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This paper provides a critical comparison of several approximate microfield distributions. Includ-
ed are versions of the nearest-neighbor and next-nearest-neighbor approximations together with two
approximations based on independent-perturber models. Where appropriate, results from a more
complete theory will be used as reference. Monte Carlo results will be used in circumstances where

the validity of the reference results are uncertain.

I. INTRODUCTION

The problem of calculating photoemission or photoab-
sorption by hot matter in regions where spectral lines play
a significant role has long been of interest in astrophysics.
Further interest has been generated in the subject by the
development of high-powered lasers able to produce high-
density plasmas in the laboratory. In order to provide reli-
able calculations a detailed knowledge of spectral line pro-
files is required. Since the computation of accurate line
shapes is a major task, it is necessary to develop simple ap-
proximations suitable for large-scale numerical computa-
tions of opacities.

In relation to the line-shape problem several theories of
electric microfield distributions have been proposed.'~°
In the present paper we investigate some simple approxi-
mations to the microfield distributions. We present nu-
merical calculations and compare them with more accu-
rate theories and with each other. An analysis of these
simple theories as applied to a range of plasma densities
and temperatures, and to a variety of constituent composi-
tions, is included.

Section II provides a general discussion of electric mi-
crofield distributions. Sections III—V deal with simple
approximations to the microfield distribution. These are
followed by a battery of numerical results presented in
graphical form which are accompanied by appropriate ob-
servations and comments. A summary of results is pro-
vided.

II. GENERAL FORMALISM

We are interested in the electric microfield distribution
function Q(€) which is defined as the probability of find-
ing an electric field €, at a charged point located at T, due
to N particles contained in a volume Q2. The charge locat-
ed at Ty is Xe and each of the N particles carries a charge
Ze; here e is the magnitude of the electron charge and X
and Z are positive integers. As a matter of convenience
we will refer to the charged point at T as the zeroth parti-
cle. Then, if Zy | represents the configurational partition
function for the N-particle system, we may write

Q@)= [ -+ [dvdr, - diye P'8(€—E)/Zy 1,
@.1)

28

where T; represents the coordinate of the jth particle,
B=(kT)™!, V represents the potential energy of the sys-
tem, and E represents the electric field at Ty due to the N
particles in a given coordinate configuration.

If we follow the usual practice of introducing an in-
tegral expression for &( €—E) we can rewrite Eq. (2.1) in
the form

Q(a:—z—;—lz [ anir sincen 22
where
T=g— [ oo [diedty - diye #ei TE
N +1
2.3)

Further, if we specify that the system is isotropic, we can
write

2 > .
Ple)=== [ " dlIT(Dsin(el) , 2.4)

where P(€) and Q (€) are related through the relation
47Q(€)e*de=P(e)de .

We see then that the calculation of P(e) involves the en-
semble average of exp(i T-E) followed by the sine
transform indicated in Eq. (2.4). To our knowledge the
only reliable method to determine P (€) for all plasma den-
sities and temperatures is through the use of “computer
experiments.” However, such methods are expensive since
they require large-scale numerical computations. In this
paper the “accurate” theory mentioned in the Introduction
refers to that of Hooper et al.®7 which has been shown to
agree® well with Monte Carlo results for weakly and inter-
mediately coupled plasmas.

Proceeding, we follow Mozer and Baranger’ (MB) and
distinguish two types of electric fields, a high-frequency
and a low-frequency component. The distribution of the
high-frequency component is calculated by considering a
gas of ions interacting through a Coulomb potential and
immersed in a uniform neutralizing background. The dis-
tribution of the low-frequency component is determined
by considering a gas of ions interacting through an effec-
tive screened potential. The shielding of the ions in the
latter case is a way to account for electron-screening ef-

(2.5)
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fects since the electric fields due to ions vary slowly over
times on the order of electron relaxation times. The effec-
tive potential is usually taken to be the Debye-Hiickel'” re-
sult, which applies to classical weakly coupled systems
and long times. The present paper emphasizes the low-
frequency distribution since it is this component of the
electric microfield which is necessary as input in line-
shape calculations.!! In the formal development, however,
there is little difference between the two components.

