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The spectrum, angular distribution, polarization, and coherence properties of the radia-
tion emitted by relativistic electrons undulating through a quasiperiodic tapered magnetic
field are studied. Tapering the wavelength and/or field strength along the undulator’s axis
has the effect of spreading the spectral line to higher frequencies; interference over this
broader spectral range results in a more complex line shape. The angular dependence, on
the other hand, is not affected by the amount of taper. The polarization of the radiation in
the forward direction is determined by the transverse polarization of the undulator, but the
polarization changes off axis. The radiation patterns predicted here are distinct from those
of untapered undulators and their detection is now feasible. They will provide useful diag-
nostics of electron trajectories and threshold behavior in free-electron-laser oscillators using

tapered undulators.

INTRODUCTION

Charged particles traveling along the axis of a
static, undulating magnetic field execute transverse
oscillations. The resulting acceleration radiation
from relativistic electrons (“magnetic bremsstrah-
lung”!~7) is emitted into a narrow cone in the for-
ward direction. The Doppler shifted spectrum is
peaked at a much higher frequency than the electron
oscillation frequency. The polarization of the radia-
tion in the forward direction is determined by the
configuration of the undulating magnetic field and
resulting particle motion; a helical array of magnets
produces circularly polarized light while a linear ar-
ray produces linearly polarized light. As the detec-
tor is moved off axis the emission spectrum shifts
down in frequency, decreases, and the polarization
changes.*~7 A trajectory with many small trans-
verse excursions produces a spectrum with a few
narrow peaks at the low-order harmonics. The mag-
netic field generating this type of radiation is called
an “undulator,” while the term “wiggler” is reserved
for magnetic fields with only a few periods and
larger excursions which generate broadband syn-
chrotron radiation.*>

In a free electron laser (FEL),®° the magnetic
bremsstrahlung is stored in an optical resonator to
provide feedback for subsequent stimulated magnet-
ic bremsstrahlung. The optical gain at various fre-
quencies, angles, and harmonics depends on the un-
dulator design and the resulting electron trajectories
through the undulator. The evolution from spon-
taneous to stimulated emission also depends on that
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design. These important characteristics are known
for the simple periodic undulator, but less is known
about the tapered undulator which represents an im-
portant modification for high-power FEL opera-
tion.=12 In a tapered undulator the magnet’s
wavelength and/or field strength are varied along its
length to preserve the same Doppler shift while the
electrons lose energy to the optical field. This im-
proves the energy extraction efficiency from the
electrons when operating at high optical power lev-
els. A physical picture of this process can be given
in terms of electron trapping and deceleration in the
potential “bucket” generated by the combined action
of the laser and the static fields.'">!?

However, the same tapered undulator design that
improves energy extraction efficiency in strong opti-
cal fields reduces the electron-optical coupling in
weak fields. This is caused by the broader spectral
range of the tapered undulator, and the details of the
reduced coupling can be investigated directly from
the spontaneous emission spectrum. Furthermore,
in any real experimental situation one must include
a study of the spectrum off axis since resonator
modes extend over a finite range of angles. Detailed
knowledge of the emission spectrum can be a useful
diagnostic tool in determining the paths of electrons
through the undulator. The forward emission spec-
trum in the fundamental line from a linearly tapered
undulator has been calculated analytically.!*> We
present the spectrum’s full angular distribution in
higher harmonics for a wide range of tapers. The
polarization of the emitted radiation is also exam-
ined. For helical undulators we show that the polar-

319 ©1983 The American Physical Society



320 P. BOSCO AND W. B. COLSON 28

ization changes from circular to linear at a well-
defined angle, regardless of the tapering. Because of
its analytical simplicity the focus is mainly on the
helical undulator design, but some results are
presented for the linearly polarized field design to
highlight their differences.

I. ELECTRON TRAJECTORIES

The spontaneous emission spectrum is determined
by the electron trajectories in the undulator.
Neglecting radiation losses (y=0), the equation of
motion for an electron in a magnetic field is

dB _

dt
where e =|e | is the electron charge, m is the
|

—}%(Exﬁ) , (1.1).

electron mass, cﬁ is the electron velocity, ymc? is
the electron energy, and c is the speed of light.

