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Calculation of free-free radiative absorption cross sections
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One-photon free-free absorption cross sections are evaluated by means of an integral relationship
involving electron-atom off-shell scattering amplitudes. Off-shell effects are explicitly calculated
and compared to various on-shell approximations. This calculation shows that off-shell effects be-

come small with increasing energy as expected. One of the on-shell approximations agrees with the
exact result over the entire energy range under consideration to within a few percent. The only in-

tegrals which appear in the calculations are absolutely convergent in contrast to methods used in

previous calculations.

I. INTRODUCTION

Free-free radiative absorption is important for deter-
mining opacities of stars, ' the continuous spectra of
atomic gases, and the absorption of energy by plasrnas in
the laser-driven fusion process. Polarized-orbital theory
has been used to compute accurate values for the H
free-free absorption coefficient. ' For more complex
atoms, semiempirical methods' have been used. An ab
initio calculation of the free-free one-photon absorption
coefficient for Ar using many-body perturbation theory
has been performed by Pindzola and Kelly. ' First-order
ground-state and final-state correlation diagrams were in-
cluded, and second-order direct polarization diagrams
were also considered.

One-photon free-free absorption cross sections can be
evaluated approximately by using on-shell approxiations"
which relate absorption amplitudes to elastic scattering
amplitudes. On-shell approximations were used recently
by Ritchie' to calculate one-photon free-free absorption
cross sections for Ar . Elastic scattering phase shifts for
electron on argon computed by Pindzola and Kelly" were
used in this calculation. Ritchie obtained absorption cross
sections in good agreement with the exact results of Pind-
zola and Kelly' at low electron energies. At higher ener-
gies, where the approximation should be better, Ritchie s
results were not in good agreement with those of Pindzola
and Kelly. He suggested that the source of this disagree-
ment may be in neglecting an off-shell term in an integral
relation for the absorption matrix element.

In this paper we have calculated one-photon free-free
absorption cross sections for electrons scattering from Ar

I

by using the integral relation mentioned above. This cal-
culation involves computing off-shell elastic scattering
amplitudes. The off-shell term was explicitly evaluated
and found to be relatively less important at higher ener-
gies, in agreement with theoretical expectations. The
method used to evaluate the absorption cross sections is
fast, and we believe, more accurate than previous methods
of evaluating absorption cross sections. Pindzola and Kel-
ly' estimate that their results are reliable to within 10%.
The method used here can be made accurate to within
1%.

The theory is presented in Sec. II. The numerical re-
sults and our conclusions are given in Sec. III.

II. THEORY

Using the dipole-velocity form of the radiative interac-
tion and neglecting spin, the absorption cross section in
the dipole approximation is given by

I, =(1/2m)(Ia/E&)ao(m, /fi )(k'/k)
~

M(k ', k)
~

where

M(k ', k)=(1b-„,'(r)
~

p. ( i V)
~

tt'-+—(r)) . (2)

I is the radiation intensity in W/cm, F& is the photon en-

ergy in hartrees, k (k ) is the initial (final) electron
momentum in units of a 0, p is a unit vector in the direc-
tion of polarization of the radiation, o; is the fine-structure
constant, and ao is the Bohr radius. The electron wave
functions satisfy the Lippmann-Schwinger equation

ttj'+'(r)=e'" ''+[1/(2tr) ] f d k'e' " '/(k —k' +ie)(e'" '
~
V-„(r ')

~

tb'+I(r ')) .

It is understood that the integral is evaluated in the limit e~ 0 (e & 0) and w|: assume that the potential can be energy
dependent.

If we define the off-shell scattering amplitude by

F( k ', k ) = —(1/4tr ) ( e ' " ' ' V-( r )
~

1b
+ '( r ) ),

then it can be shown that' (since k&k')

(4j
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M(k ', k)=(2~ao/Ez)p. [k 'F(k ', k) —kF(k, k ')]

+(2/~) f d k" p k "F(k ",k)F(k ",k ')l[(k' k—"+i@)(k' k—" +i@)] . (5)

It has been assumed that V-(r) is invariant under time
k

reversal and parity. The on-shell approximation derived
by Low can be obtained by neglecting the last term and
using an on-shell approximation for the off-shell ampli-
tudes in the first term. It is this last term which Ritchie
suggests may be larger than expected.