The potential energy and field appearing in Eq. (2.1)
will differ for each distribution, although in both cases the
potential energy is assumed to be given by the sum of pair-
wise interactions

N N
V=3 S,

(2.6)
j=1i=0
J>i
and the electric field by
- . N
EZ—(XQ)—1V0V= z ?(?10) s
j=t (2.7

g(?Io)z—(Xe)“IVOU(rm) ’

where V is the gradient with respect to .
For the low-frequency case, the interaction potentials
are given by

2,2 ,.
u(r,,):zr—"e”v“f’, 0s£ij, i<j (2.82)
ij
2
v(r,.o)=zrie" it (2.8b)
i0

where the Debye length is Ap=(4re’n,8)!/?, the ion
number density is n =N /), the electron number density
is n,=N,/Q, and T;;=T7; —T}, r;=|T;; | . Finally, since
the dimensionless combination Bv(r;;) appears frequently,
it is convenient to write Eq. (2.8) in revised form

BZ%?/R, rij Ro
() e — ——L =, 0i,j, i<j
Aol ="2"7%, Ro ap | 700 1
Z2F()e r,-j
_ AT | T |, 0mij, i <j
74/Ro exp V' 31 oe R, #Lj, <]
ZXFQe r,*j
)= —v'30, | 2.9
Bv(r;) 71 /Ro exp e R, (2.9)
Here, Ry is the electron-sphere radius defined by
TTRN, =Q ,
and the plasma parameter I is given by
2
F=ZXFOE=£)LBe_ .
Ry

Defining a new variable x;; =r;; /R, Eq. (2.9) can be writ-
ten as

ZTy,
Bo(x;)="—" exp(—V 3T oox;;), O£i,j, i <j
ij
. (2.10)
Bo(x;0)= % exp(—1/3Tgox;0) -

i0

III. INDEPENDENT-PERTURBER MODEL

The independent-perturber-interaction model (IP model)
for calculating microfield distributions neglects all interac-
tions except those involving the zeroth particle. Lewis and
Margenau* have used this model to calculate the high-
frequency component distribution. Here, we extend the
calculations to the low-frequency distribution.

In order to investigate the IP model we use the fact that
the Fourier transform of the microfield distribution may
be expressed as a quotient of two generalized configura-
tional partition functions?

T(N=Zy (D/Zy (1(1=0),
Zy D= [ -+ [dTedT, - dTye PD,

and

(3.1)
(3.2)

vi=V—-B~4%T-E. (3.3)

Because Zy , (/) may be interpreted as a configurational
partition function for a system with potential energy V'(I),
we are able to take advantage of the previous theories
developed on this subject. In particular, we make use of
the thermodynamic perturbation theory proposed by
Zwanzig."> In what follows we concentrate on Zy (/)
since Zy . is determined by setting /=0 in the expression
for Zy (D).

The perturbation theory involves separating the poten-
tial energy into two parts

VID=Vo)+ Vi), (3.4)

where V,(l) is the potential energy of an unperturbed
(reference) system and ¥V,(/) is the perturbation. With Eq.
(3.4) we may write

—BV\ (D

Zy D=2y (e Yo s 3.5)
where

Zy (D= f . f AT dT, - - - diye POV

<f>0’1: f e f dFOd?l - dTye —BVy(h (3.6)

Xf/ZR 41 -

Equations (3.4)—(3.6) provide us with some basic results
concerning microfield distributions. In order to apply
them, we must choose a reference system, and hence,
specify Vo(l) and Vi(I). We note that although the
separation of V(/) in Eq. (3.4) is arbitrary, we require
knowledge of the properties of the reference system if the
method is to be useful; for example, the free energy and
radial distribution function.