A circularly polarized magnetic field inside the
undulator has the form

B=B(z)(cos¥(z),sin¥(z),0) , (1.2)
where

Y(z)= fozdz'ko(z')=[ 14+nz/2L(n)]koz ,

Ao(z)=2m/k((z) is the undulator’s wavelength at z,
and Ag=2w/ky is the undulator’s wavelength at
z=0. The parameter 7 describes a linear taper of
the undulator’s wave vector. The length of the un-
dulator L () is a function of taper 7 and is the sum
of all tapered wavelengths. This gives

X i—1 |7
L=k0i§1 1+n[N_1H
A (N1 | NN =D 7  |[NN—DQN-1) |
’ N -1 2 (N —1)? 6
2 3
= _m 2Nl 9y | N
=NAg |1 2+6 N1 rll o + , (1.3)

where N is the number of undulator periods. For
long undulators (N >>1)
)k In(147)

© (—‘7]
L(n)=N2iy =L, , (1.4)
kgo k+1 n

where Ly=L (0)=NA, is the undulator length with
no taper.

We consider the particular case in which the am-
plitude of the magnetic field is also a linear function
of z such that

B(z)=B,[1+nz/L(n)]
2

and the dimensionless ratio K =eB(z)/ky(z)mc” is
constant throughout the undulator. Typical values
of K for an undulator are of order unity. (If K >>1
the array of magnets becomes a broadband
wiggler.*>) Both ky(z) and B(z) can be used to
“tune” the Doppler shift along the undulator’s
length, but the special case where K is constant is
analytically simpler. The Stanford undulator, al-
though untapered, gives typical values of Ay=3.2
cm and By=2.4 kG, and uses a 40-MeV electron
beam (y=280) so that K =0.7. A typical tapered
undulator has L =160 cm and 17~0.05 with fields

and wavelengths similar to the Stanford untapered
case.

The transverse equations can be integrated im-
mediately because K is constant:

Bx(t)=—§(1—cos\P)+Bx(O) ,

(1.5a)
By(t)z—fsinwwy(m :
(1 Kz) 172
B, = 1——;— = By=const. (1.5b)

The constants of integration B,(0) and B,(0) can be
chosen to insure that the beam does not drift in the
transverse directions. This requirement gives the
conditions for “perfect injection”:

Bx(0)=—§, B,(0)=0 . (1.50)
Integrating (1.5b) gives z(#)=cBot+2z(0). The

transverse oscillations are obtained by direct integra-
tion of (1.5a) using z(¢) in W(z):
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KA
x (1) = — 2% ( os(2ms [ C(q)— C[(25)]
vBo
+sin(27s)[S (q)—S(25)]} +x (0
KAgs
t)=— os(2ms2)[S(g)—S(2s)]
4 vBo {eos(2ms LS
—sin(27s?)[C(g)—C(2s)]} +

where s2=L (1) /2o,
g =2s[14ncBot/L(7)] ,

S(g) and C(q) are Fresnel integrals and z(0)=0 for
simplicity. For undulators with a number of periods
N >>1 with the 17 <1 the arguments of the Fresnel
integrals are large. Using their asymptotic expan-
sions'* and keeping only the leading term in ¢ ~! we
obtain

KXo | sinW(r)
= =2 |37 4 x(0)
x( my | 14mr x(0)
(1.7)
KX cosW(r)
=— — +y(0) ,
y(7) 27y - y(0)
where

Y(r)=koL (q)r(14n7/2) ,

and T=cByt /L (1) so that 0 <7< 1 for any trajecto-
ry. Both results (1.6) and (1.7) are new and relevant
to the explicit angular dependence of the spectrum
that will be calculated in Sec. IV.

