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Kinetic equations for the spin-density operators of the diamagnetic and paramagnetic states of
the positive muon are obtained for the description of the slowing-down process encountered when

high-energy muons thermalize in a single-component gas. The motion of this two-species system is

generated by the Liouville superoperators associated with the diamagnetic and paramagnetic spin

Hamiltonians and by time-dependent rate superoperators which depict the probabilities per collision

that an electron is captured or lost. These rates are translational averages of the appropriate

Boltzmann collision operators. That is, they are momentum and position integrals of the product of

either the electron capture or loss total cross section with the single-particle translational density

operators for the muon (or muonium) and a gas particle. These rates are time dependent because

the muon (or muonium) translational density operator is time dependent. The initial amplitudes and

phases of the observed thermal spin polarization in muon-spin-rotation (pSR) experiments are then

obtained in terms of the spin-density operators emerging from the stopping regime.

I. INTRODUCTION

In the typical muon-spin-rotation (@SR) experiment'

the time dependence of the spin polarization of an ensem-

ble of muons is followed by observing the ensemble of de-

cay positrons emitted along the direction of the muon spin
vectors. Two muon spin states are experimentally
resolved, ' that is, a diamagnetic state and a paramagnetic
state. This resolution is accomplished by observing the
characteristic Larmor frequencies associated with each
state. Under current experimental conditions' the chemi-
cal identity of the diamagnetic spin state is not resolved,
that is, it may be the bare muon or it may be a chemical
compound in which the muon is in a diamagnetic environ-

ment. On the other hand, the chemical identity of the
paramagnetic state is known, that is, it is the electronic
ground state of the muonium atom (positive muon

equivalent of the hydrogen atom). Generally, the time
resolution' of the experiments is on the order of
nanoseconds which precludes direct studies of the stop-

ping region of the highly energetic incoming muon since,
in gases, the time scale of this slowing down process is

also of the order of nanoseconds. Indeed, in condensed
matter the time scale ' is of the order of picoseconds.
What is observed then is the time dependence of the
thermalized products of this stopping regime. That is, the
outcome of this slowing-down region acts as the initial
condition of the experiment. Thus, detailed knowledge of
this region can only be inferred from experiments. In par-
ticular, the amplitudes and phases of the various signals at
the end of the thermalization process can be obtained. It
is therefore of considerable interest to have a theoretical
basis for understanding the effects that the thermalization
of the translational motion has upon the spin dynamics of
the muon.

Stopping processes by which highly energetic particles
thermalize in rnatter have been studied in great detail for
many years. ' ' In these treatments the main concern

has usually been centered around the kinetic energy loss
felt by the incoming particle and its effect on the sur-

rounding media. Little attention has been accorded to the
effect of the stopping process on the internal states of the
incoming particle since such changes are usually not mea-

sured. An exception to this generalization is, of course,

@SR where the observable change of interest is an internal

state of the incoming particle, namely, the muon spin vec-

tor. In general, the effect of the stopping process on the
muon spin vector is not well known for either the dilute or
the condensed phase. It has been the subject of much de-

bate in liquids ' and has been qualitatively understood in

gases. '4
This is the first of a series of papers whose objective is

to quantitatively describe the effects that the stopping
process has on the spin dynamics of the muon. The pur-

pose of this first paper is twofold. That is, first of all, it is

to develop the theoretical framework, namely, rate equa-

tions based upon the Boltzmann equation, which describes
the charge-exchange regime. Secondly, it is to relate the
formal solutions of these rate equations to the observed

amplitudes and phases of the experimental pSR signal.
Explicit formulas for these amplitudes and phases are
developed in the second paper' of this series based upon a
time-independent rate approximation. Such a description,
while providing an explanation of the gas phase experi-

ments, may be suggestive of the physics occurring in more
condensed matter.