The rate at which electrons are scattered into solid an-

gle dII' is given by (I, =dl & /dII'/incident flux)

dl „/dQ'=FNa[aol(2vrE )]k'
~

M(k ', k)
~

',

cr„(k ', k)

=1/4m f dQdQ'(1/2')aao/Ezk' ~M(k ', k)
~

. (8)

In computing oz ( k ', k ) we assume a fixed photon polari-
zation, average over the initial electron directions, and in-
tegrate over the final electron directions. o.z has units of
cm'

~

If we write P'+ ' as (assuming a central potential)

Q'-„+'(r)=4m+i ri((k. , r)Yj~(k) Y(~(r),
l, m

where F is the photon flux in cm s ', and N is the
number of electrons per cm . We define a differential ab-
sorption "cross section" by

d~, rdn'=F- 'N-'d r„Ides' .

then

F( k ', k ) = 4n. Q —U((k', k ) Y)„(k ') Y(' (k ),

where

Ui(k' k)= f r ji(k'r)Ua(r)rii(k «)d» .

(10)

In order to obtain a total absorption cross appropriate for
incident electrons with random velocities, we define

If we assume that the photon is linearly polarized along
the z axis, then

ill' l l l'
M(k', k)= g ( —1) X&&(k', k)

O O O O
Yt (k')Yf~(k),

I, l', m

where

(12)

Xg (k', k) =8nV(21+ .1)(21'+1)
—2Qp

2
4[k'U((k', k) —kU( (k, k')]+ —I'g (k', k)
7T

(13)

and

00 k" dk"
I a(k', k)= f U((k",k)U((k", k') .

(k k' i e)(—k' —k" i e)— — (14)

The total absorption cross section is

2 ) j'

CTg: k g O 0 0 ~

Xg'(k k)
24 E~

(15)

III. RESULTS AND CONCLUSIONS

Hartree-Fock wave functions were used for the Ar atom
and no attempt was made to account for polarization ef-
fects. A local approximation' was used for the exchange
potential for the scattered electron. Because of this we do
not expect our results to be in precise agreement with
those of Pindzola and Kelly. The agreement is quite
good, however, and improves as the energy increases.

Exact calculations of absorption cross sections are usu-
ally made by a direct evaluation of M(k ', k) in Eq. (2).
This integral is not absolutely convergent since both the

initial and final wave functions represent free particles.
The integrals can be evaluated in the usual way by intro-
ducing a factor of e " to make them convergent and
taking the limit as e~ 0. Pindzola and Kelly' calculated
the integrals numerically up to r =R and added an asymp-
totic part (from R to oo ) which may be calculated analyti-
cally by making the integral absolutely convergent. They
varied R from 40ap to 80ap and estimate that this tech-
nique is accurate to better than 10%. These calculations
were done using both the length and velocity formulations
of the dipole approximation.

An advantage of using Eq. (5) to compute M(k ', k ) is
that all of the integrals are convergent. In order to evalu-
ate M(k ', k) we must evaluate U~(k', k) and I ~ ~(k', k) in
Eq. (13). The evaluation of U~(k', k) is straightforward,
but the integral in Eq. (14) for I a (k', k) is slowly conver-
gent. Fortunately it is possible to do the k" integration
exactly. Using the definition of the U~ [Eq. (11)], we see
that
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This integral can be done exactly in terms of spherical
Bessel functions and spherical Hankel functions of the
first kind by standard techniques. We note from Eq. (12)
that l and I' differ by unity so that the integral is even in
k".

In Fig. 1 we compare our results for the free-free ab-

sorption cross section for e scattering from Ar in the
presence of photons with a wavelength of 20000 A to
those obtained by Pindzola and Kelly' using a Hartree-
Fock formalism without polarization or first-order corre-
lation effects. The agreement between the two calcula-
tions is poor at low energies but improves at higher ener-

gies. Both calculations include partial waves up to t'=2.
At higher energies l = 3 states are also important, but they
were omitted by Pindzola and Kelly since the contribution
of higher energies to the (thermal averaged) free-free ab-

sorption coefficient is negligible.
We checked the accuracy of the calculations by varying

the grid distribution. We estimate that the results are ac-
curate to within l%%uo. A calculation of the free-free ab-

sorption cross section at one energy for partial waves up
to l =2 requires less than 1.5 min of computing time on a
UNIVAC 1100/61 if the potential is known.

