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Collapse of the 4f orbital for Xe-like ions
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The effect of 4f orbital collapse on the spectra of Xe-like ions in the region of 4d ~nf, ef excita-

tions is studied with the use of a term-dependent Hartree-Fock technique. We find that the collapse

of the 4f orbital is strongly term dependent, and that the appearance of intense absorption lines in

the observed Ba'+ spectrum is due to the partial collapse of the 4f orbital in the 4d ~f 'P channel.

We also show that after the 4f orbital is completely collapsed for high degrees of ionization along

the isoelectronic sequence, the bulk of absorption oscillator strengths is concentrated at the 4d'4f 'P

level so that the only strong line in the spectrum is again the 4d ~4f 'P transition.

I. INTRODUCTION

The formation of neutral rare earth elements is due to
the filling of the 4f shell in the rare-earth region of the

periodic table. Goeppert Mayer' first pointed out that the

properties of these atoms depend on the sudden decrease
in energy and size of the 4f wave function at the begin-

ning of this group of elements. This is usually called the

collapse of the 4f orbital which arises because of specific
features of the effective potential for f electrons. The ef-

fective potential is determined by the atomic central po-

tential V(r) and the centrifugal term 1(1+1)/2r as

V ff(r) = V(r)+1 (1 + 1 )l2r (atomic units are used

throughout this paper). For f electrons of heavy atoms, it

consists of two wells separated by a potential barrier. The
outer well is dominated by the long-range Coulomb poten-

tial and behaves asymptotically as —1/r for neutral

atoms. It is broad and shallow and can support an infinite

Rydberg series of nf bound states. The inner well, on the

other hand, is much narrower and deepens with increasing
nuclear charge Z. For lighter atoms, it is not deep enough

to support any bound state and all nf wave functions re-

side in the outer well. The first bound state of the inner

well appears near Z=58, leading to the sudden collapse of
the 4f wave functions from the outer into the inner well.

Through the years, there have been many studies on the
absorption spectra of atoms or ions with Z =54—70 in the

region of 4d~nf, ef excitations. These spectra are
characterized by strong absorption peaks above the 4d ion-

ization limits, with widths ranging from 15—70 eV, and

weak absorption lines in the discrete excitation region.
For lighter elements in this group, such as neutral Xe, the
potential barrier keeps low-energy f orbitals outside the

region where the 4d wave functions are confined. As a re-

sult, the peaks in the observed spectra arise from delayed
onsets of 4d~f transitions which become intense only at
energies high enough for the final state f electrons to sur-

mount the potential barrier. For heavier elements

(Z &56), the explanation of the observed spectra is more

complicated. Since the inner we11 of the effective poten-
tial is now deep enough to hold a "collapsed" 4f orbital,

the overlap between the 4d and 4f orbitals should increase

dramatically, while those between the 4d and higher nf
orbitals remain small because the potential barrier still

prevents low-energy f wave functions from entering the

inner region. Thus the spectra should show delayed onsets

of photoionizations, but in addition, there should be

strong absorption lines from the 4d~4f transitions and

these are not observed. The absence of intense absorption

lines in the observed spectra is generally explained as due

mainly to the raising of the 4d~4f P discrete level into

the f continuum as a result of strong exchange effects. 6

The giant resonancelike peaks above the ionization limits

in the observed spectra are interpreted as evidence of a

strong interaction between 4f 'P and the continuum.

However, consistent applications of such interpretations
are difficult and often confusing.

The spectrum of Ba + is a case at hand. Using a two-

step laser excitation technique, Lucatorto et al. measured

the absorption spectra of Ba, Ba+, and Ba + in the region

of 4d~f excitations. They found that the spectra of Ba
and Ba+ show typical strong absorption peaks above the
4d ionization limits and weak resonance lines below them.
The spectrum of Ba +, on the other hand, is entirely dif-

ferent. The absorption cross section now starts from a
sizeable value ( —30 Mb) at the 4d threshold and decreases

monotonically afterwards (up to about 160 eV). At the

same time, several strong resonance lines appear in the

discrete excitation region. The sudden change in the spec-

tra from Ba+ to Ba + is attributed to the collapse of the

4f orbital, but the interpretation of the Ba + spectrum

presents difficulties.
Even after the 4f orbital is collapsed, it is expected that

