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Electron capture into highly excited states in proton-hydrogen collisions
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A new straightforward technique for the evaluation of the rearrangement-scattering amplitude for
the process H++ H(1s)~H(nlm) + H+ has been presented in the continuum —intermediate-state
approximation. We reduce the scattering amplitude to a closed analytical form. The asymptotic
behavior of the capture cross sections with respect to n has also been derived. It has been shown
conclusively that the charge-exchange cross sections asymptotically obey the n power law
throughout the entire energy range of the projectile. It is found that the cross sections for capture
into different angular momentum states can be calculated from the respective asymptotic cross-
section values with the help of a simple scaling law. The present calculated results have been com-
pared with the available experimental findings.

I. INTRODUCTION

The study of highly excited atoms formed by charge-
transfer processes in ion-atom collisions has received ap-
preciable attention both theoretically as well as experimen-
tally in connection with their practical applications in
plasma diagnostics as well as in problems connected with
astrophysics. The availability of Rydberg atoms in Stellar
atmospheres and interstellar space has inspired the experi-
mental workers to produce Rydberg atoms and to study its
various properties in the laboratory. The electron capture
in ion-atom collisions is one of the few techniques used
for the production of Rydberg atoms in the laboratory.
These highly excited atoms possess certain unusual prop-
erties due to their large size and small ionization potential.
Such highly excited atoms have a fairly long lifetime
against spontaneous emission and therefore are of signifi-
cant importance. The cross sections for electron capture in
highly excited states (8 & n & 25) are found to have practi-
cal importance from the standpoint of laboratory produc-
tion of hot plasmas. Plasmas, in general, are produced in
the laboratory from highly excited atoms in a magnetic
field by injecting a fast beam of deuterium atoms. The
atoms in the low-lying excited states are not fully ionized
whereas the atoms in highly excited states (8 & n & 25) are
easily ionized and are suitable for the production of hot
plasmas.

Recently, with the advent of sophisticated modern de-
vices, measurement of cross sections for electron capture
by protons from atomic hydrogen and molecular nitrogen
in the arbitrary excited states is underway. The calcula-
tion for electron capture into highly excited states presents
formidable difficulties to a quantum mechanical treat-
ment. This is due to the presence of a large number of os-
cillations in the final bound state wave function. As a re-
sult, a variety of classical and semiclassical methods ' has
been suggested by the earlier authors to study the transi-
tion between highly excited states. Recently, a few quan-
tal calculations based on the first Born approximation
(FBA), the second Born approximation (SBA),' the
unitarized distorted-wave approximation (UDWA), " and
the eikonal approximation' (EA) are available for electron
capture into highly excited states in proton-hydrogen col-
lisions.

Although the FBA method predicts reasonable results
for charge transfer in H -H collisions, it is well establish-
ed' ' that second-order calculations are essential in or-
der to have a correct high-energy behavior of the charge
transfer cross sections. Among the various types of
second-order calculations available in the literature, cross
sections for electron capture by protons from atomic hy-
drogen into a few low-lying excited states have been re-
ported by the use of the impulse approximation (IA), '

the eikonal approximation (EA), ' ' the
continuum —distorted-wave approximation (CDWA), ' '
and the continuum —intermediate-state approximation
(CISA). In view of the great importance ' for charge-
exchange probability at large impact parameters, the EA
(Ref. 22) and the CISA (Ref. 20) methods are found to be
quite successful for the prediction of cross sections. The
CISA method, recently developed by Belkic, is essential-
ly a two-state, second-order distorted-wave approximation
in the impact parameter formulation. The distortion ef-
fects caused by the inclusion of continuum intermediate
state are incorporated in one of the channels. The capture
probability at large impact parameters obtained by the use
of the CISA is in agreement with that predicted by the
second Born approximation. The quantal version of the
CISA has been shown to be the rigorous first-order term
of a perturbation series. The CISA method has been
shown to be more reliable than the CDWA method for
describing capture at large impact parameters. Belkic
has reported cross sections for electron capture by fast
protons from the ground state of atomic hydrogen into the
final n (3 level using the CISA in the impact-energy
range 25 keV —10 MeV. However, the repeated
parametric differentiation technique has been used by the
author to generate the relevant scattering amplitude for
the calculation of cross sections. The CISA method has
been found to be in excellent agreement with measure-
ments in the intermediate and high-energy region.

