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Generalized van der Waals etluation for nonequilibrium fluids
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The inclusion of dissipative fluxes in the set of independent thermodynamic variables leads, among other
features, to a modification of the equations of state. Here, we introduce into the van der Waals equation
the generalized pressure obtained in extended irreversible thermodynamics and analyze the influence of a
shear stress or a heat flux on the critical point of a fluid.

Some interest has been devoted to the formulation of a
thermodynamic framework for nonequilibrium fluids includ-
ing the dissipative fluxes (heat flux, viscous pressure ten-
sor) as independent variables. ' ' In the usual descriptions,
dissipative fluxes are considered as fast variables, and are
therefore excluded from the set of basic independent vari-
ables, namely, the slow or conserved ones. However, if
some experiment is done on the system at a frequency
whose inverse may be comparable to the relaxation time of
the fluxes, or if for some reason their relaxation times be-
come long enough, the fluxes must be considered as
"slow" independent variables in the thermodynamic formal-
ism. The inclusion of the fluxes as independent variables of
the fundamental equation of the system leads to a number
of modifications of the usual thermodynamic framework,
not only at the level of constitutive equations, 4 but also in
fluctuation theory' and in the equations of state. ' This
latter aspect has not been explored enough, and its conse-
quences are mainly unknown. The purpose of this Brief
Report is to show one of the possible applications of these
nonequilibrium corrections which shows both the scope and
the present limitations of the macroscopic theory. With this
aim, we analyze here the influence of nonequilibrium
parameters on the critical point of fluids, a problem which
has interested some authors in the last years. " In partic-
ular, we have studied the influence of shear stress and of
heat flux on the critical point of a fluid. Though too simple
in its present form to fit the experimental quantitative
results, our model allows, however, for some nonclassical
effects, not included in the usual theories of irreversible
thermodynamics.

For a simple fluid under a shear stress, the theory of ex-
tended irreversible thermodynamics leads for the free ener-
gy f per mole to the following differential relation'

df = —s dT pdu+ (ru/2q)p":dp"— ,

where s and v are, respectively, the entropy and volume per
mole, p and T the pressure and absolute temperature, P" the
traceless viscous pressure tensor, g the shear viscosity, and
r the relaxation time of P". For the sake of simplicity, and
in accordance with the indications of experimental results in
a range of densities, we assume that the relaxation time 7. is
linear in v, i.e., inversely proportional to the density of the
fluid. Furthermore, we assume that the viscosity is in-
dependent of v, i.e., of density, though it depends on tem-
perature. With these hypotheses, a simple explicit expres-
sion for the pressure p may be obtained from the equality of

second-order mixed derivatives of (I), namely,

p =po —(r/2') P":P" (2)

Here, po stands for the local-equilibrium pressure and the
double dot indicates double contraction of the corresponding
tensor s.

Obviously, the thermodynamic theory cannot predict the
explicit form of the equation of state, which must be ob-
tained from statistical theory or from experimental work.
As an explicit form of the equation of state, we take here
the van der Waals equation, which is the simplest one lead-
ing to a critical point. Now, besides the usual correction
p = p;d —av ' to the pressure p;d of the ideal gas, due to at-
tractive interactions among molecules, we must consider
also the nonequilibrium correction obtained in (2). In such
a way we are led directly to the following generalized van
der Waals equation,

(p+au '+rely')(u —b) =RT (3)

Here, A is the constant of gases, a and b are the usual
parameters of the van der Waals equation, and we have
considered a Couette plane flow with shear rate y, so that
P|P| 2 2 2

When the conditions defining the critical point,

6 =0 and
Bv

8 p 0
lJ T

(4)

(5)

T, (y) = T, —
9 (u, /R ) rvly2

where u, =3b, p, = a/27b', and T, =Sa/27Rb are the
respective critical values in equilibrium.

An analogous formulation may be developed for the case
when the fluid is under a heat flux. In this case, the free
energy per mole is, instead of (I),

df = —s dT pdu+(r'u/ZT) q dq— (6)

with q the heat flux, P the thermal conductivity, and v' the
relaxation time of q. Assuming, as in the previous case,
that v. ' is linearly proportional to v and that A. is independent

are applied to Eq. (3), one obtains for the critical volume,
pressure, and temperature, up to the first order in y', the
following values:

u, (y) = u, —,
' (u,'/RT, )rrly'—
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[p+ au 2+r'(h. T) 'q2](v —b) =RT (8)

whose corresponding critical values of volume, density, and
temperature are

u, (q) = u, ——,(v2/RT, ) (r'/ZT, ) q'

p, (q) = p, ——, (r'/) T, ) q'

T,(q) = T, ——', (u, /R)(r'/ZT, )q'