the potential barrier should still prevent higher nf wave

functions from entering the inner well, which cannot sup-

port any more bound states. Accordingly, there should be

either only one strong resonance line from the 4d~4f 'P
transition or none at all if the 4f 'P level is raised into the
continuum. This prompted Lucatorto et a1. to suggest
that the 4f orbital is only partially collapsed in Ba +, a

view supported by their configuration-average Hartree-

Fock (HF) results, which showed that in Ba + the ex-
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change interaction is not strong enough to push the 4f 'P
level all the way into the continuum. This view is sup-
ported also, to some extent, by Connerade and Mansfield
who suggested that the 4f 'P level is suffering from a
"collapse of the second kind, " and that the nf wave func-
tions are hybridized (i.e., with comparable amplitude in
both the inner and outer wells), resulting in strong absorp-
tions from 4d~nf 'P transitions. However, contrary to
the findings of Lucatorto et al. , their configuration-
interaction (CI) results showed that the 4f 'P level was im-
bedded in the conintuum, and that the observed reso-
nance lines actually came from 4d~5f, 6f, . . . 'P transi-
tions.

Apart from the obvious discrepancy about the location
of the 4f 'P level, there are other puzzling questions: For
example, what causes the strong hybridization of nf wave
functions in Ba +? Are the identifications of the reso-
nance lines correct? More generally, what is the nature of
partial orbital collapse, or collapse of the second kind, and
how are they related to the usual collapse phenomenon?
Even though a recent time-dependent local-density ap-
proximation (TDLDA) calculation by Nuroh et al. ' suc-
cessfully reproduced the dominant features of the absorp-
tion spectra for Ba, Ba+, and Ba +, these questions
remain unanswered.

In this work, we present an interpretation of the Ba +
spectrum from a term-dependent HF point of view. "
Specifically, we study the 4d nf 'P, P, and D levels for
Xe-like ions. By studying the isoelectronic sequence,
where these ions have the same electronic configuration,
we can gain important insight into the collapse
phenomenon from the systematic trends of these levels.
In particular, we find that orbital collapse and partial or-
bital collapse are closely related to shape resonance effects
in the continuum, and that the hybridization of nf wave
functions is due to resonant enhancement of their ampli-
tudes in the inner well regions. In the following, we shall
begin by reexamining the causes of orbital collapse, and
the possible consequences. We shall then present and dis-
cuss results of our calculations.

II. 4f ORBITAL COLLAPSE

In her discussion of the collapse phenomenon in neutral
atoms, Goeppert Mayer' used a model where the inner
and the outer potential wells for f electrons are divided by
an infinite barrier. In such a model, the spectrum consists
of two independent sets of levels, and the hydrogenlike
spectrum of the outer well is unaffected by the presence of
the inner we11. For small Z, the first eigenstate of the
inner well is much higher than the ionization limit. As Z
increases, the inner well deepens and its first level eventu-
ally sinks below the entire Rydberg series of the outer
well. This happens near Z=58 and leads to the sudden
collapse of the 4f orbital from the outer into the inner
well. As the inner well is narrow, its levels are widely
spaced. Thus the collapse of the 5f orbital does not hap-
pen until Z=90, when the second level of the inner well
also sinks below all the levels of the outer well.

We thus see that orbital collapse is caused by the lower-
ing of the spectrum of the inner we11 relative to that of the

outer one. With an infinite barrier between the two wells,
only the orderings of the levels are affected in the process.
With a finite potential barrier, however, these two sets of
levels interact with each other. The first sign of this in-
teraction comes when the lowest level of the inner well
gets below the potential barrier. There, it becomes a shape
resonance and can "autoionize" into the continuum of the
outer well by tunneling out of the potential barrier. A fur-
ther increase in Z brings this level below the ionization
limit, where it interacts with the entire nf series before
sinking below all of them.