There are four main regions in the stopping process of a
highly energetic charged particle in dilute gases. The first
region, from time 0 to t &, is the Bethe-Bloch regime where
the dominant energy-loss mechanism consists of collisions
which ionize the moderating gas atoms. It is assumed
that such ionizing collisions have no effect on the muon

spin vector. Thus, the time dependence of the polariza-
tion is due solely to the diamagnetic muon Larmor preces-
sion about the external magnetic field. Since the magnetic
fields of experimental interest are of the order of 100 G
then the Larmor frequency is of the order of 10 /sec [see
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Eq. (4.S)]. On the other hand, the time duration' of the
Bethe-Bloch region is of the order of nanoseconds. Thus,
the polarization is essentially a constant in the first region.
The second region, from time t, to tz, tc =t2 —t„ is the
charge-exchange regime where repeated charge-exchange
collisions produce an oscillation between the chemical
species in which the muon is in a diamagnetic environ-
ment and the chemical species, namely, muonium, in
which it is paramagnetic. Other processes, namely, elas-
tic, inelastic, and reactive collisions may occur in this re-
gion. However, the spin dynamics is dominated by the
charge-exchange cycles which inter-relate the spin dynam-
ics of the diamagnetic and paramagnetic states. The time
span of this charge-exchange region is also of the order of
or less than a nanosecond. Thus, the muonium hyperfine
frequency, which is 28&&10 /sec, plays an important role
in this region. It is the only frequency of importance.
There are two mechanisms that lead to a loss of signal
amplitude in this region. One is an ensemble mechanism
in which the spin dephasing is caused by the different tra-
jectories experienced by each individual muon. The other
mechanism involves a free-flight exchange of polarization
between the muon spin and the electron spin dictated by
the hyperfine interaction. This leads to a loss of signal
amplitude as the electrons carry off whatever polarization
they have acquired when muonium loses its electron upon
a collision with a gas atom. The third regime, from time
t2 to t3, is the thermalization region where again elastic,
inelastic, and possibly reactive collisions occur. However,
in this region there is no feedback of polarization to and
from the different chemical species of the muon as no fur-
ther charge-exchange cycles occur. The spin dynamics of
the different chemical species are then governed separately
by their respective spin Hamiltonians. Thus, the polariza-
tion emerging from the charge-exchange regime acts as
the initial conditions for this third region and the subse-
quent fourth or thermal region.

Since the stopping process of highly energetic charged
particles in dilute gases involves a series of binary col-
lisions, then it is appropriate to use the Boltzmann equa-
tion' ' to describe this thermalization. Starting with
the full (N+1)-particle density operator for the gas plus
muon system, two first-order Bogoliubov-Born-Green-
Kirkwood- Yvon (BBGKY) equations' for the diamagnet-
ic muon and paramagnetic muonium species are obtained
in Sec. II A. The generalized Boltzmann ansatz' is then
invoked to produce a pair of coupled generalized
Boltzmann equations for these two species. These equa-
tions couple the translational motion of the two species to
the spin dynamics of the muon and an associated electron.
Since it is the polarization of the muon spin vector that is
observed experimentally' then it is appropriate to average
over all translational degrees of freedom. As a result the
spin degrees of freedom of the diamagnetic and paramag-
netic muon species are coupled through a pair of rate
equations. The dynamics are generated by the spin Liou-
ville superoperators associated with the free particles and
by time-dependent rate superoperators which describe the
probability per collision that an electron is captured or
lost. These latter processes arise totally from the transla-
tional motion and are explicitly considered in Sec. III.

The rate equations are developed using the Schrodinger
picture in which the successive collisional aspect of these
Boltzmann equations is not explicit. To elucidate this as-

pect of the stopping process, the rate equations are rewrit-
ten in Sec. II B using an interaction picture which explicit-

ly demonstrates the sequence of binary collisions that
these dynamical equations describe. Finally, in Sec. IV,
the observed thermal experimental signals are related to
elements of the density operators which emerge at the end
of the stopping process as described in Sec. II. Here, it is
assumed that only the electronic ground state of paramag-
netic muonium contributes to the initial signal since the
hyperfine interaction for electronically excited states is too
weak to allow exchange of polarization between the muon
and the electron during the time span of the charge-
exchange region. After thermalization, it is also assumed
that the observed paramagnetic signal arises solely from
ground-state muonium.