The function x(7) is plotted in Fig. 1 for the
values 7=1.0, x4(0)=0, and N =10 periods in the
undulator. A similar plot would describe y (7).
Both the wavelength and the amplitude of the oscil-
lations decrease while keeping K constant. A typical
amplitude of the transverse oscillations is
KAo/2my~10"2 cm. There is an upper limit on
K /vy <0.369 for stable orbits in untapered undula-
tors. !>

To insure that all the electrons in a beam follow
helical orbits along the same axis of the undulator,
we must choose the initial position x (0) and y (0) so
that

'x(ndr= ['y(rdr=0 ,
J, )

The integration can be performed numerically to
find that for values of 7 less than unity

| x(0)[<0.057K Ao/2my , |y(0)]|<0.998K Ay/2y.
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(1.6

29)]} +y(0) ,

Since typical electron beams have a d ~1 mm diam-
eter this condition cannot be met for all electrons.
Most electrons travel in parallel but identical helices.
The characteristic emission angle for relativistic
electrons is ¥~ ! so that the light emitted with wave-
length A adds coherently from all electrons within a
beam of diameter d if d <yA. This condition is not
met for typical experiments since YA ~0.2 mm, and
coherent emission is only possible over a narrow
range of emission angles. Fortunately, in an FEL,
the high-Q resonator selects a much narrower range
of angles naturally so that all electrons participate
coherently.

II. TOTAL ENERGY RADIATED

We can use the formula of Liénard'® to express
the total electromagnetic energy radiated:

12
B [ 22 9B | |5t | ar
@.1)
Using (1.5) we obtain
Epoy=2 e2PK?k3BoL (q)(1+1+1%/3) .
(2.2)

1.0+
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FIG. 1. Electron trajectories in a tapered undulator.
Electron is shown to ‘“undulate” in phase with the mag-
netic field. Amplitude and wavelength of the oscillations
decrease to keep K =eB (z)/ko(z)mc? constant along z.
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For small amounts of tapering, and using (1.4), Notice that E,, increases in proportion to 2K ? and
increases with 77 because the electron is forced into a

2 tighter spiraling motion. Typical numerical values
E~% PKkGBoLo |14+ - (y~80, K~0.7, Lo~1.6 m, Ag~3 cm) give
E,«=0.1 eV. This justifies neglecting radiation

(2.3) losses in Sec. I since E, << ymc?.

III. LIENARD-WIECHERT FIELDS

The radiation fields from accelerating electrons can _also be investigated by using the Liénard-Wiechert
fields.!® The electric field at the observation position D=DA=D(sind cos@, sinv sing, cosd) created by an
electron at T(z) is

7’2R2 CR ret
[
where R()=D—7(¢') and k=1—# -E(t'). The cularly polarized because of the helical undulator
quantity in large parentheses is evaluated at the re- design.
tarded time given by t'=¢—R (¢')/c. In the far field It is interesting to investigate whether quantum
limit (R large) and in the forward direction (§=0), effects might play a role in the emission process.
R(t')=(D —cfot’'). Using (1.7) and W(7) defined The number of photons emitted by a single electron
there we get per pass through the undulator is approximately
_ 4y’ eKko(1+77") E../fio ignoring emission into higher harmonics
E(t) | y—o= 35 - (K <1) and the taper (17 <<1). The photon frequen-
(I+K5)7D —7L (n)] cy from (3.2) is @ ~2y%wy, where wy=ck,. Then,
using (2.3), E,, /#fiw <1. The classical results must
X (sinW(1'), — cosW(7'),0) , (3.2) therefore bg interpreted as representing ﬁhe average
energy emitted and the photon statistics left to
another calculation.
where Now consider the emission from a beam of N,
272(ct —D) electrons. Interference effects due to the phase
= 5 and y>>1 . differences introduced by the initial position r;(0)
(I+K*)L(7) of the jth electron have to be taken into cons1dera-
tion. The effects of the transverse distribution of in-
The radiation is substantially Doppler shifted to itial positions has been discussed. The effects of the
higher frequencies for relativistic electrons due to longitudinal distribution of initial electron phases

the 9> factor in W. This feature gives the FEL its
wide tunable range to short wavelengths. For typi-

cal parameters the emitted wavelength is ~3u. The & =2v"koz;(0)/(14+K?)
effect of tapering is to introduce more Fourier com-
ponents into the oscillation spectrum, thus compli- is found by summing the contributions from all the
cating the line shape. The forward radiation is cir- electrons using (3.2):
|
N, N, ’
= L. 4y*eKko(1+n7') .
Em()=3 E,( 2 O (sin[W(r) +£; ], — cos[W(r) -, 1,0)

