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Exactly solvable model of a physical system exhibiting multidimensional chaotic behavior

E. R. Hunt and R. W. Rollins
Ohio University, Athens, Ohio 45701

(Received 27 September 1983)

A generalization to two dimensions of the model given previously for the driven diode resonator is used
to explain the main features of the actual system. Measurements of the characteristics of the diode are
shown to justify the new assumptions. Thus, we have isolated the physical characteristic of the diode
responsible for the multidimensional chaotic behavior of this system.

We have shown previously' that a model of a simple non-
linear system, the driven diode resonator, comprised of an
oscillator, resistor, inductor, and diode in series, can be
solved exactly to yield a one-dimensional map which exhi-
bits the period doubling route to chaos. The model of the
diode includes a forward bias voltage, junction capacitance,
and a reverse recovery time. The reverse recovery time was
chosen to be a simple saturating function of the maximum
forward current II I through the diode during a cycle. The
map, formed by plotting IIml„+t vs II I„for certain values
of the circuit parameters in the chaotic regime, is a smooth
unimodal function. Existing and new measurements
given below on the actual system show that the map has
more than one branch and, furthermore, the period-3 win-
dow shows hysteresis whereas the model did not.

The purpose of this article is to demonstrate that these ef-
fects can be explained easily using our model with a simple
modification: the diode recovery time depends not only on
II I„,but also on II I„t. We will first show an experi-
mental map, then give experimental evidence for the diode
being able to "remember" two cycles, and finally incor-
porate this into our model and compare the results with ex-
periments.

Figure 1 shows the map obtained just below the period-3
stable orbit. The circuit is the series combination of a 14-
mH inductor with an internal resistance of 80 0 and a
1N1221 Si p-n junction rectifier driven at 100 kHz by a gen-
erator with negligible internal resistance. The current is

converted to a voltage using an operational amplifier. Every
several cycles the peak current and the next peak current,
approximately one period later, are sampled and held, and
applied to the x and y inputs of an oscilloscope. The tech-
nique is similar to that of Jeffries and Perez, 4 who show a
map that is quite different than ours. ' The difference may
be due to their sampling the current at a different point in
the cycle. In all cases the resulting maps show branches in-
dicating a higher dimensionality.

The higher-dimensional character could be caused by a
number of effects: the voltage-dependent capacitance, the
curved I-V characteristics, or a more complicated function
relating the recovery time to the forward current. Experi-
ments using the transistor analog circuit, 5 which simulates
the diode, clearly indicate that the recovery time (which can
be varied) is the cause of the effects. With a very short
recovery time a nearly one-dimensional map could be ob-
tained, and by lengthening the time, maps similar to that
shown in Fig. 1 could be obtained. Further increasing the
time would result in maps with many branches.

Figure 2 is a double exposure of the voltage across the
diode in response to first one, then two voltage pulses ap-
plied to our diode. Pulses 2 p, sec long and separated by 10
p, sec (to mirror the time scale used in the experiments)
were applied to the diode in series with a 1.5-kO resistor.
As described in texts, the voltage across the diode initially
rises to 0.5 V—the forward bias voltage. After the applied
voltage pulse returns to zero the diode recovers in two
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FIG. l. Measured map, II~I„+tvs II~I„,of the current peaks
just below the period-3 window.
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FIG. 2. Double exposure of the response of the diode to one-

and two voltage pulses through a 1.5-kA resistor. The recovery
time following the two-pulse sequence is longer. The applied pulses
(lower trace) are 2 JtLsec long and occur 10 @sec apart.
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FIG. 3. Calculated map of the current peaks in units of Vf/R.
The parameters, defined in Ref. 1 and Eq. {1),are Vo/Vf =6.00,
/coo=1 00 Q =15.0, cuorm/2tr =1.2, I,R/ Vf 2.00, and m =0.4.

FIG. 4. Portion of the bifurcation diagram in the vicinity of the
period-3 windo~ sho~ing the hysteresis. This may be compared
with the experimental diagram given in Figs. 2 and 4 of Ref. 4.

steps. The voltage remains nearly constant for the first
step, while the injected minority carriers diffuse back across
the junction and supply a current through the 1.5 kQ resis-
tor and pulse generator. The time for this first step, which
we call the recovery time, v„increases with the forward
current because of the increased number of minority car-
riers. This recovery time also increases with the circuit
resistance unless the time exceeds the recombination time,
which in our case is about 100 p, sec, The second step is the
junction capacity discharging through the source resistance.

Figure 2 shows that if a second pulse is applied before the
diode has completely recovered, the recovery time following
the second pulse has increased. It is apparent that the diode
has a short-term memory that is not totally erased by a
second conduction phase.

In our previous work we chose a simple function for the
diode recovery time, t., =f (~I ~ ) for the n th cycle, where

f (lI )) = r [1—exp( —(iI (/I, )]
~I ~

is the maximum forward current during the previous
conducting cycle, and 7 and I, are parameters describing
the particular diode. Since 7, also depends on the current
during the previous cycle, we choose for simplicity

r,,.=f(II I.)+~f(II I.-t),
where o, is a parameter. It follows from Ref. 1 that

II I.+i=I'(II I., II.l.-i),
which is a form of a two-dimensional map. Successive itera-
tions of Eq. (2) just below the period-3 window give the
map shown in Fig. 3. The parameters are given in the fig-

ure caption. The calculated map has all the pertinent
features of the experimental map shown in Fig. 1. Only
minimal efforts were made adjusting the parameters to ob-
tain this map.

Using the model we find the hysteresis associated with
the period-3 window as described by Jeffries and Perez. 4

Figure 4 shows a portion of the calculated bifurcation dia-
gram upon increasing and decreasing the drive voltage in
small steps.

The branches of the map and the hysteresis are the two
most noteworthy features of multidimensional behavior in
the diode resonator. Other features were reported very re-
cently by Brorson, Dewey, and Lindsay, who observe a
self-replicating attractor, hysteresis, and bifurcation diagram
with frequency-adding sequences similar to that described
by Jeffries. We shall show in a future article that our
model reproduces these features simply by changing the
parameter z . Jeffriess and Brorson et al. also give models
which yield qualitative agreement with the data. Their
models are similar to ours in that their large forward dif-
ferential capacitance gives the diode the combined charac-
teristics of our forward bias voltage and reverse recovery
time. Our model has several advantages: it clearly indicates
which physical properties are essential for the behavior, it
can be solved exactly, and it provides a clear connection
with mapping theory. The last feature can be very helpful
in gaining a qualitative understanding of the behavior of the
system.
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T. Tigner.
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