II. BOLTZMANN EQUATION
FOR THE CHARGE-EXCHANGE REGION

A. Schrodinger picture

N

+Mu +HMu +HG + g ViMu (2.1)

Here, E& is the kinetic energy of the bare muon while H„'
is its spin Hamiltonian. Associated with these operators
are the Hamiltonians HG and V;„ for the moderating gas
and for the interaction between the gas atoms and the
muon, respectively. The Hamiltonian HG contains the ki-
netic energies of the gas atoms as well as all the two-
particle potentials which give rise to the thermal gas-gas
collisions. Also included in this Hamiltonian are the spin
degrees of freedom of the electrons of the gas atoms. The
potentials between the gas atoms and the muon are as-
sumed to be translational in nature. They do not affect
the spin degrees of freedom of either the muon or the elec-
trons. The second form of Eq. (2.1) involves the kinetic
energy of paramagnetic muonium (muon plus an electron)
KM„and its associated spin Hamiltonian HM„. The gas
Hamiltonian HG associated with muonium is that for
1V —1 gas. atoms plus one positive ion. This positive ion is
assumed to be lost in the bath gas, that is, it does not col-
lide with either the bare muon or muonium after its for-
mation. Finally, V;M„ is the translational potential be-
tween muonium and a neutral gas atom. The collisions
act as sources and sinks of muons and muonium in this
problem. They are assumed to have no direct effect on
the spin dynamics.

Associated with the total Hamiltonain is the Liouville
superoperator, W=fi '[HT, . . . ]L, which generates the
dynamics of the full (N+1)-particle density operator,
that is,

The total Hamiltonian, HT, which describes the incom-
ing highly energetic muon and the single-component
moderating gas can be written in two forms, namely,

1V

HT Kp+Hq~——+HG+ g Vq
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dpi'(t)ldt = —i&rpr(t)
N

i—4 „+W„'~+ WG+ g P;„pr ( t)

N

MMu+WMu+WG+ g P IMu pr(t) .

pi(t) =Trz iTr~z(t) .l(N —1)!, (2.9)

where again u is either the muon or muonium. Also, Eq.
(2.8) involves the Mailler superoperator '

Here, the single-particle reduced gas atom density opera-
tor is

(2.2)
QL i

——lim exp(iW~it)exp[ i(—M +M, )t],t~ —DO

(2.10)

The script quantities are the appropriate Liouville super-
operators for the various Hamiltonians, that is fi ' times
the commutator with that Hamiltonian.

Not all the information contained in the full density
operator is required for the description of the spin dynam-
ics. Indeed, it is only a small subset that is needed. In
particular, the single-particle reduced density operators
for muonium,

pM„(t) = HM„pr(t) =TrG "p&(t)IN!,
and for the bare muon,

p„(t)= H~z (t) =1,' 8TrGpr(t)/N!,

(2.3)

(2.4)

play a crucial role in Boltzmann kinetics. The unit opera-
tor for the spin degree of freedom of an electron is expli-
citly included for the bare muon so that both these density
operators have the same number of degrees of freedom,
namely, five. That is, three translational degrees of free-
dom and two spin degrees. Applying the appropriate pro-
jection superoperators to Eq. (2.2) leads to the following
pair of coupled first-order differential equations:

The trace in Eq. (2.5) is over both the translational degrees
of freedom of the gas, denoted by 1, and all but one of the
electronic spin degrees of freedom. On the other hand,
the trace in Eq. (2.6) is over all translational and all spin
degrees of freedom of the gas atom. Thus, both equations
retain the same dimensionality. These first-order
BBGKY equations' involve the two-particle reduced den-

sity operators

p', '(t) =Trz ipse(t) l(N —1)!, (2.7)

where a is either the bare muon or rnuonium.
Equations (2.5) and (2.6) are, of course, exact. Howev-

er, they are not closed as they involve a pair of two-
particle reduced density operators. To close this system of
equations the standard procedure is to apply the general-
ized Boltzmann ansatz' wherein the two-particle reduced
density operators are replaced by the product of the ap-
propriate Moiler superoperator' with the appropriate
pair of single-particle reduced density operators, namely,

