assumptions made in the
formalism. First, the excitons and biexcitons must be lo-
calized (Frenkel excitons), for obvious reasons. Second,
the constituents that contribute to e„are assumed to be
localized in the same position as those for ao. How to
verify these assumptions for excitons and biexcitions in
CuCl is difficult. Our discussion can be summarized by
modification of Eq. (15) according to the LFC to give

55' g2 [ E,
(

(5h' —gz [ E, [
)(—5—5+iy)

where

(26)

or

E, =zoE (27)

depending on whether or not the LFC is applied to the
term E B~b.

%'e should emphasize that the parameters g&,gq, etc.,
are inferred from the experimental data on the Raman
scattering without the LFC. A consistent treatment of
this effect in all cases is essential for any quantitatively re-
liable conclusion. In view of this remark, the following
calculation on the LFC shows the importance of the effect

I

but should not be taken as exhibiting a quantitatively reli-
able representation of e+.

Also, it is probable that in the Raman scattering experi-
ments, the intensity is sufficiently low that the inferred
values g &

and g2 are field independent. Thus, we take the
parameters as though they stem from first principles and
therefore introduce zo.

IV. APPLICATION TO CuC1

In order to exhibit the essential features of the effects of
the FEB interaction and the LFC on intrinsic (absence of
cavity mirrors) OB in CuC1, the transmittance ~ is com-
puted using the results of the previous sections. In the
mean-field approximation, which is valid for small
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volumes and sufficiently low absorption, the transmit-
tance s 1s given by

4( + )
I/2

~ I+( +)I/2~2 s"—is'
t
(E+)I/2 I]2e —&"+is'

(28)

In this expression c'+ is the complex dielectric function
given by (25) and

5=5'+i 6"=dn co/c

is the phase shift through the medium of the field at nor-
mal incidence. Here, the width of the medium is d, m is
the frequency of the incident field, c is the velocity of
light in vacuum, and n is the complex index of refraction
in the medium. The quantities I, and Io are the intensities
of the transmitted and normally incident fields, respec-
tively. The reflection coefficient R associated with the
material boundary 1s determined us1ng the complex 1ndex
of refraction n =(e+)'

I
(30)

j.+n

Consistent with the mean-field approach of KH, the
transmitted intensity I, is expressed in terms of the polari-
ton number as Xz,

where the polariton number X~ =
l
E

l
/m and Vz is the

polariton energy velocity.

A. Contribution of field —exciton-biexciton interaction

The contribution to 1ntrins1c OB 1n Cu(C1 of the correc-
tion term to the FEB contribution, the second term in the
large parentheses in Eq. (25), which is neglected by KH, is
shown in Fig. I. In this case we have neglected the LFC,
i.e., set zo ——1. Curve a is the uncorrected results and cor-
responds to identical conditions treated by KH for the in-
cident field frequency chosen in value above frequency
threshold for OB. Qualitatively, our result is consistent
with theirs. Quantitatively, there is a large discrepancy.
Also, we chose the effective width of the biexciton to con-
form to the value for m at threshold for intrinsic OB ex-
hibited in the results of KH. This gives a value for y~
nearly an order of magnitude smaller than that used by
KH. The values of all the other material parameters are
the same as those used by KH, with the further exception
of y. Curve b of Fig. 1 shows intrinsic OB with a thresh-
old of Io -12 MW/cm in contrast to the threshold at ap-
proximately 0.14 MW/cm of KH.

The result of adding the correction to the FEB interac-
tioil 111 Eq. (25) is sllow11 by curve b 111 Flg. 1 fol tllc cffcc-
tive width y of the exciton-biexciton coupling appmxi-
mately 2 orders of magnitude larger than y . Even for
such a relat1vely large width p the coI'rect1on 1s non-
negligible, exhibiting successively higher-order bistable re-
gions characteristic of dispersive OB in a Fabry-Perot cav-
ity filled with a nonlinear medium with low absorption.
Tllus, 111cluslo11 of 'tllc FEB correction tc1111 111 (25) s'tlollg-
ly modifies the real part of the complex phase shift of the
field in the medium. For a still larger width y, about 3

I I 1 I I I I I I ~, I~ I I I I
I I 1

l5 30 45 60

I (MW/cm2)

