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Hydrodynamics of desorbing adsorbate
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A two-dimensional hydrodynamic model of adsorbate behavior is modified by including the
isothermal desorption. It is shown that for mobile adsorbates at reasonable temperatures and

coverages it is the desorption which provides the dominant momentum nonconserving process
and that the short-wavelength sound modes can propagate in the adsorbate provided desorption
time is not too short.

In a recent paper' Ramaswamy and Mazenko pro-
posed a model of the two-dimensional hydrodynam-
ics, which should describe the behavior of a low-
coverage adsorbate gas on a solid surface.

The basic ingredient of their theory is a new fric-
tion coefficient o-' which accounts for adsorbate
momentum nonconservation due to one-particle
adatom-substrate interaction. It turns out that such
a "minimal" modification of conventional hydro-
dynamics already leads to interesting predictions.
One of them, very important theoretically, is that the
one-particle friction controls the infrared singularities
responsible for divergences of the two-dimensional
transport coefficients. The other one, of a great ap-
plied interest, is that at sufficiently low values of the
friction coefficient o-' there should be a short-
wavelength sound mode propagating in the adsorbate.

The aim of this Brief Report is to indicate another
physical mechanism, namely, isothermal desorption,
which can influence andior leads to the occurrence of
these short-wavelength sound modes. We shall also
argue that for mobile adsorbates, like Xe on W, it is
the desorption which plays the major role in one-
particle momentum nonconservation.

According to the model proposed in Ref. l, one-
particle adatom-substrate interaction leads to the ap-
pearance of a new momentum nonconserving term in
otherwise conventional Navier-Stokes equations.
This new term has a form —a-'v, where v is the ad-
sorbate fluid velocity. For systems with not too high
heat of desorption, isothermal desorption is also a
phenomenon leading to not only particle but also
momentum nonconservation. The particle number
nonconservation can easily be incorporated into the
continuity equation by adding a sink term of the form
—n[n( r, t) —no], where no is the equilibrium adsor-
bate density and n( r, t) is an actual density. Each
particle leaving the adsorbate will take with it
momentum —m v, thus the Navier-Stokes equation
should also be supplemented with a term
—(n+ tr') v. Neglecting, similarily as in Ref. 1, the

heat conduction equation, we can write the hydro-
dynamics equations for our adsorbate in the form

B,n( r, t) +'0 [n( r, t)v( r, t)] = —n[n( r, t) —no]

r), v ( r, t) + v ( r, t) '7 v ( r, t)

= —'VlL+ 0 v( r, t) —( n+a') v( r, t), (2)

where p, is a properly normalized chemical potential
for the adsorbate and 0 is a tensor operator contain-
ing collective adsorbate transport coefficients —longi-
tudinal and transverse viscosities.

Equation (2) is identical in form to that used in
Ref. 1; there is, however, an important difference in
the meaning of the coefficient a. = a-'+n in Eq. (2)
and in the previous work. ' The rate n in Eqs. (1)
and (2) should be identified with inverse desorption
time tq ', and therefore describes a thermally activat-
ed process for which not only both activation ener-
gies and relevant prefactors in the Arrehnius-Frenkel
formula are known experimentally, but the theory of
which is relatively well developed. 2 4 On the other
hand, o.' was identified in Ref. 1 with, also thermally
activated, the surface diffusion process. As we shall
see, that identification is not entirely convincing if
only for purely numerical reasons.