Pai(t) =&L,plpl(t)P (t)+Lf,lM i ul P(tM)Pu(t. ) (2.8)

dpi'(t)ldt+i [M„+Wq ]pq(t)= i Tii—F i~„')'(t), (25)

dpM„(t) Idt+i [MMu+ WMu]PMu(t)

i Tri "7—iMupMu'i(t) . (2.6)

which describes a single binary collision between a gas
atom and either a bare muon or muonium. This collision
superoperator contains all possible dynamical outcomes of
such a single collision which includes elastic, inelastic, and

reactive collisions. Here, Ml is the kinetic Liouville su-

peroperator for the gas atom while W« is the Liouville

superoperator associated with the Hamiltonian

+El + Vl . It is to be stressed that these col-

lisions are independent of the spin degrees of freedom.
&ppiying Eq. (2.8) to Eqs. (2.5) and (2.6) leads to the fol-
lowing pair of first-order linear coupled Boltzmann equa-
tions for the translational and spin degrees of freedom of
the bare muon and muonium:

dp„(t) ldt+i [M„+W„'~]p„(t)

= Cq „(t)pq(t)+ 4'„M„(t)PMu(t),

(2.11)

dpM „(t) /dt +i [A M„+WMu]PMu( t)

= ÃMu Mu(t)PM„(t)+ KMu „(t)Pq(t) .

These equations involve four time-dependent linear
Boltzmann collision superoperators. They have the fol-
lowing form:

Ã~ p(t)= i Tri& a —ppi(t) . (2.12)

Such a superoperator describes a single binary scattering
event wherein a collision between a muon of species p and
a gas atom results in the muon being left in the species a.
Here

~ aP ~ al~L, 131 (2.13)

is the transition superoperator ' for collisions beginning
with P and ending with a. The time dependence of these
Boltzmann collision operators is determined by the time
dependence of the single-particle reduced density operator
for a gas atom. This latter density operator satisfies the
standard nonlinear Boltzmann equation for a test gas par-
ticle in a bulk gas. However, for practical purposes, the
moderating gas can be considered as being homogeneous
and at rest. Thus, this single-particle nonequilibrium re-
duced density operator can be replaced with the usual
Maxwell-Boltzmann equilibrium density operator as is
done in Sec. III.

Since the observable change of interest is the muon spin
vector then the explicit time dependence of the transla-
tional degrees of freedom of the single-particle reduced
density operators are not required. Thus, these degrees of
freedom can be traced over. To do so it is convenient to
assume that the single-particle reduced density operators
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can be factored into a translational density operator and a
spin density operator, namely,

(2.14)

evaluated at the end of the charge-exchange regime, are

the initial conditions for the observable thermal spin po-

larization.

This seems reasonable since there is no direct coupling be-
tween the translational and spin degrees of freedom. Us-

ing Eq. (2.14) and tracing over the translational degrees of
freedom leads to the fo11owing pair of first-order linear
differential equations for the spin degrees of freedom of
the muon and rnuonium:

dpMu(t) Idt+i WNIu pMu(t)

(2. 1 5)

p(t) =Tr"Tr& H (+i)a ttp&(t)p'tt(t)H&~, (2.16)

where the plus sign is associated with the a,a rates while
the minus sign goes with the a,p rates. When a is equal
to p the rates describe the probability that the single col-
lision results in the loss of the a state muon whereas when

a is not equal to p the rate describes a gain of state a.
These rates are related to the number density of the
moderating gas and the total cross sections for the ap-
propriate process in Sec. III.

The rate equations (2.15) describe the spin dynamics of
the diamagnetic muon and paramagnetic muonium species
which are coupled by the charge-exchange cycles that in-

terconvert muon to muonium in the charge-exchange re-

gion. These equations form a closed set. However, the
rates involve the time-dependent single-particle reduced
density operators for a gas atom and the muon. These
latter density operators can be expressed in terms of
translational Boltzm ann equations. Thus, the spin
dynamics require the solution of the translational motion

problem as well. Solutions of this pair of equations,

= —AM„M„(t)PM„(t)+O'M„„(t)pq (t) .

These equations involve time-dependent rates, namely,

B. Interaction picture

which contains the free-flight spin dynamics generated by

along with the probability per single collision that

the reaction a to p has occurred. Thus, this group de-

scribes the survival probability and spin dynamics of the a
state of the muon from time zero to time t.