The existence of shape resonances in the effective po-
tentials of the f electrons for Xe was shown by Manson
and Cooper' in a Herman-Skillman potential calculation.
Specifically, they found that the phase shifts of the con-
tinuum f orbitals go through step changes of ~ right
above the 4d ionization limit. This is further verified by
Cheng and Johnson' in a recent relativistic random-phase
approximation (RRPA) study of the photoionization of
the 4d shells for Xe-like ions. There, the 4d~f transi-
tions are shown to be strongly term dependent. In partic-
ular, the shape resonances in the P and D channels are
very sharp, while that in the 'P channel is much broader.
Furthermore, these shape resonances appear to move
below the 4d ionization limit starting from Cs+.

Even after the first eigenstate of the inner well is
lowered into the discrete excitation region, its interaction
with the nf levels of the outer well can still be studied as a
resonance phenomenon. Indeed, according to quantum-
defect theory, ' the phase shifts 6 of the continuum states
are related to the quantum defects p of the bound states as
5=irp. The quantum defect is defined by the Rydberg
formula

E„=—Z, /2v = —Z, /2(n —p)
Here E„ is the energy of the bound state relative to the
ionization limit, Z, is the effective core charge, n is the
principal quantum number, and v is the effective quantum
nuinber. Like the phase shifts of the continuum states
which go through step changes of m in passing through
shape resonances, the quantum defects of the discrete lev-
els in the outer well should increase by one when an eigen-
state of the inner well passes by. Equivalently, v has to
decrease by one, as v=n —p. In particular, since the
eigenstate of the inner well has to sink below the entire
Rydberg series for orbital collapse to take place, all the nf
levels will be affected in the process. This is verified, for
example, by Band et al. ' who used a configuration-
average Dirac-Fock technique to show that the effective
quantum numbers of the 6s nf and 6s 4f nf levels indeed
decrease by 1 when Z changes from 56 to 57 and from 62
to 63, respectively.

The lowering of the inner well eigenstate into the
discrete excitation region with increasing Z, as well as the
relation between shape resonances and orbital collapse has
been reviewed by Karaziya and will not be discussed fur-
ther here. We should point out, however, that the model
described here follows the traditional view of orbital col-
lapse for neutral systems. In this paper we study collapse
along an isoelectronic sequence instead, in which case not
only does the inner well deepen as Z increases, but also the
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FIG. 2. Theoretical absorption spectra for Xe-like ions. Rec-
tangles are effective oscillator strength distributions of this work
for the 4d~nf 'P transitions (n =4—9). Continuum cross sec-
tions are RRPA results of Cheng and Johnson, Ref. 13.

FIG. 3. Quantum-defect functions for Xe-like ions. Dots are
HF quantum defects for the nf 'P state (n =4—9) calculated
here. Solid lines are RRPA eigenquantum defects for the
4d ~f 'P channel of Cheng and Johnson, Ref. 13.

shape resonance gradually moves below the ionization
limits with increasing Z, interactions with nf levels are
enhanced, resulting in the hybridization of nf wave func-
tions and relatively large oscillator strengths for the
discrete 4d~nf P transitions. (This is the situation be-
tween Ba + and Ce +.) Eventually, this shape resonance
sinks below the entire nf Rydberg series and becomes a
real bound state. Further increase in Z only widens the
energy separations and diminishes the interaction between
the collapsed 4f and higher nf states As a r.esult, the
transition to the collapsed 4f 'P level now carries most of
the available oscillator strengths.

That orbital collapse is basically a resonance
phenomenon can be further verified by analyzing the
phase shift of the f wave function, which should go
through step changes of n. near a resonance. In Fig. 3, we
plot the quantum defects p„of the nf 'P levels (n =4—9)
as functions of photon energy, along with the RRPA
eigenquantum defects p(E) =5(E)/rr for the 4d ~f 'P
channel (p z in Ref. 13). As we have mentioned before,
p„of a Rydberg series should continue smoothly into p(e)
of the continuum state. Again, p„and p(e) do not match

perfectly here, but their energy variations for the first few
members of the isoelectronic sequence do show the pres-
ence of shape resonances in the effective potential. Also it
is obvious from Figs. 2 and 3 that the inner well eigenstate
becomes the lowest 4f state in I.a +. As the collapsed 4f
state does not belong to the Rydberg series of the outer
well, its quantum defect starts to deviate from those of
higher nf levels. In particular, the increasing isolation of
the collapsed 4f state along the isoelectronic sequence
leads to diminishing resonance effect on higher nf states
and hence to slower energy variations in p„. This is most
obvious in Fig. 3, starting from Ce +.