It is also somewhat disturbing that recent theoreti-
cal calculations for one-particle surface diffusion'
differ considerably from the Monte Carlo simula-
tions, while in a different but somewhat related
problem of crystal growth with surface diffusion
there is complete agreement between both results. It
would be interesting to see the theory of surface dif-
fusion reconsidered possibly along the line of a recent
suggestion as to the validity of the Brownian-motion
theory of activated processes. 8

Adding to the right-hand side of Eq. (2) a fluctuat-
ing force g, which as in Ref. 1 is assumed to be a
white noise with the correlation function given in the

Qc1983 The American Physical Society



BRIEF REPORTS 2549

Fourier space as

( (~ ( k, co) fp ( k, co') ) = 2 ks T (2m) 5( o) + o) ') 5 ( k + k ) [ a o,I, + A,g ( k ) ] (3)

where Q,b(k) is the Fourier transform of the
viscosities term 0 in Eq. (2), and linearizing result-
ing equations around (n = np, v =0) state, one easily
calculates all the relevant correlation functions
C(k, co). From all these functions the density-
density correlation function C„„is of main interest as
it presumably can be measured in scattering experi-
ments.

We found that C„„has the form

C„„(k,o);k, o)') =2ksTnp (2m)'

x 5'"(k+ k )5(o)+(o')S(k, o))

(4)
where the structure factor S(k, cu) is naturally ex-
pressed in terms of the dimensionless quantities

/=co/ck, y= (a +vt k )/ck, X =n/ck, (5)
as

S(k, cu) =y/[c k[(g —1) +f (y +X ) +2yX])

In the above, c is the adsorbate sound velocity and
vL, is the adsorbate longitudinal kinematic viscosity.

For X =0 we recover the Ramaswamy and Mazen-
ko result; for finite X, however, the structure factor
Eq. (6) differs considerably from that in Ref. 1. For
values of y and X obeying

~2 ++2 (7)

S(k, cu) develops a three-peak structure with a cen-
tral peak and two side peaks corresponding to sound
modes. The dispersion relation for these modes can
easily be found from Eq. (5), and it reads

&+=+ [1——,(y'+ X')]"',
or, in usual variables,

co+ = + cJc [I —[n~ + ( u + a-' + v /c ) ]/2 c g ) '/ (9)

Notice that the sound mode peaks are there even for
a-'—=0 and that their dispersion is essentially different
from that in a viscous fluid.

Equation (7) is, in fact, a window condition for the
sound waves. Indeed, solving Eq. (7) for wave vec-
tors k, one finds that these waves propagate for k
obeying k ( k ( k+, where

k+=(c/VL) [1—(u+a')VL/c ] (1 + (I —(2n +o' +2na')VL~/[c~ —(u+o')v ] ) ) /

The requirement that this window stay open restricts
values of the coefficients cr' and o.. We found that

a (c /2vL, =og

and

u & 2o.,[(2 —o'/a, ) '/' -—1] (12)

Condition (11) is identical to that found in Ref. 1 but
condition (12) is entirely new. It says that the
desorption rate is bounded from above by 2', and
that in the absence of other one-particle momentum
nonconserving processes a-'=—0, the sound waves will

propagate only when the desorption time td is larger
than td =2.414a., '.

For values of y~ + x~ )2 the structure factor
S(k, ru) develops a broad highly non-Lorentzian
shape corresponding to a combined viscous and
desorption decay of an excess adsorbate density fluc-
tuation.

Attractive as it is, our result requires careful
analysis of the parameters before its physical
relevance could be fully appreciated.

Typical systems to which the above analysis
presumably applies are those which have been recent-
ly studied from the point of view of the desorption

I

kinetics and the surface diffusion. These are Xe, 0,
and W adsorbates on the (110) surface of tungsten.
For these systems kinetic theory of desorption
developed in Refs. 3 and 4 should apply at least
within the temperature range ODw/5 ( T & 50Dw,
where OD~ =405 K is the Debye temperature for
tungsten.

On the other hand, there seems to be no satisfacto-
ry theory of adsorbate surface diffusion and, as men-
tioned above, theoretical calculations5 for W on W
are in disagreement with Monte Carlo simulations. 6

It therefore appears that it is quite difficult to esti-
mate values of coefficients a-' and vL while two oth-
ers, c and n, can be given with a considerable degree
of confidence.