In the hope of gaining some insight into the problem of
choosing a reference system we digress somewhat and con-
sider a conjecture proposed by one of us (C.F.H).® We
speculate that, in the calculation of microfield distribu-
tions, terms involving interactions between the zeroth par-
ticle and individual perturbers are more important than
those terms where the interactions are between the N per-
turbers only. The former are referred to as central terms
and the latter are the noncentral terms. The actual
discrimination between central and noncentral terms is ac-
complished by separating the central ones into short- and
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long-range parts. Each of these central parts is in turn
treated by different expansion schemes. It can be shown
by straightforward manipulation that the formalisms
developed by Hooper et al.®~% are equivalent to the fol-
lowing: Let the reference system in Eq. (3.4) consist of all
noncentral plus all long-range central terms and the per-
turbation of all the short-range central terms. Proceed by
treating the reference system in a Debye-chain expansion'?
followed by a rapidly convergent virial expansion of the
perturbation.®—8

Suppose we carry the above conjecture to an extreme.
We assume that the central terms contain most of the
relevant information, while the noncentral terms are weak
and almost unimportant. Here, weak is to be interpreted
not in the usual sense, as described by a small plasma
parameter for example, but instead as having a very small
effect on the final result. If this point of view is correct,
then we are justified in formulating an alternative refer-
ence system that consists of all of the central contribu-
tions; that is, the reference system is given by the IP
model. The validity of our assumption, and consequently
of our choice for Vy(l), may be ascertained from Figs.
5—8, where it is shown that the IP model is in reasonable
agreement with the results of Hooper et al.,%” especially
in cases where X > Z.

Now let us examine the implications of the preceding
discussion. First, the separation of ¥V (]) is given by

N
VolD= 3 v(0,))—

i
j=1 B
(which equals all central terms),
N N
Vilh=v,= 3 3 v(i,j)

j=2i=1
j>1

‘E

(which equals all noncentral terms). Substitution of Eq.
(3.7) into Egs. (3.1)—(3.6) yields

T(l):TIP(l)(<e—5V1>0’l/<e—ﬁV1>0’0) , (3.8
where
Tip(D=exp |4mn [ " driorioe """
inf1 )
smltetron (1],
le(rqo)

|

By means of our conjecture, we assume V| to be weak and
expand Eq. (3.8) in terms of the Thiele’s semi-invariants or
cumulants,

<e—ﬁyl>o,1
—(—ﬁ—”l:exp[“ﬁuVl)O,l_(Vx Yoo)+ 1,
e

0,0
(3.11)

where the ellipsis represents the higher-order cumulants.
We shall restrict the rest of the analysis to the first-order
cumulants.

At this point we differentiate between high- and low-
frequency microfields, and concentrate on the latter.
Now, the pairwise-additive form of V; for the low-
frequency component allows us to write

2
(Vl >0,1—< V| >q;)’()=";12"~ f d?ldf’zv(rn)

X[go(T, T2; 1) —go(T,T5;0)] .

(3.12)

In Eq. (3.12), go(1},T5;!) is the radial distribution function
in the reference system

2
8o(T1, Ty0) = 0Q f T f dTodts- - - diye o
Z9 (D
(3.13)
=1+ [ dFo f(FisDf (Faos)) (3.14)
Q 0 10» 20 ’ .
where
f (T D)=exp[ —Bv(rjo)+i 1-&(Fjp)]—1 . (3.15)

The simple result in Eq. (3.14) is a direct consequence of
choosing the IP model as the reference system. Observe
that the potentials appearing in Eqgs. (3.12)—(3.15) are
shielded Coulomb interactions, given by Eq. (2.8). Substi-
tution of Eq. (3.14) into (3.12) yields

(Vidoa—(Vidoo=16r"n 3 (— 12k +1) fow dryor16°Ki +1/2r10/Ap)

k=0

T10 3/2
Xfo draor20 Ik +1/2(r0/Ap)

The functions I and K refer to modified Bessel functions
of the first and third kind, respectively, while j; specifies
a spherical Bessel function of order k.'* In obtaining Eq.
(3.16) we expanded v(ry;) in terms of Legendre polynomi-
als P, k

x {[e "ﬁU(’“’)jk(lG(rlo))_Sk,()][e _Bv(’zo)jk(k(rzo))—sk,o]

_ﬂu(rm)_ (e —Bvlry) 1 )} .

— 8 ole (3.16)

00

v(rp)= z (2k + Dok (r10,720 )P ()
k=0

1
V(F10,720) =7 f—1 dpv(rp)Pe(p),
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and

T10°T20
=—. (3.17)
" r10720
The coefficients vi(r9,720), which can be evaluated expli-
citly, have the form
Z%?

v (rig,720) = ’ET—KkH/z(rm/lD My 41,2

X (rZO/)"D )/(rlo,rzo)‘/z )
Fio>7)0 (318)
where Ap in Eq. (3.18) refers to electron screening.