Our results may be partially compared with those obtained
by Onuki and Kawasaki in a series of papers. " In the
case when the fluid is under a shear stress and using
renormalization-group techniques, they obtain, for the criti-
cal value of the temperature,

T, (y) = T, —0.0832m(k, (o)'/" (10)

Here, e = 4 —d, d being the dimensionality of the system; go
is a length related to the correlation length g of the system
by g = go[ ( T/T ) 1] ", with v the critical exponent which
describes the divergence of ( when Tapproaches the critical
temperature. The critical wave number k, is determined by
equating the decay rate I k of the order parameter to the
shear rate y. The decay rate is given in the dynamic scaling
theory by I k ——k'A(k(), where z is a critical exponent. In
the problem of Onuki and Kawasaki, and for k( ) 1, z =3,
and A(kg) = ksT/16', so that their result may be written
as

T,(y) = T, —0.0832T,(16'(o/ksT, )' '"y' '"

For an aniline-cyclohexane mixture in three dimensions
(z =3, v =0.63), (11) takes the form

T,(y) = T, —1.3 x10 4yo 53 K (12)

This is in good agreement with the experimental results of
Beysens and Gbamadassi. '

In order to facilitate the comparison of our result (5) for
the nonequilibrium critical temperature, we may consider in
the corresponding expression in (5) that r =7i/p„so that
we obtain

T, (y) = T, —6 T, (16riu, /RT, ) y (13)

The comparison between (11) and (13) is more direct if we
define a length I as /=(u, /N&)'/3, where N~ is Avogadro's
number. We note, however, that the exponents and the
coefficients of (11) and (13), respectively, do not coincide.
Of course, this is not surprising, since our theory, as well as
the classical van der Waals equation, behaves as a kind of
"mean-field" phenomenological theory with an analytic
development. In the case of the van der Waals equation,
the mean field is related to the interactions among
molecules, while in our case, the mean field is related to the
nonequilibrium distortion of. the pair-correlation function,
which is the physical origin of the corrections to the pres-
sure. This nonequilibrium correction seems to be a nonana-

of v, one gets for the generalized pressure

p = po —(r'/ZT) q'

This leads to a generalized van der Waals equation of the
form

lytic function of the shear rate, according to molecular
dynamics computations, this being the cause of the
disagreement with our macroscopic analytic theory. A more
general phenomenological analysis would be possible along
the lines of extended irreversible thermodynamics but,
lacking more precise data, it would be merely formal.

Let us note also that in the case of helium near the super-
fluid transition, Onuki" has obtained, for the surface critical
temperature, the following relation:

T„(q) = T„—11.7x10 q K (14)
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where T„ is now T&, the P temperature. This is in fair
agreement with the temperature at the interface of Her and
Heal under heat flow. "' Also in this case, the exponent
of the correction does not coincide with our exponent, due
to the usual nonanalytic behavior of the equations of state
near the critical point.

On the other hand, Hanley and Evans" have carried out
a molecular dynamics computation of nonequilibrium
corrections to the pressure, and have obtained
p =po+pIy, in the case of a fluid under shear. In spite
of its nonanalytica1 behavior, this development does not fit
the exponent predicted by the microscopic theory of Onuki
and Kawasaki.

An evaluation of the coefficient ri'v,'/R'T, appearing in
(5) for noble gases (v, = 10 ' m'/mol, T, = 10' K,
ri =10 ' N s/m') leads to a value rl'u, '/R'T, =10 '" s', so
that in order for the corrections in (5) to be appreciable,
one should use perturbations with a frequency of the order
10" Hz. This result is quite logical, since the relaxation
times of the fluxes in simple fluids are of the order of 10
s. However, in viscoelastic fluids these relaxation times are
usually much longer, so that these effects may be more
easily appreciated. Furthermore, near a critical point it is
possible that collective effects may contribute to making the
relaxation times considerably longer than in the usual situa-
tion, but this is evidently far beyond the scope of the
present simple formalism.

As a conclusion of this Brief Report we outline that the
nonequilibrium corrections to the equations of state predict-
ed by extended irreversible thermodynamics are not merely
academic, but that they may have an experimental meaning.
The dynamical equations may indeed influence the equa-
tions of state, as is shown by the presence of the dynamical
critical exponent z in the nonequilibrium corrections to the
critical point in (11). Though in its present form our for-
malism is too simple to predict the correct values of the ex-
ponents and the coefficients —a usual shortcoming of
phcnomenological mean-field theories —it may provide a
starting point for a more general development. Such a
framework, which includes in the equations of state not
only equilibrium but also nonequilibrium dynamical proper-
ties, may provide a natural and direct treatment to some
phenomena such as the one dealt within this paper.
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