The diamagnetic muon and paramagnetic rnuonium

interaction-picture single-particle reduced density opera-
tors satisfy the following pair of coupled equations:

dp„"(t)Idt =A„M„(t)pM„(t),

dp~~„(t)Idt =AM„„(t)p„' (t) .
(2.19)

Here the dynamics is generated by the interaction-picture
rates

p(t)=9' (O, t)% tt(t)Sp(t, O), (2.20)

which describe the coupling of the motions in the a and p
states. That is, the free-flight dynamics in state a is fol-

lowed from time zero to t at which point a transition to
state p occurs. This transition is determined by the rate
superoperator % tt(t) which describes the single collision

gain of state of p from the scattering of state a and a gas
atom. Finally, free-flight motion in state p is followed
backward from time t to zero. Using the formal time-

ordered solutions of Eqs. (2.19) the Schrodinger-picture
density operators become

The rate equations have been derived using the
Schrodinger picture. However, such a description does not

explicitly depict the sequence of single binary collisions
which is inherent in this kinetic theory. An interaction

picture, namely,

(2.17)

is now introduced to explicitly depict this aspect. Equa-
tion (2.17) involves the motion group

(t, O) = T exp —f ds[i W'~+A' (s)], (2.18)

1 2cx—2 2' —1

p„' (t)= g ds& ds2 f dsz~, f ds2~9„(t s, )O'„M„(s, ) &M„(s»sz)~M„„(s2) .
a=O

X 3 M„(s2~ )&s2~)SPM„q(sp~)9'p(sp~&0)pq (0),

1 2a —1 $2

pM„(t) = g f ds) ds~ . . ds~~ ds2~+)SM„(t&s) )A'M„„(s, )$„(s)&sq)A„M„(sp)
a=O

X 9M„(sq~&s2~+ ~ )AM„&(s2~+ ~ ) $&(s2~+ t &0)p& (0) . (2.21)

These solutions clearly depict the sequential collision na-
ture of the Boltzrnann equations described by the
Schrodinger-picture single-particle reduced density opera-
tors for the diamagnetic and paramagnetic species of the
muon. Differentiation of Eqs. (2.21) with respect to time
reproduce Eqs. (2.15). Thus, any exact solution of the

I

Scrhodinger-picture rate equations contains this sequential
collisions aspect implicitly. In Sec IV these formal solu-
tions are related to the observed experimental signal that
is seen in the thermal regime while, in Sec. III, the rate su-

peroperators are considered in detail.
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III. TIME-DEPENDENT RATES ~ aM u( t) R aM u(t)HMu
r

(3.3)

The rate superoperators, Eq. (2.16), involve the single-

particle gas atom reduced density operator which can be

obtained by solving the standard nonlinear Boltzmann

equation for a test gas atom in the bulk gas at thermal

equilibrium. However, since deviations from equilibrium
are expected to be small, this single-particle gas atom re-

duced density operator is taken to be the equilibrium

value. That is, it is the product

Pl( ) Pl, eq +Pe, eq
(3.1)

of equilibrium electron-spin density operators with the
translational density

p'i",
q
——f d r id p, I

r l, p, ))w n lf l ( p i ) . (3.2)

Here
I
r, p))~ and

I
r, p))@ are phase-space representa-

tion elements. This latter density operator involves the

number density n ~
of the gas and the Maxwell-Boltzmann

distribution' for the atom's momentum. Thus, the rate

superoperator,

is the product of a collision rate function

R M„(t)=Tr"Tri'9' (+i)a M„p'i', qp'M„(t)

= n lKa M„(t) (3.4)

and the projection superoperator on to the paramagnetic

spin state while the rate

„(t)=R „(t)p,'~,
q

9'„'~

is the product of a collision rate function

R „(t)=Tr"Tr&H (+i)a zp", ,qpz'(t)

(3.5)

