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Dissociative recombination in low-energy e-Hz collisions
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The theory of configuration interaction in molecules is extended to permit the simultaneous treat-
ment of doubly excited electronic states and vibrationally excited Rydberg states which can decay by
autoionization and predissociation. The method is applied to dissociative recombination and com-
pared with the corresponding multichannel quantum-defect theory. Calculations using both tech-
niques are reported for collisions of electrons of energy below 0.5 eV with H2+ ions in the lowest
three vibrational states. The Rydberg states lead to narrow structures in the cross sections, mostly in
the form of dips. The cross section and recombination rate for ground-state ions are anomalously
low, being smaller than those for U =1 and 2 by a factor of -6.

I. INTRODUCTION

Although dissociative recombination has been studied
for many years, ' both experimentally and theoretically,
there has not yet been a definitive comparison of theory
and experiment. On the experimental side, it is very diffi-
cult to observe the recombination of ions in specific vibra-
tional states, except perhaps by the trapped ion method, '

which has been applied only to a small number of ions and
in which the determination of absolute cross sections is
difficult. In view of the significant difference in the mea-
sured recombination rates for some molecules, such as
NO+, it would be valuable to have a simple reference sys-
tem for which the recombination rate is well established.
In calculations, the major problems arise in the determina-
tion of the energy and lifetimes of the intermediate molec-
ular states through which the recombination proceeds, and
from uncertainty about the role of vibrationally excited
Rydberg states in the recombination process.

Theoretically, the most suitable ion for this comparison
is H2+, since several calculations of the relevant molecular
parameters have been performed. Although it is diffi-
cult to produce a plasma in which H2+ is the dominant
ion, experiments have been performed using inclined
beams, the hollow electron-beam trap' and the merged-
beam method. " The cross sections measured by the
merged-beam technique at energies below 3 eV showed
narrow structures, mostly dips, superimposed upon a
monotonically decreasing background with an energy
dependence close to E

In order to reduce the uncertainty with respect to the vi-
brational level of the H2+ ions, Auerbach et al. " added
He atoms to their ion source. The states of H2+ with
U & 2 can then be removed by the fast reaction

H2++ He~HeH++ H

In this paper we will assume that the three remaining lev-
els (U =0, 1,2) were populated in the ratios 1:2:2, respec-
tively. However, these populations must be regarded only
as rough estimates.

Dissociative recombination of H2+ can be considered,
most simply, in terms of the formation and dissociation of
a doubly excited state of the H2 molecule

e+H, +~H,~*~H+H* .

This process, often called direct dissociative recombina-
tion, can be described theoretically by resonant scattering
theory. ' ' The most important parameters are the po-
tential curves and autoionization rates of the intermediate
states H2**. The lowest of these states is the 1o.„'X~+
state, whose properties were discussed in a previous pa-
per.

If these doubly excited states are, coupled with the e-
H2+ scattering continuum they must also interact with the
manifold of Rydberg states lognlm converging to the
ground electronic state of H2+. In particular, the excited
vibrational levels of these Rydberg states may play a role
in dissociative recombination. In 1968 it was suggested'
that the indirect process

e +H2+(U;)~H2(n & 8,U;+1)~H2 —+H+0 (2)

may contribute to recombination. In this process the Ryd-
berg state is formed through the coupling of electronic
and vibrational motion (the inverse of vibrational autoion-
ization) and decays by predissociation due to electronic
configuration interaction with the doubly excited state
H2**. It was anticipated that for diatomic molecules this
indirect process cannot dominate the direct mechanism in
the overall recombination rate, but that it could lead to
narrow structures in the recombination cross section.

More recent analyses' ' have demonstrated that the
higher vibrational levels of Rydberg states with smaller n
can hinder the recombination process. These levels may
be coupled strongly to the dissociation continuum, but
their direct coupling to the electron scattering continuum
is weak, because of the propensity rule hU = 1 that applies
to vibrational autoionization. Thus their contribution to
process (2) is small. Instead, the chain

e +Hp+(U =0) Hp
* H2(n, U )2)—+H2**—+Hp++e

(3)
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may interfere destructively with reaction (I).
O' Malley' has suggested that these Rydberg levels

should be regarded as resonances in the dissociation con-
tinuum (corresponding to H+ If" scattering). This ap-
proach stresses the importance of predissociation of the
Rydberg levels, and seems appropriate when the direct
coupling between the Rydberg state and the electron
scattering continuum is weak. However, the treatment of
the autoionization of the Rydberg states by indirect cou-
pling through the doubly excited state [as in reaction (3}]
is not so clear in O'Malley's approach. It has already been
demonstrated' ' that multichannel quantum-defect
theory {MQDT) gives a unified treatment of the decay of
Rydberg states by predissociation and autoionization, and
can be used in the calculation of cross sections for dissoci-
ative recombination. In this paper we will show that a
unified theory can also be derived by the method of con-
figuration interaction. ' ' We will discuss the relative
merits of these theoretical approaches and will apply the
theories to e-H2+ recombination.

In this application we will concentrate on the low-
energy region, below 0.5 eV, in which there is the most un-
certainty about the recombination cross section. In partic-
ular, we will estimate the recombination rate at low tem-
peratures, which is of cosmological interest.