(1+K??[D —7'L(n)]

_ 4y%eKko(1+17)4
 (14+K2*[D —7'L(n)]

(sin[W(7')+Z], —cos[W(7)+Z],0) , (3.3)
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where
Ne
A*=N,+2 3, cos(§; —&;)
i>j
(sing;)
o1 J
Z =tan —_——(coséﬂ j ’

and the angular brackets mdlcate an average over all
N, electrons (i.e., N_lzj_l) When N,>>1 and

the phases are completely random A4 ~V'N,. The
radiated power detected will then be proportional to
N, and during the initial stages of start-up in a reso-
nator this is the relevant case. After enough radia-
tion buildup, the optical field begins to bunch elec-
trons in phase §; so that the limit E «< N, is ap-
proached. In what follows, only the emission from
a single electron is calculated and the result is con-
sidered characteristic of the incoherent emission
from the whole beam.

IV. RADIATION SPECTRUM

The Fourier spectrum of the Liénard-Wiechert fields can be used to solve for the infinitesimal amount of
electromagnetic energy d2E emitted into the solid angle dQ within the frequency range (w,0 +dw) (Ref. 16):

d’E_ %’
dQdow 47c
Since an electron only accelerates inside the undulator, the limits of the time integration are ¢ =0 to L (1) /B¢
(r=0to 1). For long helical undulators the emission spectrum does not depend on the azimuthal angle @, so

that we take @ =0 in . The initial position T(0) introduces a phase factor that does not affect the emission
spectrum. Inserting B(r) from (1.5) and T(7) from (1.7) we obtain

+ oo

s 2
dt (AX[AX BD)])expliolt —A-T(1) /c]} ’ . .1)

—

d’E e*0’Li(n) ) K
d0do ¢=o_ 41r2c 2 f dr|X cos ¥ cosW(7) + By sind cosd | +§ ” sinW(7)
. .. K .
+2Z | —Bosin“d — -:V- sind cosd cosW(7)
2
ioL(n) Ksind | sin¥W(r)
X exp Boc (1—pBycosV)r+ koL () | (1m7) ] , , 4.2)
where W(7) is defined below (1.7). The analytical in-
tegration is carried out in the appendix but the re- 048/ "
sult is not transparent. Instead we numerically ob- ’-_\g 1ot
tain graphs of the spectral properties. Expression o a 036
(4.2) reduces to the sum of the squares of six real in- 2
tegral that can be more efficiently evaluated numeri- ™
cally than the result (A3). 5; N; 05+
The spectrum’s fundamental line shape in the for- 3 e 007
ward direction is presented for a wide range of gl ° t\
values of 7 in Sec. IV A. Then, in Sec. IV B, the an- < I 00
gular features of the spectrum are examined in detail = | 6‘ 20
at a few selected values of 7. The values for the T fwlleKY) )
physical parameters are Ay=3.2 cm, K=0.747, (?;i‘w—.‘)

v¥=80, and the number of undulator periods is
N =50.

A. Forward spectrum in the fundamental

In Fig. 2 the forward emission spectrum of (4.2) is
shown for the fundamental at selected values of 7
between 0.0 and 0.48. The figure shows that the line
becomes broader and more structured as 7 increases,

FIG. 2. Forward spectrum from a tapered undulator is
shown with 0<7<0.48, f =1, and 9=0. Energy emit-
ted is plotted in units of the forward power emission ener-
gy from an untapered undulator using the same electron
energy and having the same physical parameters N, K,
and A,.
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while the center moves towards higher frequencies.
These features can be understood if we think of a ta-
pered undulator as a succession of untapered undu-
lators whose wave number increases over the same
length so that the convolution of their spectra gives
a shifted line center at wo(14+7/2)/(1—p,) for
Jd=0.

For the tapered undulator the total spectral width
can be approximated by the sum of the untapered
linewidth ~wy/N (1—p,) and the shift in the line
center caused by tapering, which is ~wgn/2(1— ).
The resulting linewidth for tapered undulators is
therefore

~wo(1+Nn/2)/N(1—L) .