Based on our results, we can now present a clear
description of orbital collapse and its effect on the Ba +

spectrum. Ordinarily, orbital collapse happens so abrupt-
ly that the whole process can be completed with an in-
crease in Z of less than one. ' Along the Xe isoelectronic
sequence, however, it is obvious from Figs. 1—3 that the
collapse in the 'P channel is very slow and covers several
ions. This gives us a chance to observe the transition ef-
fect of partial orbital collapse, which happens when the
inner well eigenstate is lowered into the discrete excitation
region but is not yet below the entire Rydberg series. As
the inner well eigenstate is close to the nf levels during
partial orbital collapse, the amplitudes of nf wave func-
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tions in the inner region are resonantly enhanced. An ex-
ample of this "hybridization" of nf wave functions has al-
ready been given by Band et al. ' who showed that the
probabilities of finding nf electrons in the inner region
could go up by three orders of magnitudes in passing
through the inner well resonance with increasing Z. Fur-
ther discussions of hybrid wave functions can be found in
Ref. 2.

Because of the hybridization of the nf wave functions,
transitions to the nf 'P states are also resonantly
enhanced. The effect is clearly shown in Fig. 2, especially
between Ba + and Ce +. In Figs. 2 and 3, one also notices
that, as a function of photon energy, the center of the
inner well resonance (which becomes the 4f 'P state after
the collapse) really does not move too much along the
isoelectronic sequence. Thus instead of the inner well res-
onance being lowered into the discrete excitation region as
Z increases, the situation can also be described as one in
which the energy of the nf series is being increased to pass
through this resonance. Based on the latter picture, we
can further demonstrate the effect of partial orbital col-
lapse on discrete spectra by plotting in Fig. 4 the effective
oscillator strength distributions of the 4d~5f, 6f, . . . 'P
transitions for Xe-Nd + as functions of photon energy.
The resonant nature of partial orbital collapse is unrnis-
takeable. In fact, the resulting spectrum actually resem-
bles the photoionization cross section of neutral Xe, as
both of them are due to the interaction of the nf, ef wave
functions with the inner well resonance. We note that the
4f 'P lines are omitted in Fig. 4 because their behaviors
are different from those of higher nf 'P lines. In particu-
lar, the latter ones disappear quickly with increasing Z,
while the former ones remain strong after orbital collapse.

The interpretation of the Ba + spectrum is now very
simple. In Fig. 5, we show the experimental and theoreti-
cal Ba + spectrum along with the quantum defects of the
'P channel. According to potential scattering theory, '

the width of a resonance is determined by the rate of in-
crease of p (the slope of the phase shift curve at the center
of the resonance) and its center is located at a point where

p increases by one-half. The latter condition is approxi-

0.5

80 100 120 140

Phot. on Energy (eV)

FIG. 5. Comparison between experimental and theoretical
Ba + spectra. (a) Experimental absorption spectrum of Lucator-
to et al. , Ref. 7; (b) theoretical absorption spectrum as shown in

Fig. 2; (c) quantum-defect functions for Ba'+ as shown in Fig. 3.

mately satisfied at p=0.5, as p starts from a very small
value (or equivalently, p reaches a value of about I) for
Xe-like ions. Thus the quantum defects shown in Fig. 5(c)
not only demonstrate the presence of the inner well reso-
nance, but also show that this resonance is very close to
the 4d threshold in Ba +, with a very broad width of over
50 eV. As a result, the inner well resonance interacts with
and affects both the continuum immediately above it and
the entire Rydberg series below it. This gives rise to the
large cross section at the onset of photoionization, and
strong resonance lines in the observed Ba + spectrum.
The profile of this inner well resonance is clearly seen in
the theoretical absorption spectrum.

In Fig. 5, the agreement between experimental and
theoretical Ba + spectra is in fact quite good, except for
the profiles of the resonance lines. Nevertheless, the com-
parison clearly identifies the observed lines as the
4d~nf 'P transitions, with n=4, 5,6, etc. Also, the areas
under these lines are comparable to those under corre-
sponding rectangles. Thus if the experimental resolution
is very poor, these sharp lines will be averaged out, result-
ing in an observed spectrum that should be much closer to
the theoretical orie.