The double integral in Eq. (3.16) is of a particularly
tractable form. In fact, it is formally similar to the second
term in the Mozer and Baranger’ scheme except that in
Ref. 5 all interactions are screened by ions and electrons
while here they are screened by electrons only. The same

difference exists between Eq. (3.9) and the first term in the
Mozer and Baranger® expansion.

IV. NEAREST-NEIGHBOR APPROXIMATION

The nearest-neighbor (NN) approximation to the micro-
field distribution assumes that the electron field at T is
dominated by that of the nearest neighbor. The usual
derivation, based solely on heuristic arguments, is given in
many places; see, for example, Lewis and Margenau.*
Here we choose another approach which we believe pro-
vides additional insight. With the NN assumption the ex-
pression for P (€) can be written as

P(e)=4me’n [ dT\P(rig)8(€—&(Ty)) , @.1)

where nP(r,y)dTg is the probability that the NN (the par-
ticle closest to Ty) is in dTjy at Tjp. P(r1p) may be ex-
pressed in terms of an ensemble average

QZ
P(ry)= <o [ dEy--dTye B
10 7 f f 2 N
N
X He(rjo"rl()) ’
j=2 (4.2)
1, y>0
S)= 0, y<0.

The O functions appearing in Eq. (4.2) guarantee that the
particle at T is indeed the NN of the zeroth particle.

The evaluation of Eq. (4.2) is difficult except within the
framework of some approximation. For example, in the
IP model P(r,y) simplifies considerably to

—Bv(ryp)
P(rig)—e 10
P

r
Xexp | —4mn fo © draorise —hviro) (4.3)
a result previously obtained by Lewis and Margenau.* In
an effort to take into account the effects of the interac-
tions between the N particles, it has been common prac-
tice!® to replace the factors exp(—fBv) in Eq. (4.3) by the
exact radial distribution functions

—N(ryg)

P(rp)=Py(rip)=g(rip)e , (4.4)

N(ryo)=4mn fo © draorig (o) , (4.5)

with g (7;o) the radial distribution function defined by Eq.
(4.11). The simple result in Eq. (4.3) may be interpreted as
follows: P(ry)|p is asymptotically the product of the
probability of finding a particle at T; given that the zeroth
particle is at Ty and the probability that there are no parti-
cles within a sphere of radius 7,y centered at ¥,. This in-
terpretation is possible since the two probabilities are in-
dependent in the IP model. However, if the interactions
between the N particles are not neglected, then the product
of these probabilities are no longer independent. There-
fore, in the remainder of this section we will examine the
validity of Eq. (4.4).

We return to the previous given definition of P(ry) and
observe that the effect of the © functions may be simulat-
ed by placing a hard core of radius 7y centered about the
zeroth particle. That is,

Plri)=0* [ --- [dt,---diye P /Zy ., (4.6)
or,

nP(Ty)=N [ -+ [dty---dfye P"/Zy, @&7)
where we have introduced the potential V* defined by

V=V 4+,

N
D= 2 ¢(rj0) ’
j=2

and

o, Fio<Fio

> Fjo>T10 -

A cluster expansion for Eq. (4.7) may be accomplished by
introducing the Mayer functions
X(r)=(e=#"_1) . (4.9)

Then, with the help of Eq. (4.9) we can write Eq. (4.7) in
the form

nP(?10)=ng(?1o)+n2 f d?zg(?lo,?zo)x(?zo)

3
+ ”7 [ dTdTag (Ti0, Fao, FaoX (Fao)X(Fap) + -« -
N—1

n oo
> j—!Bj(rIO) .

j=1

=ng (T jplexp (4.10)

In Eq. (4.10) the g ’s are the reduced distribution functions

n’g(Tg, - . ., T30)
:ﬁ f drg - df'Ne“BV/ZNH ;
@.11)
the 3;’s are cluster integrals defined as
Bj(Tio)= f dry - dT; 1\ Uj(T, - - ., Tjg1,0)
XX(Tp) * - X(Tj41,0) (4.12)

where the functions U; are obtained by inverting the fol-
lowing Ursell expansion'’:



28 SOME APPROXIMATE MICROFIELD DISTRIBUTIONS FOR . .. 365

g (T10,T20)8 ~(F10)=U;(T0) ,
g(?xo:?zo’?w)g_l(rlo):Ul(?zo)Ul(?so)

4+ Uy(T0,T30) » (4.13)

and so on.