This estimate gives the range of frequencies over
which the emitted energy drops to ~5% of the peak
value. In Fig. 2 we show forward spectra for a
range 0<N7/2<12. Note that the linewidth in-
creases rapidly with increasing taper because of the
large number of periods. In Fig. 3 the emitted ener-
gy at the line center is plotted as a function of 7.
The decrease in peak emission observed between
77=0.0 and 7=0.20 is due to the rapid increase in
the spectral width together with the slower increase
in the total energy radiated.

B. Angular dependence (including higher harmonics)

The angular dependence of the radiation from a
tapered undulator shows the same characteristic
behavior as for the untapered undulator.®’ Figure 4
shows the radiated energy as a function of frequency
and angle in the fundamental and first three higher
harmonics for the taper 7=0.05. Note that the
peak emission in each harmonic shifts down in fre-
quency as the observation angle away from the un-

)
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(1+K®)

2e2N2K?y
|

05 10

cB
o
o

(

FIG. 3. Forward emission of the fundamental at the
line center is plotted against the amount of taper 1 for
0<n<l.

00 10 20 30
w(IOK’)/[Zy'wo(h n/2)]

FIG. 4. Fundamental and first three higher harmonics
of the emission spectrum from a tapered undulator with
71=0.05 are shown as a function of frequency w and angle
in units yV.

dulator axis ¥ increases; the line shape remains sub-
stantially unchanged as the detector is moved off
axis. The same physical arguments as presented in
Sec. IV A show that the peak emission falls on a
locus of points in the (w,d) plane described by

Sfao(l+m/2)

= 4.3
“f (1—pBycosd) “.3)
and the linewidth in each harmonic is given by
ol 1+(Nfn/2)
8wy~ ol1+(N/m/2)] - (4.4)

N(1—pBycosd)

where f=1,2,3,...
is the fundamental).

An interesting aspect of (4.4) is that the linewidth
depends on n and f only through their product.
Therefore the spectrum in higher harmonics should
have the same characteristic width as the one at
lower harmonics with a higher amount of taper.
Likewise reducing the tapering gives a line shape
resembling the spectrum in lower harmonics. In
Fig. 5 we show the shape of various spectral lines,
all calculated at the fixed characteristic emission an-
gle 9=y, They are arranged in a square “matrix”
whose rows correspond to various taperings
(1=0.05,0.10,0.15,0.20) and whose columns corre-
spond to the fundamental and the first three higher
harmonics (f =1, 2, 3, and 4). The emission energy
and frequency scales are the same for all graphs to
allow for direct comparison. Notice that the matrix
is nearly symmetric about the diagonal in that the
line shapes corresponding to the same value of f7
are similar.

As in the case of a circularly polarized untapered
undulator,®” the tapered undulator generates no for-
ward radiation in higher harmonics. In Fig. 6 we
follow the radiated energy measured at the line

is the harmonic number (f =1
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FIG. 5. Spectral line shapes d*E(w)/dw d ) are shown
for n=0.05, 0.10, 0.15, and 0.20 and f=1, 2, 3, and 4.
Line shapes corresponding to the same value of f7 are
seen to be similar.

center wy given in (4.3) as a function of ¥ for vari-
ous harmonics and tapers. Each separate graph
refers to the same harmonic number, f=1, 2, 3, and
4, and shows the angular dependence of the peak
emission for different values of taper 7. At each an-
gle the peak energy radiated into the frequency in-
terval around o, decreases monotonically as 7 in-
creases owing to the line broadening in (4.4).

1o [0.354

@)
(6]

- 3833
wuwn w

- 0000
go

d?E
dwdf)

) (
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cBE(1+K®)®
232 Nz Kz Y!

(

y? Y
0 i 2 o 1 2

FIG. 6. Radiated energy measured at the line center
frequency wy for the harmonics f =1, 2, 3, and 4 is plot-
ted against ¥ for taperings 17=0.0, 0.05, 0.10, and 0.15
for the case of a circularly polarized undulator.