There has been relatively little work on vibrational exci-
tation in low-energy electron-ion collisions. ' The inter-
mediate states that are active in dissociative recombination
will also lead to resonant vibrational excitation. The cross
sections for this process can be obtained straightforwardly
by the MQDT or configuration-interaction method. In
Sec. IVC the results for H2 will be compared with the
nonresonant contributions to the same process.

We wiH begin with a development of configuration in-
teraction theory to include the effects of Rydberg states
upon direct recombination. Although the approach is
based upon the earlier work by Bardsley, ' the notation
will be changed slightly to facilitate the comparison with
the work of Giusti' and Lee, ' as detailed in the Appen-
dix.

II. CONFIGURATION-INTERACTION THEORY

Let us suppose that the wave function representing the
scattering of an electron by a molecular ion can be
separated into three components representing the non-
resonant electron scattering continua, the formation of a
doubly excited electronic state, and the formation of vibra-
tionally excited Rydberg states. Using Q to denote the
coordinates of all of the electrons, we write

%(q,R)=g fdE'b„(E')g„~(q, R)X„(R)

+pd(q, R)gg(R)

+pa~„g~(q, R)X,{R) . (4)
P, U

In the first term we have assumed that nonresonant vibra-
tional excitation is not important and that the associated
wave function can be written as the product of an elec-
tronic function Q„E(q,R) and the vibrational wave func-
tion of the molecular ion, g, (R). In most applications the
dependence of g„~(q,R) upon U will arise solely because

(ns )
—1.5 (10)

The Rydberg states and electron scattering continua are
coupled through the nuclear kinetic-energy operator. Let
us write

&0, (q R)X'(R}
I &z

I W.E(q, R}X„«)&=p,~„„.
(11a)

It is well known from the study of vibrational autoioniza-
tion ' ' that 8' „ is large only when v'=v+1. For this
case, using harmonic-oscillator wave functions for X„and
P„, by making a Taylor-series expansion of p(R), we
fjnd21, 22

U

1/2
dp
dR

(11b)

where co is the vibrational frequency of the ionic core.
The wave function described in Eq. (4) can be used to

the energy available to the extra electron depends on v as
well as the total energy E. Throughout the paper we will
neglect molecular rotations, which are only important at
very high gas temperatures. For the doubly excited con-
figuration we assume that the electronic wave function
(t]~(q,R} is known, along with the associated potential-
energy curve Ed(R), given by

Ed(R)= &it/(q, R)
~
H,](q,R) ( yd(q, R)) .

The nuclear function gd(R) is to be determined by the
theory.

In the final term in Eq. (3), the electronic wave func-
tions for the Rydberg states P~(q, R) are also regarded as
known; p is used as a collective index to indicate all of the
quantum numbers of the Rydberg electron, in particular,
its principal quantum number n, orbital angular rnomen-
tum l, and its component about the nuclear axis A, . The
energy of the Rydberg state will be denoted by Ep„.

Let us now examine the couplings, between the three
terms of Eq. {4), induced by the total Hamiltonian H (q, R)
which can be written as the sum of the nuclear kinetic-
energy operator and the electronic Hamiltonian

H(q, R) =Tz+H, ](q,R) .

The doubly excited electronic state P~(q, R) is coupled by
the electronic Harniltonian to both the electronic scatter-
ing continua and the Rydberg manifold. Let us define

I.](ER)= &PUF(q R) IHc](q R)
I 4(q R) &

and

d„=&X„(R)
~

V,](E,R )
~
gg(R ) ) .

Because of the strength of the Coulomb interaction be-
tween the electron and ion, the shape of the electronic
wave functions for the high Rydberg states f~(q, R) and
those representing scattering at low energies differ only in
the asymptotic region. Thus we can usually neglect the
energy dependence of V,~(E,R) and can write

&qp(q, R)
~
H,](q,R)

~ yd(q, R) ) =pp &,](R)

in which pp is determined by the density of states. If the
effective principal quantum number of the Rydberg state
is n, then
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[Ta+H, ){q,R) —E]%(q,R) =0 . (12)

Premultiplying by gz(q, R)Xk(R) and integrating over all
coordinates gives

(E' E)b;(—E')+g p, W„„a~.+d. =o .
p, v

Imposing the boundary condition described above, we find

study a variety of processes. To describe the scattering of
an electron by a molecular ion in a specific vibrational
state u;, we must ensure that the only incoming waves
occur in the component of the first term with v =v; and
that gd(R) is purely outgoing. The dissociative recom-
bination cross section can then be found from the asymp-
totic magnitude of gd (R).

The unknown expansion coefficients az, bu(E'), and
gd(R) are obtained by projections of the Schrodinger equa-
tion

b, (E')=6„,6(E —E')+,+mi5(E —E')1

Er

X g p~ W„„az„+d,
p, v

{14)

Finally, we premultiply Eq. (12) by Pd(v, R) and integrate
over the electronic coordinates to obtain a differential
equation for gd(R), namely,

The term (E —E') ' leads through principal part integrals
to level shifts associated with autoionization. These shifts
are negligible for the Rydberg states, and for the doubly
excited state we will assume that they have been included
in the potential energy Ed(R).