Equation (4.10) gives an expression for P(Tp) in terms
of the radial distribution function plus corrections. The
corrections are due to the exlcuded volume effects of the
O functions.

The virial expansion in Eq. (4.10) is valid for systems
whose pair interactions are short ranged, such as a shield-
ed Coulomb potential. For Coulomb systems, with their
long-range interactions, the virial expansions diverge term
by term and a “renormalization” procedure is necessary.
Such a procedure has been described in detail by Salpeter'3
who proposed an expansion in the plasma parameter in-
stead of the density. In addition to the plasma parameter
the evaluation of Eq. (4.10) involves the length parameter
r10 which may be interpreted as an effective hard-sphere
radius of the zeroth particle. Consequently, we introduce
an effective packing fraction 7

n="%mrin . (4.14)

An expansion in terms of 7 is now possible, provided that
7 is sufficiently small. However, the parameter 7 is not
necessarily small since it clearly depends on 7o which can
vary from zero to infinity. Therefore, the value of such an
expansion is limited: limited to situations where 7 is
small. But it is this very limitation which is necessary to
assure the validity of the approximation in Eq. (4.5).
Proceed by noting that the X(T,) occurring in the clus-
ter integrals f3;(To) restrict the range over T; to a sphere
of radius r,, centered at r;. Thus, make the transforma-

tion to the dimensionless variable
U=r/rypo (4.15)

and consequently obtain,

J
3,'(?10): fdﬁz"'dﬁjﬂ

3n
4ar

N -
X Uj(riotdao, - - - > P10Uj41,0)

For small enough r,, such that n << 1, we can write

P(?m):g(f’lo)exp

3 - v
2L [ du Uy (rowx(w)

+o0x? |, 4.17)

which reduces to Py(T}y) to first order in 7 only after
some additional approximations, e.g., if

8 (T10,T20) =g (T10)g (T20)g (T12) (4.18)
and

FIG. 1. NN microfield distribution function P(E) is com-
pared with the results of a more complete calculation labeled H
(Hooper). All ionic constituents are singly charged. Field vari-
able is dimensionless; E =€/€;,, where €, is the normal field
strength e /R 3. R, is the “ion-sphere radius” for electrons (here-
after referred to as the electron-sphere radius), not ions.

This development explicitly serves to demonstrate how
restrictive the approximation appearing in Eq. (4.5) really
is.

V. NEXT-NEAREST NEIGHBOR

The next-nearest-neighbor (NNN) approximation tries
to improve on the results of the previous section by in-
cluding the electric field due to the second-nearest neigh-
bors, as well. Hence,

P(e)=2men? [ dT1dT8(€— &(To) — €(T))

X H(T10,T20) (5.1)

with n2H (T, T»0)d T1d T, representing the probability that
the two NN are in dT; at T} and dT, at T,. In terms of an
ensemble average we have

T T T T T T T T T
0.8} R
P(E) | E
0.6} TH |
B --— NN b
o4r X=17 1
| z=17
T= (1712 Tpe= 15.41
0.2} E
0.0 A L i 1 -
0.0 1.0 2.0 3.0 4.0 5.0

FIG. 2. NN microfield distribution function P(E) is com-
pared with the results of a more complete calculation labeled TH
(Tighe and Hooper). All ionic constituents are 17 times charged.
Field variable E is dimensionless; E =€/¢€,, where €,=e /R and
R in the electron-sphere radius.
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0.6
—— TH
P(E) — — NNN(IP)
04l . NNN(EFF;V(12):0) |
o.2f
00 . . . . . . . . .
0.0 1.0 2.0 3.0 2.0 5.0

FIG. 3. A comparison of microfield distribution calculated
with two versions of the NNN approximation, with the result of
a more complete TH calculation. All ionic constituents are 9
times ionized. Field variable E is dimensionless, scaled in terms
of the electron-sphere radius.