For comparison in Fig. 7 we plot the same quanti-
ty in a linearly polarized undulator using the same
physical parameters. There is now emission in the
forward direction of each odd upper harmonic,
f=3,5,7,..., owing to the longitudinal accelera-
tion of the electrons.®’

V. POLARIZATION OF THE SPONTANEOUS

EMISSION

The polarization of the spontaneous radiation can
be studied directly by using the Liénard-Wiechert
fields (3.2). From (3.2) the ratio |E,|%/|E,|? is
seen to be unity at 3 =0 and to vanish at the partic-
ular angle O * defined by

Yy * =cos ™ By) = V2(1—B,)!"?
=(14+K?)172 (5.1

for any value of taper 77. For a typical value of
K =0.7, y0*=1.248. As ¢ increases from 0 to O*
the radiation changes polarization from circular to
linear independent of the amount of tapering.

The polarization of the spontaneous radiation cal-
culated using (4.1) can be found by projecting the in-
tegrand onto a unit polarization vector:

€=(cosV cos®, cosdsin®, —sind) . (5.2)

The observation angle away from the undulator axis
is ¥ and the polarization angle is ®. The spectrum
shown in Fig. 8 plots the radiated energy

{0654 |0:342
7=0 "

—_ n?ﬁ?

n=0.IC
& g 7=0.15
o| 3
MES i 3 1 :
%o ~
S
~—

f=4 ,o
| 2

FIG. 7. Radiated energy measured at the line center
frequency w for the harmonics f=1, 2, 3, and 4 is plot-
ted against yd for taperings =0.0, 0.05, 0.10, 0.15 for
the case of a linearly polarized undulator.
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FIG. 8. Energy radiated dE (€)/dw dQ with polariza-
tion € by a tapered undulator with 7=0.05 is shown as a
function of y9 at the line center in the fundamental. The
radiation changes its polarization from circular to linear
at the angle y3*=(14+K?%)!2

d’E(@)/dwdQ from a tapered undulator with
v=0.05 as a function of ¥ measured at the line
center of the fundamental for three different polari-
zation angles ®=0, 7/4, and 7/2. The radiation
off axis becomes progressively more polarized in the
y direction and at 9 * the emission becomes linearly
polarized as described by (5.1).

CONCLUSION

The results presented in this paper provide the
first complete description of the spontaneous emis-
sion spectrum from a tapered undulator. The fre-
quency and angular spectrum are presented for a
wide range of taperings. The assumed linear depen-
dence of ky(z) and K=const simplify the calcula-
tions but show the same general features expected of
a wide range of tapered undulators. Practical
designs are likely to be more complex in order to op-
timize the electron beam energy extraction during
high-power laser operation. The differences will
show in the detailed shapes of the spectral lines
while the angular distribution and the total energy
emitted will remain comparable. These results
should be useful to experimentalists working on ta-
pered FEL designs.
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APPENDIX

To perform the 7 integral in (4.2) we need to
rewrite the integrand. Consider the second term in
the exponential of (4.2) and expand in plane waves
with Bessel function coefficients'* to write

exp iwK sin® | sin¥(7)
Bowoy 1477
i #o,9) exp[in¥(7)] , (Al)
n=— o 1497

where p=wK sind/Bywoy. The right-hand side of
(A1) can be rewritten as follows!*:

o explin¥(r)] k
)
D T kE 2"k' Tnsilp
k
1
X |[1l=—= (A2)
(14+n7)?

If =0 only the k=0 term survives, the double
series reduces to unity, and the spectrum can then be
expressed in terms of Fresnel integrals. If & >0 the
7 integrals in (4.2) can be expressed in the general
form

n+k
n—z—mkgo 2k+1k| f drl

Xemwmeiw(w,mr( ) 2 4n7)*

z\l/ ‘r)+e —t\ll(f))

,  (A3)

where
w=wL(n)(1—LBycos?) /By

When the tapering parameter 7 << 1 (as is typically
the case) an expansion in 7 will have terms of the
form

[ drFexplil(n+ D¥() +wi0,0)r)) . (Ad

Since W(7) is quadratic in 7, all resulting integrals
can be performed analytically'* and only the first
few terms in the power-series expansion need be re-
tained.
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