The coefficients az, can now be obtained by premulti-
plying Eq. (12) by f~(q, R)X*„(R) and integrating again
overall coordinates, which gives

(E E~„)—a~„=p~d„+ g p~ W, ,b, (E) .

d
2M dg22 +Eg(R) Egd(R)—= —V~{R) X„(R) i~gd—„X„(R)+gp~a~„X„(R) i~+ W„—„X„(R) {16)

On the right-hand side of this equation, the first two terms describe the formation and decay of the doubly excited state
through direct coupling to the electron scattering continuum, the third term expresses the predissociation of the Rydberg
state, and the final term arises from indirect coupling involving the Rydberg states and the continuum.

Equation (16) can be solved in terms of the Green function

d
2M d~2 +Ed(R) EG(R,R'—) =5(R R') . — (17)

Multiplication by P(R) V„(R) and integration over R then leads to the coupled equations

7 ~

u gvu;+ ~~ v'gvv' ~ I papv guv' ~~ ~ guv" ~v"v' (18)

where

g,„=f fdR dR'X„(R)V,)(R)G(R,R')V,)(R')X„(R') . P=(1+iong, „) (21}

Although G(R,R'} and g are functions of E, we will not
indicate this dependence explicitly since they will always
be evaluated at the experimental energy E.

The equations (14), (15), and (18) form a set of linear
algebraic equations for the coefficients a&„b„,and d, that
can be solved by standard numerical techniques, once the
matrix elements guu have been evaluated.

To illustrate the solution, let us consider a single Ryd-
berg state (pv) interacting with one electron scattering con-
tinuum t/rF. (r,R)X„(R} This could apply .to electron col-

lisions with ground-state ions at an energy below the
threshold for vibrational excitation, if the Rydberg level is
well isolated. The amplitude of the Rydberg state is then

E =E„„=E„+p g„„miPp (W„„+g„„—). (22)

Note that the matrix elements gvu are complex. The
l

second and third terms can be regarded as the complex en-
ergy shifts arising from predissociation and autoioniza-
tion, respectively.

The Green function G (R,R ') can be computed most
conveniently from two solutions of the corresponding
homogeneous equation. We write

This expression shows that the Rydberg state can be
formed in two ways, either directly through vibrational
capture or indirectly via the doubly excited state. The
Rydberg state leads to a Siegert resonance at the complex
energy at which the denominator vanishes, i.e., at

—Pp~( W...+g...)

pu 2 ~ 2 2Er, E+ppg, „vrigpp(W—„, +—g„„)
(20)

G (R,R ') = F')~(R ( )F2E(R ) ), —1

C

where F,E(R) and F2E(R) both satisfy

(23}
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d
2M dR' +Ed(R) E—FiF. (R)=0 . (24)

C is the Wronskian [F,F(R),F2F(R)], and R & and R & are
the lesser and greater of R and R'. The boundary condi-
tions appropriate to gd(R) will be satisfied if F,z(R) is
regular at R =0 and if FzF(R) is purely outgoing as
R ~ oo. This approach gives both the real and imaginary
parts of the matrix elements g,„without the calculation of
any principal part integrals, which is necessary when using
a spectral representation of the Green function. The link
between the two approaches can be expressed in terms of
the integrals

then

, V, (E')V„(E')
Reg„„=&fdE' E' —E (28)

and

Img„, = —~V„(E)V, (E) . (29)

Given the matrix elements g», the coefficients az„
b„(E'), and d„and the nuclear wave function gq(R), the
cross section for dissociative recombination can be ob-
tained by comparing the incident and outgoing fluxes of
electrons. For electrons with energy e,

V„(E)= fX„(R)V,)(R)F,F{R)dR {25) iTDR(e)= — »m 14«)
I

'
E 2 M R +oo

(30)

Fzs(R) =e' as R ~ oo (27)

which can be assumed to be real. If we normalize F~~(R)
and I'2F(R) so that

fF,F(R)F)F (R)dR =5(E E')—
and

in which ~ is the ratio of the multiplicity of the doubly
excited state to that of the initial electronic state of the
ion, and (fiK/M) is the relative velocity of the dissociation
fragments. For our simple example of one Rydberg state
and one electron scattering continuum, we find that as
R~ap

gd(R)= ——e' [ V„(1 mid, )+p—zaz„[V„(E) xiW„„—V„(E)]I

p iKR

[ V„(E)(Ep„E)+pp[V„—,(E)g.„—V„(E)(W„„,+g.„,)]] .=
C(E —E„,)

(31)

Because of Eq. (20), the contributions from the imaginary
parts of g„„and g„, cancel, and g~(R) vanishes at some en-

ergy close to E&„. The cross section exhibits a Beutler-
Fano profile, but the shape parameter q does not appear to
have a simple interpretation. In particular, q is not direct-
ly proportional to W„, , and q may be nonzero even if 8'„

l l

vanishes. Thus Rydberg states which are not directly cou-
pled to the electron scattering continuum do not necessari-
ly lead to window resonances.