FIG. 1. Polariton number X& vs intensity of the 1ncldent field Io for the lncldeIlt field frequency' &=3.18585 eV, and without
local-field correction. Curve a: neglect of exciton-biexciton interaction correction (see text). Curve b: the same conditions as for
curve a except that y /y=2. 9&(10 . Curve c: the same conditions as for curve a except that y /y=2. 9&10 . The parameters
a«4~go=2»»o ' c&* I~I'=I »2&~0 " c&'cm' (&~l~l'=&2IE I')* r =o4»o ' c» ~.=32o» c~' »d

=6.3725 eV.
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FIG. 2. Polariton number N~ vs intensity of the incident field Io for the incident field frequency co=3.18594 eV, and without
local-field correction. Curve a: neglect of the FEB correction (see text). Curve b: inclusion of exciton-biexciton interaction correc-
tion with y /y =2.9&(10

orders of magnitude larger than y~, the effect of the
correction is significant as shown by curve c in Fig. l.
Overall, the effect of the correction to the FEB contribu-
tion is to shift the threshold for OB to lower input intensi-
ty Io, to enhance the difference between the switch-up and
switch-down input intensities and to diminish the change
in output intensity at switching.

When the incident field frequency co is chosen to corre-

spond to a value below threshold under the conditions
treated by KH, the result is curve a of Fig. 2. In this case,
there is no intrinsic OB. If, however, the FEB correction
[the second term in the large parentheses in (25)] is incor-
porated in the same way as for Fig. l, curve b results.
The main point here is that inclusion of the correction
term shifts the threshold frequency for OB to higher
values.

5.0--

e 30--
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I
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I

45 60
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FIG. 3. Polariton number N~ vs intensity of the incident field Io for the incident field frequency co=3.185 94 eV, and without the
FEB correction. Curve a: without the LFC. Curve b: LFC applied to the exciton sites. All other parameters are the same as for
Fig. 1.
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FIG. 4. Polariton number N~ vs intensity of the incident field Io for the incident field frequency co=3.18594 eV, and with the
FEB correction included (see text). Curve a: without LFC. Curve b: LFC applied to the exciton sites. All other parameters are the
same as for Fig. 1.

B. Local-field correction

The LFC in (2S) and (28) is applied to the excitons only,
to demonstrate the importance of the effect. Application
of the LFC to the FEB interaction, Eq. (27), as well,
would drastically change the results. However, whereas
the exciton sites can be thought of as well localized in
CuC1, the biexcitons are not really local entities, and it is
not clear what a LFC means with respect to them. The
field that drives the FEB contribution is then more like
the macroscopic field in the crystal The res.ults for in-
trinsic OB are shown in Fig. 3. Here we have neglected
the FEB [second term in parentheses in (25)]. The condi-
tions treated by KH below frequency threshold are
represented in curve a, which is identical to curve a of
Fig. 2. Curve b shows the effect of the LFC under other-
wise identical conditions that resulted in curve a.

If the FEB correction is incorporated in the calculation,
the result is depicted in Fig. 4. Without any LFC, the re-
sult is curve a. This is the same as curve b of Fig. 2, and
is included for comparison with curve b, Fig. 4, which is
the result of including the LFC for excitons. All other
conditions are identical with those associated with curve
a. Comparing the curve b of Figs. 3 and 4, it is seen that
the LFC in this case also causes hysteresis cycles at higher
input fields due to the combined contribution with
exciton-biexciton interaction correction in our calcula-
tions.

treatment takes into account the FEB interaction and
resolves the difficulties of some earlier works. Despite the
small magnitude, the effect on the threshold is substantial
as shown in this paper. We also have used the available
parameters to investigate the LFC, which also turns out to
be important for CuC1 where excitons are presumably
very much localized.

Although our calculation is very general and the ap-
proximations involved should not invalidate a quantitative
prediction of possible experimental data, this cannot be
done without clarification of several key issues. First,
there is some debate as to the field dependence and magni-
tude of y~. Consideration of this issue will certainly
change our conclusion. The calculated OB being sensitive
to the parameters is subject to the uncertainty of the
analysis of the experimental data on the Raman scatter-
ing. The second and also a related issue is that the LFC
should be included in the analysis of the experimental data
consistently to determine the relevant parameters. Final-
ly, the calculation for a cavity of larger dimension for
which the mean-field approximation is not justified calls
for a different treatment. We plan to do some numerical
work on this subject in the future.
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