From these discussions, it is also clear that the 4f 'P
level is always the lowest level in the nf 'P series and is
never pushed into the continuum by the exchange interac-
tion, regardless of how strong it may be. However, in a
CI calculation involving basis functions, the identification
of the 4f 'P level can be a problem when the wave func-
tions are strongly term dependent. In particular, if the 4f
wave function in the basis set is collapsed while the one in
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as opposed to its natural contraction with increasing Z.
From Fig. 7, it is obvious that the potential barrier be-

tween the inner and outer wells disappears quickly along
the isoelectronic sequence. As a result, the outer region of
the effective potential no longer forms a well, and the
name "outer well" is not very appropriate. However, as
the collapse phenomenon depends mainly on the existence
of eigenstates in the inner well, an actual positive potential
barrier is not important. For convenience, we shall con-
tinue to use the name outer well to represent the outer hy-
drogenic region of the effective potential. It is interesting
to note that if there is a strong potential barrier, the tun-
neling effect between the two wells will be suppressed, and
it will be very difficult to find a wave function with sub-
stantial amplitude in both wells. This leads to the sugges-
tion that the transfer of the wave function from the outer
to the inner well should always occur abruptly. ' In reali-
ty, when the potential barrier is poorly defined, as in the
present case, wave functions can be hybridized, and partial
orbital collapse can occur over several stages of ioniza-
tion. This, of course, is crucial to the interpretation of
the Ba + spectrum here.

To show the effect of orbital collapse on nf wave func-
tions, we first note that away from the range of Z where
the 4f orbital is collapsing, these nf wave functions are
determined mainly by the outer well, and are only weakly

perturbed by the inner well. Since the outer well is dorn-
inated by the long-range Coulomb potential, they are hy-
drogenlike, with very small quantum defects (v=n). A
consequence of orbital collapse is the appearance of an ad-
ditional nonhydrogenic state (the lowest eigenstate of the
inner well) below the entire nf series. This is most obvi-
ous if we compare the v's of the nf levels for Z=54 with
those for Z=60 in Fig. 1. It is obvious that the two series
are basically the same, with v nearly an integer for all but
the lowest n =4 levels of Nd +. However, since we always
label the lowest nf state as the 4f, what we call 4f, 5f, . . .
states in Xe actually become 5f,6f, . . . states, respective-
ly, in Nd +. In other words, after 4f orbital collapse
takes place, the nf wave functions should look like the hy-
drogenic (n —I )f wave functions for n )5. This, of
course, is consistent with the fact that the effective quan-
tum numbers have to decrease by 1 so that v=n —1 rather
than v=n. The only exception is the 4f level whose v de-
creases by more than 1, since it no longer is an eigenstate
of the outer well after its collapse.

The situation is clearly shown in Figs. 8 and 9, where
we plot the (configuration-average) HF 4f and 5f wave
functions for Xe, Cs, Ba, and La and for Xe, Cs+, Ba +,
and La +, respectively. Hydrogenic 4f and Sf wave func-
tions are also shown for comparison purposes. As one can
see in these figures, the 4f and Sf wave functions of Xe
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drogenic 5f wave function with Z= 1. Hydrogenic 4f and 5f
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are almost identical to the hydrogenic 4f and Sf ones.
After the collapse, the 4f wave functions of Ba, La, Ba +,
and La + no longer resemble hydrogenic 4f wave func-
tions, but their Sf wave functions clearly resemble hydro-
genic 4f wave functions in the outer region. As for the
hybrid wave functions of Cs and Cs+, they are at a stage
where the eigenstate of the inner well is interacting strong-
ly with those of the outer one. Thus they have sizeable
amplitudes in both wells, and look quite different from
other wave functions.