- o Q3
H (T, Ty0) = Zn o1

f fd?y"d?Ne"BV
N

X H G(rJO—R) N

j=3 (5.2)

R =max {ry,ry} . (5.3)

Without any approximation, we may rewrite Eq. (5.1) in
|

2 —
T(l):”7 [ dTdT,H (T10, Taodexpli T-[ €(T10) + €(T20)])

=8wn? [ "driorl [ draorde 3 (— 12k +1)jie(r10))je(le(rao) Hi(Fro0,20)
k=0

and
1
1 - =
Hy(rio,ra0)=7 [_ duH (F10,E20)Pe(ps) ,
T'10°T2o
p=—10"2 (56
r10720
7/ N\
o6} /A 1
/ \ —— TH
{
PE) | // \ —— NNN(IP)
0.4} II /“_\\\\ —-— NNN(EFF;V(12)=0)
/' =
1 N e 1
/ / \\ \\ r-(9? Too= 4.32
/ / NN\
o2} | J N \\ 1
// N ~
,//' SO \'\-\
) e —
0.0 " i L L L . L M ;
0.0 1.0 2.0 E 3.0 4.0 5.0

FIG. 4. A comparison of microfield distribution calculated
with two versions of the NNN approximation, with the result of
a more complete TH calculation. All ionic constituents are 9
times ionized. Field variable E is dimensionless, scaled in terms
of the electron-sphere radius.
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T T T T T — T T T
A
/ -
0.6} '/
P(E) | i 3 —— TH ond IP
i \
\ —= MBI
oaf ! \~.
4 \. X=17
L/ \. Z=1
I! .\‘ T=(17x1) IHe=0.91
0.2} \-.
\.
Q
t X
L
0o e e
0.0 1.0 2.0 3.0 4.0 5.0

E
FIG. 5. A comparison of microfield distributions calculated
with two many-body approximations IP and MB 1, with results
from a more complete many-body theory TH. IP results include
only electron screening of the ion whereas MB 1 includes some
ion as well as electron screening. There is an ion at the origin
with a 17 4+ charge, but the perturbers are singly charged. Field
variable is in dimensionless units scaled in terms of the normal
electron field at the origin.

the form
2€ .
Ple)=== [ "dllsin(eDT (), (5.4
where
(5.5)

T
The evaluation of Eq. (5.5) requires knowledge of
H (T'0,T50), which in general, is difficult to evaluate. In
the IP approximation H (T, Tog) is given by

- - - - . T . . r
— TH
0.6
— = 1P
P(E) +
—-— MBI
0.4+
0.2
0.0 . . . . P . . .
0.0 1.0 2.0 £ 3.0 4.0 5.0

FIG. 6. A comparison of microfield distributions calculated .
with two many-body approximations IP and MB 1, with results
from a more complete theory TH. IP results include only elec-
tron screening of the ion whereas MB 1 includes some ion as well
as electron screening. All ionic species have a charge of 9 + .
Field variable is in dimensionless units in terms of the electron-
sphere radius.
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H(f'lo,f'zo);;exp{ —Blv(ryp)+v(ryp)l}

R —
—47n fO dr30r§0€ Prirso) (5.7)

X exp

and, as in Sec. IV, the effects of the interactions between
the N particles may be approximated in an ad hoc fashion
by

)e——N(R)

H (T'10, T20)~H o(T'10, T20) =82(T10, T20 (5.8)

with g,(T g, T20) the triplet correlation function defined by
Eq. (4.11). The approximation in Eq. (5.8) suffers from
the same difficulties as Py(ryo) in Eq. (4.5); they both
neglect the excluded volume effects of the © functions.
The discussion concerning the validity of H (T, T5o) fol-
|

0 _ r o0
T(=16mn? [ " drigrig(rigle " " [ draorhg(rap) 3 (= 152k + Djellelrio) )i le(rao))g ®iri0,720)
k=0

with
) Lot
g¥(rior0)=7 [ dug(ro)Pu(u) .

lows along the same lines already presented for Py(r o).