For low-coverage adsorbates the sound velocity c
can be estimated as (ks T/m) '/~, and that gives
values of the order of 10 cm/sec (1.13 x 104 cm/sec
for Xe at 200 K to 2.13 x 10" cm/sec for W at 1000
K). The desorption rate u ——rd

' can also be estimat-
ed, using results of Refs. 3 and 4, to be of the order
of 109 sec ' (5.4 x 109 sec ' for Xe on W at
T =40Dw). The surface diffusion for W on W, ex-
trapolated from the high-temperature data, is given
as D =3.64 x10 ' exp( —11487/T) cm /sec. Thus,
for all reasonable temperatures, the bound used in
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Ref. 1 overestimates D by several orders of magni-
tude. The same situation refers to Xe and 0 on W,
when one uses experimental estimates of D. We see,
however, no reasons to identify the friction coeffi-
cient o-' with c2/D as suggested in Ref. 1. In order to
develop collective or hydrodynamical behavior, the
adsorbate has to be rather mobile over the solid sur-
face, and that is what is assumed in the kinetic theory
of desorption. In hydrodynamical description surface
diffusion has to be linked to the surface kinematic
viscosity vl by a two-dimensional analog of the
Einstein-Stokes relation. Lacking such a theoretical
tool we should estimate vL as in Ref. 1 using the
kinetic theory of gases expression for it. That gives
values of vL which are density dependent and, for
reasonable adsorbate densities n(]d =0.01 —0.1, are
of the order of 10 —10 cm /sec. d is the adatom
"radius" assumed to be 4 A. [vL =2.54 x 10 2

cm2/sec for Xe at T =20Dw and nod'= (0.01
—2.15) x10 3 cm /sec for W at the same tempera-
ture and nod2=0. 1]. Notice that such a value of
kinematical viscosity would correspond in three-
dimensional hydrodynamics to a reasonable self-
diffusion value of the order of 10 cm /sec. With
these values of the self-diffusion one would think
that condition (11) can also be satisfied with the
identification o.'= c /D Let us stress. , however, that
the one-particle friction cannot be simply linked to
the self-diffusion of a particle in the fluid. The phys-
ical mechanisms which are likely to determine the
value of cr' are these related to adatom-surface de-
fects interactions. Condition (11) gives therefore an
upper bound for the possible values of o-'.

Equation (12) gives also an upper bound for the
desorption rates o, . Using available data for mobile
adsorbates (low-coverage physisorbed gases with rela-
tively small activation energies for desorption), one
finds that u obeys the inequality (12) for most of the
densities and temperatures. Indeed, using the Xe on
W values for td and for small values of a-', we found

that Eq. (12) is satisfied for T & ODw at density
npd =0.01, and for essentially all temperatures at
higher density nod =0.1.

What remains now is to estimate the width of the
wavelength window in which the sound modes (9)
can propagate. Using Eq. (10) and again assuming
o-'=0 one finds for Xe on W at T =2 ODw and
nod2 =0.01, k+ ——0.12 A ' and k =4, 5 x 10~ A '.
That seems to be a convenient wave-vector range for
most of the scattering experiments.

We conclude therefore that the sound modes
predicted originally by Ramaswamy and Mazenko'
should propagate in a mobile adsorbate with density
nod' «0.1 and for temperatures in between ODw/2
and SODw. For these systems the isothermal desorp-
tion constitutes the major, if not the only, one-
particle momentum nonconserving process.

The open question is whether the theory proposed
in Ref. 1 and amended in this Brief Report can be
derived from a more microscopic picture. Such a
derivation would certainly direct some light not only
on the meaning of cr' but also on the role that the
one-particle momentum nonconserving processes
play in controlling infrared divergences leading to
well-known "nonexistence" of two-dimensional
transport coefficients. Adding one-particle friction
terms of the form —a v [cf. Eq. (2)] is physically
equivalent to making the system three dimensional.
Finally, one should also try to include the two-
dimensional energy transport into the full two-
dimensional hydrodynamics.
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