One also notices in Fig. 8 that there are sudden changes
in the nf (n=5) wave functions from Xe to Ba because of
the orbital collapse, and that the wave functions of Ba and
La are quite similar because they should resemble corre-
sponding hydrogenic (n —1)f (4f in Fig. 8) wave func-
tions with Z= l. Thus even though the 4d ~4f transition
is enhanced by the 4f orbital collapse, 4d ~nf transitions
with n )5 remain suppressed by the potential barrier. On
the other hand, along the isoelectronic sequence, there are
steady contractions of the nf wave functions as shown in
Fig. 9 in spite of the sudden change in the wave functions
in going from Xe to Ba +. As a result, 4d~nf transi-
tions for stripped ions are no longer suppressed even for
higher nf states. However, once the 4f orbital is collapsed
and resides in the inner well, the amplitudes of higher nf
orbitals in the inner region will again be suppressed be-
cause of the orthonormality requirement among nf wave
functions and the eigenfunction properties. This is re-
flected in the rapid decrease in the absorption oscillator
strengths for 4d~Sf, 6f, . . . 'P transitions in higher Z
ions as shown in Table I ~

Finally, we should mention that there are two
equivalent ways of describing the sudden changes in the
nf wave functions from Z=54 to Z=56. If one treats the
interaction with the inner well as a perturbation [more
precisely, treats AV= V,tt(r)+Z, /r as a perturbation],
then the unperturbed nf eigenfunctions of the outer well
should pick up an extra node in the inner region as a re-
sult of orbital collapse. Another way of putting it is that
when the inner well is deep enough, it forces the nf wave
functions to oscillate once in the inner region so that
orthonormality with the collapsed 4f orbital is retained.
Thus in the outer region where these wave functions peak,
they still look like hydrogenic nf wave functions, but be-
cause of the extra node in the inner region, they are classi-
fied as (n +1)f wave functions. Similar observation was
made by Wendin and Starace in a different situation.
They showed that when additional correlation from a
term-dependent HF calculation is used as perturbations in
a configuration-average HF calculation, the 4f orbitals for
Ba and La shown in Fig. 8 are so strongly mixed with the
nf orbitals with n~4 that the latter all lose their inner
nodes. Thus the configuration-average nf orbitals become
essentially the term-dependent (n —1)f orbitals. This, of
course, is due to the fact that the 4f orbitals for Ba and

La are collapsed in a configuration-average HF calcula-
tion but are not collapsed in a term-dependent HF calcula-
tion.

Adiabatically, if we "tune" the nuclear charge continu-
ously, the amplitudes of the nf wave functions in the
inner region will be enhanced when the eigenstate of the
inner well passes through the nf levels of the outer well.
This is what happens to the wave functions of Cs and Cs+
in Figs. 8 and 9. After the inner well eigenstate sinks
below the entire Rydberg series, the 4f wave function
remains nodeless but higher nf ones will have their first
nodes shifted from the outer well into the inner one. At
the same time, there are step decreases of one in the effec-
tive quantum numbers. As a result, higher nf wave func-
tions actually look like hydrogenic (n —1)f ones. An ex-

ample of this change is given by Band et al. ' for the Sf
wave function of the 6s nf configuration for Z=56 to 57.
Regardless of which approach one takes, the fact remains
that the collapse of the 4f orbital leads to the appearance
of a node in the nf wave function (n )5) in the inner re-

gion, and the relabeling of the Rydberg series.

V. CONCLUSION

In this work, we reexamine the collapse phenomenon
based on Goeppert Mayer's model. ' We find that the col-
lapse of the 4f orbital for Xe-like ions is strongly term
dependent. In particular, for Ba + the 4f orbital is col-
lapsed in the 4d 4f 'P and D states but is only partially
collapsed in the 'P state. The partial collapse of the 4f or-
bital in the 'P channel is responsible for the observed
Ba + spectrum. The effect of full orbita1 collapse will not
show up in Xe-like ions until Z) 58. Along with the
RRPA results of Cheng and Johnson, ' we further show
that orbital collapse and partial orbital collapse are basi-
cally shape resonance effects arising from the interaction
between the inner well eigenstate and the nf, ef states. Fi-
nally, while our discussions are mainly qualitative in na-
ture, we expect the dominant features of the spectra and
the collapse phenomenon described here to be reliable.
Nevertheless, a more quantitative study of the spectra of
Xe-like ions is still desirable, possibly one using relativistic
many-body techniques such as the multiconfiguration
Dirac-Fock method.

Note added. After the submission of this paper, we
learned that there are two recent papers by Connerade, '

whose interpretation of the 4d spectra of Ba, Ba+, and
Ba + is very similar to ours.
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