The Rydberg states discussed above are examples of
discrete levels embedded, through autoionization and
predissociation, in two continua which are themselves
strongly coupled. The application of configuration-
interaction theory to this type of problem has been studied
by Fano and Prats, Nitzan, and by Lefebvre and
Beswick. Their results can be recovered from ours if we
neglect the real parts of the matrix elements g» which

l

represent the dispersive parts of the second-order interac-
tion with the dissociation continuum. Using Eqs. (22) and
(27) we then obtain a resonance width

model by considering radiative transitions between the
doubly excited state and electron-ion scattering continuum
and the ground state of the neutral atom, thus introducing
a radiative continuum of photon-atom scattering states.
The width of the doubly excited state is then composed of
two parts, a radiative width I z, and a nonradiative (au-
toionizing) component I NR. This system is clearly analo-
gous to our Rydberg state coupled to an electron scatter-
ing continuum (autoionization) and an atom-atom scatter-
ing continuum (predissociation). Dissociative recombina-
tion involves a transition from one continuum to the oth-
er. The corresponding process in Nitzan's problem would
be a transition from the radiative continuum to the elec-
tron scattering continuum, i.e., photoionization of the
atomic ground state. Neglecting the dispersion terms, our
uDR(t ) is equivalent to the o.NR of Nitzan, as given by Eq.
(48) of his paper. The Fano shape parameter is found to
be

1 mV„(E) W„, V—„(E)
~V„(E) V,'(E)+ W,'„

I q„2m.Ppp ( V, + W„„)—— (32)

and a shift

2&f3' W„„V„(E)V„(E) .— (33)

As noted previously, ' the level shift is nonzero even
when all principal part integrals are neglected.

The classic paper of Fano' addressed the problem of a
doubly excited state of an atom embedded in a continuum
of electron-ion scattering states. Nitzan extended the

This vanishes when either 8'» =0 or V, =0, that is, when
l

the direct coupling of the Rydberg state to the electron
continuum or to the dissociation continuum is negligible.

In the applications described below we will show that,
even when the principal part of the integrals in g„„are not
neglected, q is still small for most Rydberg states. This is
due essentially to the weakness of the vibrational coupling,
because of the slow variation of p with R [see Eq. {11)].
Most of the resulting structures are very close to pure win-



A. GIUSTI-SUZGR, J. N. BARDSLEY, AND C. DERKITS

—14
IO

- (o) v. = 0 (b)

O —I5
10

9

IO

— 10

dow resonances (q=0) and lead to a reduction in the
recombination rate.

AppIIcation to a model problem. At an early state in this
work we performed some calculations which illustrate well
two very different interference patterns resulting from the
presence of the Rydberg states. The calculations were per-
formed with a potential curve

Eg(R) =E„+(R)—0.23

in which E„(R) is the electronic energy of the lo„excited
state of H2+. This curve E~(R) crosses the ground-state
potential for Hi+. This curve Ed(R) crosses the ground-
state potential for H2+ near 2.8ao, which is well outside
the Franck-Condon region for the ground vibrational
state. The resonance width I (R) was as given in Eq. (44)
below. The matrix elements describing vibrational cou-
pling were obtained with the use of Eq. (11b) with
dp/dR =0.1 a.u.

In Fig. 1 we show the cross sections for recombination
to ions with v; =0 [Fig. 1(a)] and v; =1 [Fig. 1(b)]. Contri-
butions from Rydberg states with v =v;+ 1 are included in
the calculations. For v; =0 the Rydberg states enhance the
recombination cross section. This is because the direct
recombination process is very weak, whereas the vibration-
al coupling is relatively strong. The formation of the
Rydberg state increases the amplitude of the nuclear
motion and thereby facilitates the formation of the doubly
excited state which leads to dissociation. However, when
the ion is initially in an excited vibrational level [Fig.
1(b)], the q value defined by Eq. (34) is small and the in-
terference is mostly destructive.

The results shown in Fig. 1 are very similar to those
arising from a three-channel MQDT calculation (see Sec.
III). The shapes of the structures are almost identical, al-
though there is a small difference in the positions of the
structures due to the neglect of principal part integrals in
the MQDT theory.

III. MULTICHANNEL QUANTUM-DEFECT
THEORY

Although the formalism described in Sec. II can be ap-
plied to problems involving an arbitrary number of Ryd-
berg levels interacting with several electron scattering con-
tinua, it relies on the solution of a large set of algebraic
equations and its implementation becomes difficult when
many Rydberg levels are involved. If one wishes to see the
effect of several manifolds of Rydberg states, then the use
of quantum-defect theory is advantageous since each
series, characterized by the quantum numbers lk, v, is treat-
ed as a single channel along with the adjacent continuum.
The application of MQDT to dissociative recombination
has been discussed by Lee' and by Giusti, ' whose theory
is based on the analysis of molecular Rydberg states by
Jungen and his colleagues. ' Since a detailed description
of the method has been given elsewhere, ' we will include
here only a brief outline of the theory with some com-
ments on the connections between the two approaches.

The basic concept of MQDT, allowing a unified treat-
ment of bound states and continua, is the distinction be-
tween short- and long-range interactions. Configuration
space is first divided into two regions. In the core region
(Lee's reaction zone), all four particles interact strongly
and the Born-Oppenheimer approximation is valid. In the
external region, at least one interparticle distance is large
and each departing particle experiences only a long-range
local potential. The external zone thus allows for ioniza-
tion or dissociation.