In an effort to obtain simple expressions for P(€) which
are suitable for opacity computations, we assume Eq. (5.8)
to be valid. But even with this approximation the calcula-
tion of Egs. (5.4)—(5.6) is formidable. Furthermore, we
require knowledge of the triplet correlation function
g2(T10,T20). This last difficulty may be dealt with by in-
troducing the Kirkwood superposition approximation!®

82(T10, T20)=8(r10)8(r20)8(r12) (5.9)

Weisheit and Pollock'® have indicated that the superposi-
tion approximation may be adequate for evaluating micro-

field distributions. Hence, with approximations (5.8) and
(5.9) we obtain for Egs. (5.5) and (5.6),

(5.10)

(5.11)

Equation (5.10) simplifies considerably if we neglect correlations between particles 1 and 2,

g (r 12 )~1,
and consequently,

1, k=0

(k) - )
8 "(r10,720)== 0, otherwise .

(5.12)

(5.13)

Although the quantitative effects of approximation (5.12) are not known, qualitatively it gives, on the average, too high a
value for the electric field at T, and consequently a P(¢) calculation which neglects correlations between the two NN is
expected to peak at a value of € that is too large. Substitution of Eq. (5.12) into (5.10) and subsequent substitution of Eq.

(5.10) into Eq. (5.4) yields

g(r e —N(ry) ,
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P(€)~32em’n? fo driordy ) fo dryori
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FIG. 7. A comparison of microfield distributions calculated
with two many-body approximations IP and MB 1 with results
from a more complete theory TH. IP results include only elec-
tron screening of the ions whereas the MB 1 includes some ion as
well as electron screening. All ionic species have a charge of
9 + . Field variable is in dimensionless units in terms of the
electron-sphere radius.

2 g (ry)B(r19,720)

, (5.14)
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FIG. 8. A comparison of microfield distributions calculated
with two many-body approximations IP and MB 1 with results
from a more complete theory TH. IP results include only elec-
tron screening of the ions whereas the MB 1 includes some ion as
well as electron screening. All ionic species have a charge of
17 + . Field variable is in dimensionless units in terms of the
electron field at the origin.
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FIG. 9. A comparison of the microfield distributions calcu-
lated with IP and TH methods with MC results. All ionic con-
stituents carry a charge of 9 4+ . Dimensionless field variable is
scaled in terms of the electron-sphere radius.

where

0, e<e(ry)—elryy) or €>elryy)+e(ryg)

B(ryg,ra0)= 11, €=¢€(ryy)—e(ryy) or e=elry)+elry)

2, €(ryg)—elrg) <€ <elryy)+elry) .

(5.15)

The results in Egs. (5.14) and (5.15) are of a particularly
tractable form.

It is easily seen from Eq. (5.12) that applying the IP ap-
proximation to H (T, Tog) is actually redundant. There-
fore, substitution of Eq. (5.7) into Eq. (5.5) yields Eq.
(5.14) except for all radial distribution functions in the Eq.
(5.14) are replaced by the factors exp(—fv). Both results,
Eq. (5.14) with appropriate g(r) factors or with the ex-
ponential factors appropriate for the IP approximation,
will be used later in Sec. VI to obtain numerical results.

VI. NUMERICAL RESULTS

In this section we compare ion microfield distributions
generated using the various approximations introduced in
the preceding sections with corresponding results pro-
duced with the aid of a more complete procedure. In ad-
dition, where available, comparisons are made with Monte
Carlo (MC) results—computer simulations. Finally, we
emphasize that a variety of plasma conditions and compo-
sitions are surveyed.

Before considering detailed analysis we want to describe
a general feature that appears to be common to all the ap-
proximations considered. As the value of the plasma
parameter is increased from small to larger values, the ap-
proximation curves ‘“move through” the more complete
result (and also through the MC results). Hence, the NN
results for low values of T have a peak that is significantly
higher than the correct result and shifted to smaller field
values. However, as the value of T" increases, the NN peak
drops below that of the more exact results and the differ-

C. A. IGLESIAS, C. F. HOOPER, JR., AND H. E. DeWITT 28

N
0.8 ;
PR
P(E) T
— = 1P
0.6
a MC
X=17
Z=17
0.4k r-07)% 1, - 15.42
0.2
B -
0.0 I
0.0 1.0 2.0 £ 3.0 4.0 5.0
FIG. 10. A comparison of the microfield distributions calcu-

lated with IP and TH methods with MC results. All ionic con-
stituents carry a charge of 17 + . Dimensionless field variable is
scaled in terms of the electron-sphere radius.

ence in the position of the peaks decreases. For the NNN
results, the behavior is similar, the primary difference be-
ing a decreased rate at which the relative positions of the
curves change with a corresponding increase in I'. The IP
model also shows a similar behavior, but the transition is
from the opposite direction and at a still slower rate.