=n, K q(t) (3.6)

and an equilibrium electron-spin density operator and the

projection superoperator on to the diamagnetic muon spin

state. Again the plus sign occurs when a is equal to either

p or Mu while the minus sign appears when they are not

equal. That is, the former is a loss term while the latter is

a gain. These rate functions involve the number density

of the gas and time-dependent rate constants, namely,

K tt ( t }=fd rg p d r l d p l f d rg p lsd r 'i d p ', & (( r, p; r l, p, I

H (+i )w tt I
r ti, p ti,

' r 'l, p 'i ))~

xfl(pi)fIi[rp, pti t] . (3.7)

These latter functions are constant with respect to the concentration of gas atoms, but are dependent upon time through

the translational density operator for state P. In center of mass and relative coordinates the transition superoperator be-

cornes

8'«ra~pa rl pl +a( i)hyatt I
rti, pti', r 'i, p 'i ))~

i —Rtil +( 'i —
tel )~«rai pail +a(+t)~aplrtvi' ptii'))~ (3.g)

Thus, the time-dependent rate constant becomes

K t3(t) = f d p tti d p p'i fdp 'l cr,„(pp p'leap "'l
)(ptii /rnpl )fl [Ml p tti /Mttl —p tv'i]

xfp[Mpp pi '/'Mpi+ p p~i
I
t]

where

fp[p It]= f dry[r p t]

(3.9)

(3.10)

is the momentum Wigner function associated with the P state. Equation (3.9) also involves the generalized cross sec-

t jOn23& 24

crs,„(PPp&~aj"l)=( im&, /Ptii') fdr—",'drtvi'f dP"", (P",') q((r ",', P ",'
I

H u &I r ti,', Pti'))~

=a(&p pi aP""i)—@tits(P"."i —P p~i)at. «i3» (3.1 1)

where

a(Pp Pi'~ap."i)

=(2~)'9'"i)
I

&ap "i II' t p IPp pi& I'/s'pi'

cr„,(p)=Im[ (4rrh mpl)(pptii —
I tptt I pp pi)/ppi]

=ai.i(P P)+cr...(P a) (3.13)

(3.12)

is the differential cross section for the transition from a
to P and where

is the associated total cross section. The last line of Eq.
(3.13) involves the cross sections for P to P events and P to
a events. Since generalized cross sections conserve parti-

cles then the time-dependent rate constants become
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K ~(t)= fdp~i dpi'&a&„(P~a)(pgi/m@)

Xfi[Mip'ji- /Mpi —p p"il

Xfz[Mppj'i /Mpi+ p p",
l
t]

=Kpp(t) . (3.14)

dpM„(t) /dt+ t &M„PM„(t)

= [ —K&(t)pM„(t)+Kc(t)p,"„p„"(t)]ni ~

(3.1 5)

Solutions of Eqs. (3.15) describe the effects that the
charge-exchange regime has on the spin dynamics Such
solutions indirectly involve the translational motion
through the time-dependent rate constants. Thus, for pur-
poses of solving Eqs. (3.15), these rates can be considered
as parameters which may be extracted from experiments
or calculated from scattering theory. The relation be-
tween these solutions and the observed pSR signals are
developed in Sec. IV.

For P equal to Mu the rate constant K ts(t) is now denoted
as KL(t) while for P equal to p it is Kc(t), that is, they are
the time-dependent rate constants for electron loss and
capture, respectively. Making use of Eq. (3.14) the rate
equations (2.15) become

dpq'(t) /dt+i W„''pp'(t)

=[ Kc(t—)p,'~q p„'~(t)+K&(t)pg„(t)]n i,

H„'~ = c—oq I Z, toq
—gqPpB/Pi=8. 6X 10 B, (4.5)

in units of sec ', where there is an external magnetic field

in the Z direction. Here co& is the diamagnetic muon Lar-
mor frequency while g„ is the muon g factor and

P„= ~e ~iii/2m„c is the muon Bohr magneton. The
motion of the latter density operator is generated by the
paramagnetic muonium Liouville superoperator which is

' times the commutator with the muonium spin Hamil-
tonian'

HMU =co~S'Z —cop I 'Z+A coo I 'S (4.6)

Here cu, is the electronic Larmor frequency while coo is the
muonium hyperfine frequency, 2. 8 X 10' rad/sec.