The MQDT does not attempt to provide an explicit rep-
resentation of the wave function in the reaction zone, but
only of the effect of the interactions within that region
upon the solutions in the external zone. For the ionization
channels, the core effects are mainly represented through
the quantum defect p, or phase shift mp, which is almost
independent of energy on both sides of the threshold but
may vary strongly with the nuclear separation R. In our
diabatic approach, the dissociative channel wave function
is written as the product of the electronic wave function
Pd(q, R) of Eq. (5) and the regular nuclear function
F~(R) =Fi~(R), defined in Eqs. (24) and (26).

Within the reaction zone the configuration mixing is
governed by the electronic coupling V,~(R) [see Eq. (9)]
from which the vibronic matrix elements V, are comput-
ed, as in Eq. (25). We will now recall briefly how these re-
action zone parameters are used to describe the mixing of
channels in the external zone.

C
O

—16
10

O.O I O. O 5 O. I O. 2 O. O I

E ner9y (eV j

0.0 5 O. I

—l5— 10

—16
10

O

CD
A. Vibrational coupling between ionization channels

For large values of an electronic coordinate r, the exter-
nal zone is subdivided into two regions. In region A, close
to the core boundary ro, the wave function for each ioni-
zation channel may still be expressed as a Born-
Oppenheimer (BO) product

FIG. 1. Cross section for dissociative recombination in e-H&
collisions computed by the CI method using the resonance po-
tential curve in Eq. (35), for (a) ions with v =0 and (b) ions with
v = 1. Peaks in (a) arise from Rydberg states with v =1 and n as
marked. Dips in (b) arise from Rydberg states with v =2. Each
series should extend to n = ao at the vibrational excitation
threshold (close to 0.27 eV).

'P„=X„(R)P„„,(r„R)

&& 'If~(e, r )cos[mp(R)] g&(F.,r )sin[iran(R)] I, —

where P „(r„R) is the electronic wave function for the
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ionic core; f~ and gi are Coulomb wave functions, f~ being
regular at the origin and gI lagging in phase by m. /2 in the
asymptotic region. The vibrational wave function is ap-
proximated by the ionic eigenfunction P„, as in Sec. II.

In region 8 (r &&ro), the external electron is completely
disconnected from the core and the coefficients of f~ and

gI are independent of R,

and

Ã„„=—sin[mp(RO)] W„„

W„„=cos[~rp(RO)]W', ,

B. Coupling between the ionization
and dissociation channels

iP„=X„(R)P,„(r„R)[a„f~(e,r) P„—gi(e, r)] .

To connect these two regions, we expand

(37)

0'„=+X„(R)P„„(r„R)[@„„f((e, r) W„„g—i(e,r)],
(3g)

where the frame-transformation coefficients

Ã„„=f X„( R)c os[op( R)] X„( R)]dR,

W„„=fX„(R)sin[vrp(R)]X„(R)dR,
(39)

measure the mixing between ionization channels. The
magnitude of the coupling depends clearly on the varia-
tions of the quantum defect with R, and transitions with
hu =1 are favored.

These coefficients are closely related to the dimension-
less matrix elements 8'„.„,defined in Eq. (11) of Sec. II. If
we write p(R) =p(RO)+(R —Ro)dp/dR and assume
u'=u+1 we find

Let us now examine the coupling that arises from the
reaction zone. The direct coupling between ionization
channels, V„, is taken to be zero, since the BO separation
is assumed both in the reaction zone and external region
A. Each ionization channel is coupled to the dissociation
channel by a matrix element V~ which is equivalent to the
V„(E) defined in Eq. (25). From this coupling matrix we
can define the short-range K matrix. ' However, as in
previous works, ' ' we will approximate I( by V, neglect-
ing the dispersive part of the interaction (principal part in-
tegrals). This approximation is avoided in the
configuration-interaction (CI) formalism by the Green-
function method described in Sec. III.

To take account of the effect of this K matrix upon the
external zone solutions, we introduce a set of eigenchan-
nels 4' as linear combinations of the ionization channels,
as defined in zone A by Eq. (35) and of the dissociation
channel

=g U„X„(R)(t,„(r„R)[f~(e,r)cos[mp(R)+i) ]—gi(e, r)sin[up(R)+i) ]I

+ Uz Pz(q, R)[F&(R)cosrl Gq(R)sinrl —) .

C. Boundary conditions and cross sections

The total wave function is expanded in the form

%(q,R)=+A iP (q, R) . (42)

Imposition of the boundary conditions leads to a set of
linear equations for the coefficients A . It is only at this
stage that bound and continuum states are distinguished,
as closed or open channels, respectively. The solutions A

are then used to generate the S matrix from which cross
sections can be calculated. '

Here U is the unitary matrix which diagonalizes the K
matrix, with eigenvalues —tang; G~ is a second real solu-
tion of Eq. (24), lagging in phase by m/2 with respect to
F~. Thus the configuration mixing leads to an additional
phase shift g in the asymptotic form of each channel
wave function.

IV. APPLICATION TO 82+

A. Recombination cross sections

The lowest doubly excited state of H2 is the 'Xz+ state
which is dominated by the configuration 1o.„. The prop-
erties of that state were discussed in Ref. 6. The potential
curve crosses that of H2+ near 2.65ao, at a point between
the outer turning points of the ground and first excited
states. The strength of the coupling with the electron
scattering continuum increases wth increasing R, but is
also sensitive to the energy of the continuum electron.
There seems now to be good agreement concerning the po-
tential curve and the autoionization rate. The major un-
certainty that remains concerns the relative magnitude of
the partial widths associated with coupling to the so. and
do. partial waves. The scattering calculations indicate that
the autoionization leads almost entirely to the emission of
electrons with l =2. Qn the other hand, analyses of the
effect of the lo.„configurations upon the Rydberg states
suggest that the coupling with the configurations 1so,nso.
is not negligible, although it is weaker than the coupling
with states 1sonda at the value of n.