The version of the NN approximation that has been
studied is the one commonly used, Egs. (4.4) and (4.5): a
radial distribution function is employed in its calculation
in place of a Boltzmann factor. Because of its simplicity
and the plausable nature of its heuristic derivation, this
version of the NN approximation is widely used. One
purpose of this paper is to point out and illustrate the defi-
ciencies of this method; for example, it always yields an
incorrect weak-coupling limit. The magnitude of this
problem is indicated in Fig. 1. Furthermore, as shown in
Fig. 2, it cannot be counted on to yield good strong-
coupling results either. Of course, in an intermediate re-
gion, there may be fortuitous agreement.

Two versions of the NNN approximations are con-
sidered, both of which neglect correlations between the
two neighbors. The difference between the two lies in the
nature of the interactions between the zeroth particle and
each perturber: one version uses interactions which in-
clude ion and electron screening while the other has only
electron screening. As seen in Figs. 3 and 4, these versions
can lead to considerably different results, although neither
generates a useful approximation over the entire range of
plasma parameters considered here. The weak- and
strong-coupling results are again in error although the rate
of change with plasma parameter is less than that encoun-
tered with the NN results. The inclusion of interneighbor
correlations will not improve matters.

The last set of approximations considered also has two
subcategories: the independent perturber model IP dis-
cussed in Sec. III, and the MB 1 model which uses only
the first term of the Mozer-Baranger theory.® Although
both of these models involve perturbers acting indepen-
dently of one another, the IP model uses interactions
screened by electrons only, whereas the MB 1 model em-
ploys interactions screened by electrons and ions. The



28 SOME APPROXIMATE MICROFIELD DISTRIBUTIONS FOR . .. 369

MB 1 model can be generated by replacing the Boltzmann
factor appearing in Eq. (3.9) by a radial distribution func-
tion, the Debye-Hiickel approximation, in which screening
due to both electrons and ions is included. The resulting
expression Ty (/) can be used to calculate P(€) in the
MB 1 approximation. As seen from Figs. 5—8 the IP
model approximates the more complete calculation over a
wide range of plasma conditions. Interestingly, the IP
model is always superior to the MB1 model. Also, it
should be noted that the least accurate application of the
IP model occurs when it is applied to intermediately cou-
pled cases, e.g., Fig. 6.

Finally, we discuss Figs. 9 and 10 which compare MC
results with IP and reference calculations. These cases
correspond to very strongly coupled plasmas. Figure 9
corresponds to an effective plasma parameter ' of ~4
and in Fig. 10, the value of "~ 15. The agreement in Fig.
9 between all curves may well be acceptable for many pur-
poses. In Fig. 10, the agreement has worsened, but is still
surprisingly close when the perturbative nature of the ana-
lytic theory is considered.

VII. CONCLUSIONS

For the range of plasma parameters considered in this
paper, it is clear that the IP model is markedly superior to

either the NN or NNN models. Its weak-coupling
behavior is excellent and it also provides accurate repre-
sentations of many situations where the constituent ions
are strongly coupled. Its worst results occur for inter-
mediate values of the plasma parameter as seen in Fig. 6.
However, even here the IP approximation may provide re-
sults that are sufficiently accurate for many purposes.

On the other hand, the NN approximation is seldom
valid. Hence, its use may lead to conclusions that are not
even qualitatively correct. In any event, considerable cau-
tion must be exercised in the use of this approximation.
Finally, while the NNN approximation is found to have
deficiencies similar to those encountered with the NN
model, its region of validity is different and somewhat ex-
tended.

A final implication of the preceding comments is that
any approximation to the microfield distribution function
that is successful over a significant range of plasma
parameters must be a many-body calculation as opposed
to one based on a few-body treatment.
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