Making use of Eq. (4.2) the observed polarization

Px (2/——iri) I X at time t ( ) t2)

Px(t) =Tr„Pxpr(t) =PC(t)+Px "(t), (4.7)

becomes the sum of two terms. To evaluate these contri-
butions to the polarization it is convenient to use a partic-
ular representation. The representation used in the follow-
ing is that of the eigenfunctions' of the muonium spin
Hamiltonian, namely,

l
1& —

l
aa), &i =@~Mu+~o/4),

~»=s ~aP&+c IPa&,

E,= —(fuego/2)[ —,
' —(1+x )' ],

IV. RELATION TO OBSERVED SIGNAL

In the thermalization and thermal regimes the density
operator which describes the spin dynamics has the form

~

3) = ~PP) E3 i)t( ~M +~o/4)

~4) =c ~aP) —s ~Pa),

Eg ———(fuoo/2)[ —, +(1+x )'~ ],

(4.8)

ps(t) =exp[ i W„'(t tq)]—p„"(t2)—
+exp[ '~M (t —t2)]pM (t2), (4.1)

where

A@M„——(cu, —co&)/2=co, (1 m, /m&—)/2

where p„'(t2) and pM'„(t2) are solutions of Eqs. (3.15)
evaluated at the end (t2) of the cyclic charge-exchange re-
gion. These final density operators for the charge-
exchange region act as the initial conditions for the subse-
quent thermalization and thermal regimes. They are now
related to the amplitudes and phases of the observed ex-
perimental signals. Since only the muon spin polarization
is observed, it is then convenient to trace over the elec-
tronic spin, namely,

pt (t) =Tr.ps(t) =pt (t)+pt (t) .

=8.8 X 10'B

=(m„/m, —1)co„/2 =103co„, (4.9)

=6.3 X 10 B (4.10)

and a pair of normalization constants

in units of sec ', is the muonium Larmor frequency.
Equations (4.8) also involve a field strength parameter

x =(IM +cop)/coo=(N /IMQ)(1 —m /mp)

The resulting effective muon spin density operator con-
sists of two contributions: one from the diagmagnetic
term

c=[1+x/(1+x )'& ]'~ /21/2 s=(1—c )

(4.11)

pt (t) =exp[ i W„' (t t2) ]Tr,—p„' (t2)—
and one from the paramagnetic term

(4.3) The original two spin basis can be reexpressed in terms of
this muonium basis, that is,

pt "(t)=Tr, exp[ —iWM„(t —t2)]pM„(t2) . (4.4)

The motion of the former is generated by the diamagnetic
muon Liouville superoperator which is A

' times the
commutator with the muon spin Hamiltonian

[aa) = (1),
&=s 12&+c ~4&,

/PP&= f3&,

I
&a & =c

~

2) —s
~

4) .

(4.12)
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Making use of this basis the diamagnetic contribution
to the observed spin polarization

Pt»(t) =Tr&P»pt(t) =2 Rep"t3(t)

and a phase

8~ —— 0—3pt2+ Hug(t2 } ~
(4.14)

=P„cos(tp„t +8„),
involves an amplitude

P„—
I
put3(t2) I I

c[P12(t2)+P43(t2)]

+s[p23(t2) P14(t2)] I

(4.13)
Equations (4.14) relate the observed experimental ampli-

tude and phase associated with the diamagnetic signal to
the diamagnetic density operator that emerges from the

charge-exchange region. On the other hand, the paramag-
netic contribution consists of four parts, namely,

P» "(t }=Tr„P»pt "(t }

=Tr„P» Tr, g Iij ))p;~ "(t2)exp[ i(03;—toj—)(t —t2)]

=PMu cos[(tpMu+ 0)t —HM„]+P Mu cos[(cpMu —0)t —HM„] +PMu cos[(cop+ tpMu+ fI }t HMu]

+PMuCOS[(&p —&Mu+Q)t HMu]
4 4 (4.15)

Mu —
I P23 ( 2)

I
HMu=(~Mu+&) 2+823 ( 2),

PM„—
I
2cp12 (t2) I, HM„——(tpMu —Q)t2+812 (t2) .