In most of the calculations described below the potential
curve for the resonant state was assumed to be, in a.u. ,

E„+(R)—0.119+0.0417R —0.008R, R & 2.4ao

E&(R)= 5.7936Re ' "—R ' —0.5094, 2.4ao &R & 3.5ao

—0 7145+0 0895(1—e ' ]) R )3 5a

(43)



A. GIUSTI-SUZOR, J. N. BARDSLEY, AND C. DERKITS

The first segment is fitted to the algebraic variational cal-
culation of Takagi and Nakamura and incorporates the
energy shift arising from the mixing with the electron
scattering continuum. The second segment is deduced
from the Rydberg-state deperturbation analysis of the
work of Ref. 6, and the final segment is used to ensure dis-
sociation to the limit H(1s)+H(2s). E„+(R) indicates the
potential curve for the lowest X„state of Hz+, which is
the parent of this Feshbach resonance.

Although the strength of the coupling between the 1o.„
configuration and the electron scattering continuum varies
significantly when the electron energy is varied by several
eV, there is little change for energies between zero and 1

eV. Thus we use the coupling Inatrix elements V,~(E,R)
obtained by the Stieltjes method with continuum elec-
trons of zero energy. For R (4ao, we take (in a.u. )

l (R) =2m
l

V,I(R)
l

=0.0008R '+0.0023R '+0.0118R —0.00S8 .

(44)

%'e have no information on I (R) at larger values of R and
so we assume it to be constant and equal to I (4). This re-
gion has very little effect on the results presented below.

Finally, we need to characterize the Rydberg states. We
have taken account only of the dominant do manifold. In
the Rydberg-state analysis, the quantum defect for this
series was represented by

pd(R) =0.oSS+0.048(R —2.S)+0.0S(R —2.S)' .
(4S)

This result is needed to determine the position of the un-
perturbed Rydberg levels E~, and the vibronic coupling
coefficients, 8'„„ from Eq. (11a), or K, „and W, „ from
Eq. (39). Although these were computed using numerical-
ly generated vibrational wave functions estimates of the
values for v'= v +1 can be obtained using Eq. (11b).

In comparison to the model used in Sec. II, the potential
curve given by Eq. (43) is significantly lower, and the vi-
brational coupling is much weaker. The resulting cross
sections are shown in Fig. 2. This figure includes direct
recombination cross sections, obtained by each Inethod,
and the full results of an MQDT calculation with 1 1 chan-
nels, including vibrational states 0—9 and the dissociation
channel. Almost all of the Rydberg states lead to dips,
and the origin of some of the more prominent dips is indi-
cated on the diagra~.

The direct recombination cross section drops signifi-
cantly at each threshold for vibrational excitation. This is
due to the extra competition from autoionization through
the additional channel. The inclusion of the Rydberg
states leads almost entirely to dips in the cross section
which mask this discontinuity across vibrational excita-
tion thresholds. One can regard these dips as precursors,
in closed channels, of the additional autoionization that
results as each vibrational channel opens. This effect is
also seen in molecular photoionization spectra, where a
new threshold is often masked by the autoionization peaks
due to the Rydberg series converging to that threshold.
The cross section for recombination to vibrationally excit-
ed ions is again larger than that for ground-state ions, al-
though the enhancement is less pronounced than for the
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FIG. 2. Cross sections for dissociative recombination of elec-
trons with H2+ ions in (a) the ground vibrational state and (b}
the state v =1. Solid curve shows the results of an 11-channel
MQDT calculation. Dips are due to Rydberg states of the
(ndu, v) manifolds, with the values of n and v indicated for the
most prominent dips. Dashed curve shows the result obtained
with no closed channels and the crosses give the values obtained
in the corresponding CI calculation.
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FIG. 3. Cross sections for e-H2+ recombination calculated by

the MQDT approach and convoluted using a triangular ap-
paratus function with a width of 0.04 eV (full width at half max-
imum): solid curve, v; =0; long dashes, v; = 1; short dashes,

vt =2.

higher potential curve associated with Fig. 1.
The rapid oscillations in the calculated cross sections

make comparison with experiment difficult, although our
results do support the existence of narrow window reso-
nances as observed by Auerbach et a/. " To facilitate this
comparison we have convoluted our results, assuming a
triangular apparatus function of half-width 0.04 eV (cor-
responding to —,'kT at room temperature and the approxi-
mate resolution of the Auerbach experiment). The results
are shown in Fig. 3.
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A second difficulty in comparing theory with experi-
ment arises from the uncertainty concerning the vibration-
al state of the recombining ions in merged-beam experi-
ments. Assuming that Auerbach et al. were successful in
quenching states with v )3, and that the populations of
the lower states were proportional to the Franck-Condon
factors governing transitions from neutral H2, the relative
populations would be approximately 20%%uo (U =0), 40%%uo

(v =1), and 40% (v =2). In Fig. 4 we compare the cal-
culated cross sections, averaged in this manner, with the
experimental results. Although there is qualitative agree-
ment in regard to the magnitude of the cross section, the
general energy dependence and the existence of window
resonances, the calculated cross sections are smaller than
the measured values, and there is little correlation in the
position of the dips.