The customary procedure for the calculation of cross
sections in the higher excited states by this parametric dif-
ferentiation technique is not suitable from a practical
point of view. This is because of the fact that the number
of such differentiations increases with the increase of the
principal and orbital quantum numbers. The need there-
fore arises for an alternative procedure which is devoid of
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such difficulties and is applicable for any values of n, 1,

and m including that for n ~ oo.
The present paper is aimed at developing a method for

the calculation of cross sections for electron capture in ar-
bitrary n, 1, and m states of fast protons in collision with
ground-state hydrogen atoms in the framework of the
CISA. The scattering amplitude has been reduced to a
closed analytical form which enables one to make a corn-
parative study of the charge transfer cross sections on the
quantum numbers n, 1, and m. The behavior of the
asymptotic cross section for capture into higher angular
momentum states has also been investigated. Our present
calculated results have been compared with the available
experimental findings and other existing theoretical calcu-
lations.

The present paper is organized as follows. In Sec. II, we
give the general expression for the CISA scattering ampli-
tude for electron capture into arbitrary n, 1, and m states
and then show the reduction of the scattering amplitude to
a closed analytical form. The asymptotic form of the
scattering amplitude has been derived in Sec. III. In Sec.
IV the numerical results for the cross sections are present-
ed and discussed. Finally, conclusions are given in Sec. V.
Atomic units are used throughout the paper, unless other-
wise stated.

The total capture cross sation Q;r is defined as

Q'f(ao ) = f ~
T'I/2 iru

~

d r) ~

B. Evaluation of the integral I
The ground-state wave function of the target atom is

e;(x)= (z r)'"e *'", (4)

X iFi (iv, 1;iux +i v x ) . (5)

The above integral can be easily evaluated as

I = 4~~(—z, }'"
az, (p'+z,')

2(lvzT —p'v )
x

(p +zT)

the nuclear charge zT of the target atom being unity. The
I integral in Eq. (2) becomes

—Z&x+i p x

I = — (zr) i fdx
1r dzT X

II. THEORY

A. General expression
for the scattering amplitude

The prior form of the CISA transition probability
for electron capture by fast protons from hydrogen atoms
can be written as

T;f N(u)I I', —
where

I = fdx e' ' "4;(x ) iF, (iv, 1;ivx +i v x ),

I'= fd s 4/( s ),

C. Evaluation of the integral I'

The final bound-state wave function of the hydrogen
atom specified by the set of quantum numbers n, 1, and m
is given by

@nlm( s ) NnlnlR l(s)Ylnl(s )

where the normalization constant

(2y„) +' y„(n —1 —1)!
(n +I)! n (n +I)!

with y„=1/n and R„i(s) and Y~ (s ) represent, respective-
ly, the radial wave function and the spherical harmonics.
We use the integral representation of the Laguerre poly-
nomial contained in R„l(s) and obtain the I integral in
Eq. (2) as

p = —'il —Piv,

q = ri+Pzv,

Pi =&+
2

'

I = —Nnlm( +1). . Pl+P n—
dt

2mi ~ (1—r)z'+~i"

(2)
with

J= ds e ~+'q 's 'Yl s

(9)

(10}
v

p=E
2

'

e=(E; —E~)/v,

N(v) =exp(m. v 2/) 1 1(—iv),

v=1/v .

The phase factor involved in the transition probability has
been neglected because this does not contribute to the
cross sections. @;, 4y, E;, and E~ are the wave functions
and the corresponding electronic energies of the hydrogen
atom in the initial and final states and g is the transverse
momentum transfer perpendicular to the incident velocity
V.

1+t
9 =Xn

1 —t

The angular integration in Eq. (10) can be performed easi-
ly and we arrive at

J =4@i'Yi~(q )f ji(qs)s'+'e i ds . (12)

The radial integration in Eq. (12) is of standard form s

and the J integral reduces to

J4~( lf)p 1Y(q)(2q)l/(p2+q2)l +

Substituting the value of J from Eq. (12) into Eq. (9), we
get
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I'= —N„i 4m(1!)i'Yi (q)(2q)'[(ii+&)Ij

1 F(t)dt
X

2m

F(r) =A "+"(1—2Br +r') "+"
2 2~=q +rn

8=(q —y„)/A .

We express F(t) m terms of a Gegenbauer polynomial
and the contour integration in Eq. (14) can be performed
easily. We obtain

I'= —X„i [(n+!)!]4~(l!)i'Yi (q )(2q)'

X C„'+,', (~)A -"+".

Expressing thc Gcgcnbaucf polynoInial in terms of hypcr-
geometric series, we get

g.22l+3 ~('li y~ (~) lA —(I+i)
(2I 1)) Im q q

1 —A,y pF) a, b, e,
2

I
g ~ 3/2 g(1 ~ &2)

r=O

verse momentum transfer g has been performed numeri-
cally by the Gauss-Legendre quadrature method. The
value of q has been increased stepwise until the desired ac-
curacy of 0.5% in the total capture cross sections is ob-
tained. As a numerical check on our general computer
program all the earlier results for the low-lying states re-
ported by Belkic have been reproduced.