The on-shell approximation which can be obtained from
Eq. (5) is

1.00.80.2

I g (k'k)= f dr dr'r r' U~ (r)UI (r')ri~(k'r)

)& ril (kr')Ftl (k, k', r, r'), (16)

where

oo k" dk"
FII (k, k', r, r') =

(k k" +i E)(k' —k"+ie)—
Xj i(k "rj)& (k "r') . (17)

0.6
kao

FIG. 1. Free-free one-photon absorption cross section for
0

Ar at A, =20000 A. The solid curve is the Hartree-Fock velo-

city form calculation of Pindzola and Kelly, Ref. 10. The
dashed curve shows the results of the present calculation. Both
calculations include s~p and p~ d transitions.

2

M(k ', k)= 8.[k 'F(k ', k) —kF(k, k ')] .

The off-shell amplitudes, F(k ', k) and F(k, k '), may also
be approximated by on-shell amplitudes. Ritchie exam-
ined the validity of the on-shell approximation by consid-
ering two different types of on-shell approximations. In

one case he evaluated M(k ', k) by replacing the off-shell
scattering amplitudes by elastic amplitudes in which the
electron energy (in Ry) is assumed to be (kao), and in the
other case the electron energy was assumed to be (k'ao)
for both amplitudes. When he compared the absorption
cross sections using these two different approaches, he

found that they disagreed at low energies, but the dispari-
ty was very small at higher energies (approximately 1 Ry).
However, Ritchie s on-shell results were significantly dif-
ferent from the exact results of Pindzola and Kelly near 1

TABLE I. Free-free radiative absorption cross sections for electrons scattering from Ar in the pres-
0

ence of photons with A, =20000 A. In columns A, B, and C Eq. (18) is evaluated by using on-shell ap-

proximations. In column A we use elastic scattering amplitudes with F(k ', k) and F(k, k ') evaluated

at electron energies (in Ry) of (k'ao) and (kao), respectively. In column B F(k ', k) and F(k, k ') are
both evaluated at (k'ao) . In column C they are both evaluated at (kao) . The correct off-shell ampli-

tudes are used to evaluate Eq. (18) in column D. The exact results, including all off-shell terms, are
given in column E.

kao A
Free-free radiative absorption cross sections (10 cm )

B C D E

0.1

0.2
0.4
0.6
0.8
1.0

3.09
1.97)& 10'
1.77~ 10'
7.96' 10'
2.16&( 10
3.14' 10'

2.26
1.77 X10'
1.67 && 10'
7.72 ~ 10'
2.16)& 10
3.25 ~ 10'

10.3
2.76 &( 10'
1.92 ~ 10'
8.20~ 10'
2.16X 10
3.03 X 10'

6.10
2.42 X 10'
1.84 && 10'
8.04 && 10'
2.17 && 10'
3.15 && 10'

3 ~ 12
2.01 ~ 10'
1.82 X 102

8.08 ~ 102

2.18X 10'
3.14X 10
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Ry. He suggested that the discrepancy might be due to
neglecting the last term in Eq. (15).

We present our results in Table I for the free-free ab-
sorption cross section using several approximations as well
as the exact calculation. At low energies we see that the
various off-shell approximations as well as the exact on-
shell calculations of Eq. (18) give results which differ
widely with each other and with the exact calculation. At
higher energies the various approximations agree reason-
ably well with each other and with the exact calculations.
It is interesting to note that the off-shell approximation in
column A of Table I gives results which are always in
fairly good agreement with the exact calculations. ' In
this approximation F( k ', k ) and F( k, k ') in Eq. (18) are
replaced by elastic amplitudes evaluated at electron ener-
gies (in Ry) of (k'ao) and (kao), respectively.

We have evaluated the free-free radiative absorption
cross sections for electrons scattering from Ar by evaluat-

ing an integral relation for the absorption amplitude in
terms of off-shell e,Ar scattering amplitudes. This
method has the advantage that all of the integrals are ab-
solutely convergent and can be done accurately. Off-shell
effects were examined by making various on-shell approx-
imations and comparing them to the exact calculation. It
can be concluded that off-shell effects are important at
low energies, but they become negligible at higher ener-
gies, as expected. One of the on-shell approximations was
in good agreement with the exact result at all energies
under consideration.
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