Comparison of Figs. 3 and 4 shows that the structures
in the measured cross section correlate well with those in
the calculated cross section for ground-state ions. This
might suggest that the ions studied by Auerbach et al. are
predominantly in the ground state. However, there would
then be a major discrepancy in the magnitude of the cross
section. The cross sections computed by Bottcher for
ground-state ions are also considerably smaller than the
experimental values shown in Fig. 4.

Cross sections for dissociative recombination of elec-
trons with H2+ ions have also been measured by Peart and
Dolder with the use of inclined beams. They obtained a
value of 2.2)&10 ' cm at 0.33 eV, which is approxi-
mately twice the value measured by Auerbach et al. "
They suggest that a significant fraction of the ions are in
highly excited vibrational levels. Assuming that the level
populations are determined by the Franck-Condon factors
for ionization, Bottcher computed a value of
—1.7)&10 ' cm, in good agreement with experiment.
Our estimate of the contribution from the lo.„'Xg state is
significantly lower. However, we believe that the higher
resonant states make significant contributions to recom-

bination to vibrationally excited ions, as discussed by
Zhdanov and Chibisov. Until the magnitude of these
contributions is known, it seems inappropriate to compare
our results with those of Peart and Dolder.

B. Recombination rates

For most applications, one needs to know the rate of
recombination for a swarm of electrons of varying energy.
In particular, there is significant astrophysical interest in
the recombination rates at low temperatures.

If direct recombination is dominant in the thermal re-
gime, the calculation of the recombination rate would be
straightforward, since the cross sections are inversely pro-
portional to the energy of the incident electron. However,
our 11-channel MQDT calculations for ground-state ions
reveal the existence of a window resonance, due to the
v =7 level of the 1so.3dcr Rydberg state, at an energy of 5
meV. The presence of this resonance might reduce signifi-
cantly the recombination rate at temperatures below 100
K. In order to check this result we performed a calcula-
tion using the CI approach with this single Rydberg state
interacting with the electron scattering continuum. The
window resonance appears in the cross section but it is
shifted upwards by -50 meV. The large magnitude of
this shift, resulting from configuration interaction with
the repulsive 1a„configuration, is due to the relatively
low value of n* for this state which leads to a large value
for p& in Eq. (22). Indeed, the coupling between the Ryd-
berg and non-Rydberg states is so strong that we should
question whether our diabatic approach will lead to accu-
rate predictions of the energy levels for such states. The
alternative adiabatic approach has been used by Wol-
niewicz and Dressier ' who predict that this state should
lie 43 meV above the ground state of Hz+, in good agree-
ment with our CI analysis.

Using the cross sections computed by the CI method,
the recombination rate for ground-state ions, at tempera-
tures below 100 K, can be well represented by

-I4
lQ

0.5

ao(T) =1.7X 10
T

(46)

O

QP

O

—l5
IQ

given in units of cm s '. Note that this value is very
small compared with that found for most other molecules
at similar temperature. For ions in the v =1 or 2 levels,
the rate is given approximately by

0.5

ai(T) = 1 & 10 (47)
T

given in units of cm s

C. Resonant contributions to vibrational excitation
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FIG. 4. Cross section for, e-H2+ recombination with a mix-
ture of ions in the v =0, 1,2 states: solid curve, MQDT calcula-
tions; dashed curve, experiment (Ref. 11);crosses, calculations of
Bottcher (Ref. 5). In both calculations the populations ratios
have been taken as 1:2:2for U; =0, 1,2, respectively.

It is well established that shape resonances are impor-
tant in the vibrational excitation of many neutral mole-
cules by low-energy electrons. Resonances also occur in
electron scattering by most molecular ions, but these reso-
nances are usually Feshbach (core-excited) resonances. It
might be helpful, .therefore, for us to estimate the relative
magnitudes of the resonant and nonresonant contributions
to vibrational excitation in e-H2 collisions.

The application of the MQDT to vibrational excitation
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has already been described by Giusti, and the cross sec-
tions can be obtained from the S-matrix elements given in
Eq. (23a) of Ref. 16. With the use of the CI approach of
Sec. II, the cross section for vibrational excitation can be
obtained directly from the amplitude b„(E) in the final
channel. With the assumptions described following Eq.
(14), we find

2
cJ(U( ~vf ) = co dq +gPp Wq UQpUf f

p, v

(48)

This result shows clearly that the doubly excited electronic
state and the Rydberg states act as intermediate states in
vibrational excitation. As in recombination, we expect to
see narrow structures due to the Rydberg states superim-
posed upon, and interfering with, a smooth cross section
due to the doubly excited state.