From the table it is interesting to note that the n -times
cross section for different values of I tends to a constant
value in a consistent manner with the increase of n at each
incident energy depending only on the energy of the pro-
jectile. The values of the n -times cross section for n =20
are in close agreement with the asymptoic cross-section
values at all energies. Thus the n law is obeyed by the
CISA cross section throughout the energy range of the
projectile considered and this behavior is in correspon-
dence with the previous investigation. ' However, this
law has been found to be satisfied more significantly by
the FBA, SBA, and EA calculations as compared to the
present CISA calculation. The present CISA cross sec-
tions are found to decrease rapidly with the increase of the
energy. In general, the cross sections decrease rapidly
with the increase of /. However, the cross sections for the
np state are found to be larger than those of the ns state in
the intermediate-energy region, whereas the cross sections
for I =0 states are found to be larger in the high-energy
region. Although we have not shown in the present table
the m-dependent cross sections, it has been found that the

a =n +1+1,
b =—n+l+1,
e=l+ —, .3

III. ASYMPTOTIC FORM
OF THE SCATTERING AMPLITUDE

The behavior of the asymptotic cross sections for cap-
ture into any angular momentum states is of great irnpor-
tance. It has been found that S 'I' is almost independent
of the principal quantum number n in the intermediate-
and high-energy region of the projectile and with the in-
crease of n, S 'I' quickly approaches the limiting values
as n~cc. With the increase of the principal quantum
number n we get

lim y„=0 .

)0

020
C3
UJ

)02}

The limiting values of S 'I' are obtained as

(5 'I')„=8+i F)~(q )q jl(2/q) .

Using Eqs. (1), (3), (6), and (25), the asymptotic capture
cross sections can be found easily for any angular momen-
tum state.

IV. RESULTS AND DISCUSSION

The results of our numerical calculations of the in-
tegrated cross sections for electron capture by fast protons
into arbitrary n, 1, and m state from the ground state of
atomic hydrogen have been presented in Table I. To ob-
tain the total cross section, the integration over the trans-

25 40 50 &00 200 400 600 &000

IMPACT ENERGY (keV)

FIG. 1. Cross sections for electron captur'e by protons in the
4s state from the ground state of atomic hydrogen. Theory:
solid curve, present work; dashed curve, Belkic and Gayet (Ref.
18); dashed-dotted curve, Chan and Eichler (Ref. 12). Experi-
ment: O, Hughes et aI. (Ref. 27).
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cross sections for the m =0 state for a given n and l are
maximum.

The asymptotic capture cross-section data are extremely
useful for giving a reliable estimate for capture into excit-
ed states with moderate and high values of n, since S 'I'
has been found to be more or less constant at high ener-
gies. To obtain the n cross section for capture into the
"nl" state, the asymptotic n capture cross section for a
particular angular momentum state should be multiplied
by the factor

of Hughes et al. The present calculation is found to be
in quite good agreement with the measurements. The
CISA results slightly overestimate the cross sections calcu-
lated by the CDWA approach. This overestimation is in
correspondence with the previous investigation for cap-
ture in the 2s and 3s excited states of atomic hydrogen.
However, the EA (Ref. 12) results are closer to the experi-
mental values as compared to the CDWA and CISA cal-
culations.

V. CONCLUDING REMARKS

r=0

Obviously, a better result is expected for large values of n

and with the increase of the incident energy of the projec-
tile. However, at intermediate energies and moderate
values of n, this rule may be applied with a sufficient limit
of accuracy. For comparison with the actual calculations
we have calculated the values of cross sections for a few
excited states by applying the above rule (not shown in the
table). The close agreement between these results indicate
the applicability of the scaling rule in prediction of the
various cross sections for capture into different angular
momentum states.

In Fig. 1 we compare our present results for capture in
the 4s excited state with the CDWA (Ref. 18) and the EA
(Ref. 12) calculations as well as with the experimental data

A new straightforward method for the evaluation of the
CISA scattering amplitude has been developed without
imposing any restrictions on the values of the quantum
numbers n, I, and m of the excited states of atomic hydro-
gen. The scattering amplitude is reduced to a closed
analytical form which can easily be evaluated numerically
and requires little computation time. The asymptotic
form of the scattering amplitude as n~co may be ob-
tained without encountering any further difficulties. The
data of the asymptotic capture cross sections are useful to
give an estimate of the cross sections into various excited
levels with the help of a simple rule. For capture into
highly excited states, the n law for the CISA cross sec-
tion for the electron capture into any angular momentum
states is found to be satisfied at all incident energies.
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