PM =
I

—2sp14"(t2) I,
HMu (&0+KMu+D)t2+814 (t2) ~

Mu=
I

'P43 ('2}
I

HMu (&0 &Mu+Q)t2+843 (t2)
4 Mu

(4.16)

These terms in the polarization are related to the follow-

ing components of the muonium part of the density opera-
tor:

~Mu

2

g PMuCOSHMu
k=1

2

(PMU } +2PMUPMUCOS(HMU HMU)
k=1

2

+ g PM, stnHM
k=1

'2 1/2

' 1/2

—
I
2sp»"(t2)+2cp»"(t2)

I

= [(PM., R }'+(PM.,t)']'" (4.19)

various amplitudes and phases are given by the following
expressions:

In general, there are five different frequency signals that
could be observed experimentally if x is of sufficient size
so that

~Mu, l + 0
HM„——arccos(PM„R/PM„)X

'

1 p &0Mu, x + (4.20)

Q=[(1+x )' —1]/2 (4.17)

is resolvable. However, it is standard experimental prac-
tice' to measure the muonium signal at about 8 G and the
diamagnetic signal at about 70—120 G. As well, the
current time resolution for these gas phase experiments is
insufficient to observe the muonium hyperfine frequency. '

Thus, only two signals are currently seen, '
namely, that

associated with the diamagnetic Larmor frequency [see
Eq. (4.13)] and that associated with the paramagnetic
rnuonium Larrnor frequency, the so-called' "triplet" sig-
nal. This triplet signal is the Larmor part of the following
low-field muonium polarization:

and

PM„——
I

2sp14"(t2)+2=p—43 (t2)
I

4
2 4

g PMucosHMu + X Mu Mu

k —3 k=3

2 1/2

= [(PMu, R ) +(PMu, t ) ] (4.21)

I'M. ,l & 0
HM„——arccos(PM„R /PM„) X '

1 pP 0 (4.22)0

P» (t) =PMucos(03Mut HMu)+PMucos(coot ——HMu) .

(4.18)
In summary, the experimental signal is given in terms of
Eqs. (4.13) and (4.18), namely,

This observable signal also involves the so-called' "sing-
let" signal which is associated with the hyperfine frequen-
cy and is, at present, not experimentally resolved. The

P»"~'(t) =P„cos(tp„t+8„)+PM„cos(03M„t—HM„) .

(4.23)
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V. DISCUSSION

A theoretical framework to describe the spin dynamics
associated with the charge-exchange region which occurs
during the thermalization of highly energetic muons in
gases has been presented. That is, a pair of rate equations
(3.15) for the diamagnetic and paramagnetic muon species
have been derived from first principles. These equations
involve time-dependent rate constants for which explicit
formulas have been derived. Relations to the experimen-
tally observed signals have also been presented [Eq.
(4.23)]. Direct comparisons with experiments can be made
in two ways. One method is to calculate the time-
dependent rate constants using scattering theory and to
obtain the solutions of the appropriate translational
Boltzmann equations. This then gives the rate constants
for which solutions of the rate equations can be calculat-
ed. The other method, which is applied in the next paper
in this series, ' is to approximate the time-dependent rate
constants with time-independent functions. Analytic solu-
tions for the amplitudes and phases of the signals are then
obtained. Furthermore, the rate constants and the time
span of the region are then considered as parameters in a
fitting procedure. The resulting values can then be inter-
preted in terms of the formal expressions for the rates.
This latter point is a subject for future consideration.

This paper has presented a description of the charge-
exchange mechanism for the depolarization of the spin of
the positive muon as it thermalizes in a dilute gas. In this
mechanism the depolarization results from the exchange
of polarization between the muon and the electron in
muonium mediated by the ground electronic state hyper-
fine interaction. No spin lattice depolarization effects are
involved since they occur after the charge-exchange region
in gases. This stands in contrast to condensed phases
where it is mainly spin lattice effects rather than the
charge-exchange mechanism that leads to depolarization;
see, for example, Ref. 26. That is, the time scale of the
charge-exchange region is of the order of picoseconds in
condensed phases rather than nanoseconds. Such a time
scale is too short to allow direct depolarization due to the
hyperfine interaction. The rate equations developed here
for gases involve time-dependent rates as opposed to the
standard phenomenological theory for condensed phase
depolarization.
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