We have performed some preliminary calculations,
without any closed channels, by both methods. Such cal-
culations do not include Rydberg-state effects and show
only the contribution from the 1'„'Xg resonance. For
o(0~1) at 0.5 eV, the cross section is approximately
3& 10 ' cm . Robb and Collins have calculated vibra-
tional excitation cross sections in the static exchange ap-
proximation, and find the total cross section for o(0~1)
to be -7.5&10 ' cm at 0.54 eV. Thus the resonant
contibution is small but not negligible. It seems probable
that for transition to high vibrational levels (U &2) the
cross sections will be dominated by this resonance. For
example, we find cr(0~8) to be -2X10 ' cm near
threshold. Unfortunately, Robb and Collins do not give
results for such transitions.

The effects of the Rydberg states have been explored us-
ing the MQDT approach. The narrow structures resulting
from the Rydberg levels are again mostly dips which lead
to a significant reduction in the excitation cross section.
Thus it appears that both the Rydberg states and the dou-

bly excited electronic configurations should be included in
accurate calculations of vibrational excitation in electron-
ion collisions.

V. SUMMARY AND CONCLUSIONS

We have shown that unified theories of dissociative
recombination, which take into account the formation of
doubly excited electronic states and excited vibrational lev-
els of Rydberg states, can be developed using either the
configuration-interaction approach or MQDT. The latter
approach is more suitable when many Rydberg series are
included in the calculation, but the configuration-
interaction method avoids the linearization of the K ma-
trix describing the short-range interactions, which is a
feature of current MQDT applications. This linearization
leads to slight shifts in the positions of the structures asso-
ciated with the Rydberg states, but does not lead to sig-
nificant differences in the magnitude of the recombination
rate.

The computed cross sections for e-H2+ recombination
are in reasonable agreement with experiment in regard to
the absolute magnitude of the cross section, the overall en-
ergy dependence and the appearance of the structures,
which lead to narrow dips. In these respects, the results
are significantly better than those of the last comprehen-
sive theoretical study. However, a quantitative compar-
ison between theory and experiment will not be possible
until measurements can be performed for ions in a single
vibrational state.

For ground-state ions, the recombination rate is signifi-
cantly smaller than that of many other diatomic mole-
cules. Nevertheless, the rate is not sufficiently small that
the process can be neglected in studies of the cooling of
the primordial plasma in the early development of the
universe. The recombination rates for low-lying excited
vibrational states of the H2+ ion are larger than those for

TABLE I. Comparison of the symbols used in this work with those of Bardsley, Giusti, and Nitzan.

This work

X.(R)

X,(R)
pd(q, R)

gd(R )

V,1(E,R)
Pp
8' ~

gvv'

P

F1E(R )

F2E(R)

V„(E)
V, (E)

~DR(E)

Equation

(4)'

(4)b

(4)

(4)
(7)
(9)

(11)
(19)'
(21)

(23)

(24)'

(25)
(25)

(30)

Bardsley
References 14 and 33

gd(R )

u, (R)
pd(q, R)
gd(R)
v E(R)

4
)
—1.5

V10(E')
v,(R)g, v(R)

u1(R )

urx(R)

Giusti
Reference 16

X+(R)

X„(R)
Nd (q, r)

v,",(.,R)
(& 4

)
—1.5

g„;b/m.

if,s„ /m- .

(&+g„', )-'
0

F„(X,R)
i [Fd (JC,R)+iGd (X,R))

g. /~
g„+ /vr

Odt 0

Nitzan
Reference 23

1
1/2 vpl sl

(1+N)-'

1/2
p V,
1/2 1/2

pi p
~NR

'Vibrational wave function for the molecular ion.
Vibrational wave function for the neutral Rydberg state, which in this work is assumed to be the same as that of the ion.

'This matrix element contains a real part which is neglected in Ref. 16.
These outgoing nuclear wave functions are normalized in different ways.
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the ground state.
Our brief examination of the effects of the same inter-

mediate states upon vibrational excitation in e-H2 col-
lisions suggests that their effects should be taken into ac-
count for transitions with AU &2. Further studies of vi-
brational excitation in electron-ion collisions via the
MQDT approach would be worthwhile.

It seems possible that the best features of these two
methods could be combined through an improved calcula-
tion of the short-range E matrix that appears in the
MQDT theory. The Green-function techniques of Sec. II
could be used in the evaluation of K, and the connection
between the CI wave function, used solely in the core re-
gion, and the scattering matrix elements, that determine
the cross sections, should be obtained through the MQDT
formalism.

We have confined our attention to recombination
through the lowest doubly excited state of H2. For elec-
trons with energy greater than 2 eV, or for ions in more
highly excited vibrational states, the contributions of other
doubly excited states become more important. The X and
H states are of special interest because of their larger sta-

tistical weights. More information on the potential curves
and autoionization widths is required before their contri-
butions can be assessed.
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APPENDIX: COMPARISON OF NOTATION

One of the major goals of this work was to bring togeth-
er two apparently disparate approaches to the same prob-
lem. In doing this we have chosen our notation to simpli-
fy the comparison with both sets of earlier papers. This
notation does not correspond exactly to that used previ-
ously by Bardsley' ' or Giusti. ' Table I gives the
correspondence in the notations of these papers.

We have noted the analogy between this treatment of
dissociative recombination and Nitzan's study of atomic
resonances in photon absorption and electron-ion scatter-
ing. Where there is a direct correspondence between quan-
tities in this work and those in Nitzan's paper, this is
also indicated in the table. However, it must be stressed
that this correspondence is an analogy between symbols
with different physical meanings.
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