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Optically induced Freedericksz transition and bistability in a nematic liquid crystal
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An Euler equation, consistent with Maxwell s equations, for describing the optically induced spa-
tial reorientation of the director of a homeotropically oriented nematic liquid crystal is obtained for
the case of normal incidence. The exact solution describing the orientation of the director is ob-
tained. By examining the maximum deformation angle near the threshold, the threshold intensity
and the criterion for the physical parameters that indicate whether the transition is first- or second-
order at the threshold are obtained. The hysteresis accompanying the first-order Freedericksz tran-
sition is discussed. By choosing a compound (PAA, p-azoxyanisole) with suitable material parame-
ters from known nematic liquid crystals, an experiment is proposed to observe, for the first time, a
first-order Freedericksz transition in nematic liquid crystals. The Zeldovich approach [Sov.
Phys. —JETP 54, 32 (1981)]based on the geometrical-optics approximation is shown to be internally
inconsistent and also inconsistent with the geometrical-optics approximation. The Euler equation
using a self-consistent geometrical-optics approximation is also obtained, and turns out to be identi-
cal to our exact Euler equation, but different from the infinite-plane-wave approximation used by
Durbin et al. [Phys. Rev. Lett. 47, 1411 (1981)j. Detailed comparisons between our approach and
the Durbin approach are made. The dynamics of the transition are discussed and an approximate
solution is given. The transient responses to the laser switch-on and switch-off are shown to have
exponential time dependence. Finally, the effects of surface interactions on the transition are dis-
cussed and the exact solution is given. The procedure for determining the threshold, the saturation,
and the parallel-state-maintenance intensities is given. We also discuss the first-order transition and
propose experimental methods manifesting the effects of surface interaction. The criterion for the
transition to be first order at any intensity is given.

I. INTRODUCTION

The nonlinear optical properties of liquid crystals in the
isotropic phase have been studied quite extensively in the
past decade. ' The liquid-crystal phase was considered
by Shelton and Shen who studied the normal and umklapp
optical third-harmonic generation in cholesteric liquid
crystals. ' Their experimental results agreed well with
their theoretical predictions. In 1979, Herman and Serin-
ko suggested that larger optical wave-mixing efficiency
could be obtained in the nematic liquid-crystal (NLC)
phase than in the isotropic phase, if the NLC is main-
tained in an external magnetic field near the Freedericksz
transition. ' The theory has been extended and verified
experimentally by Khoo and Zhuang. " Recently, the
purely optical-field-induced nonlinear interaction between
a normally incident light wave and a homeotropically
oriented NLC cell has received a great deal of atten-
tion. ' ' Studies have shown that there exists a charac-
teristic threshold intensity below which no molecular
reorientation can be induced. This effect was explained
qualitatively by Zolot'ko et al. in 1980.' A quantitative
theory of the optically induced Freedericksz transition
was constructed by Zel'dovich, Tabiryan, and Chilingar-
yan' (hereafter referred to as the Zel'dovich approach),
using the geometrical-optics approximation in 1981.'

They obtained the solution for the spatial distribution of
the director and predicted that near the threshold the
maximum deformation angle is proportional to the square

root of the excess of the intensity above the threshold in-
tensity and that for certain NLC's the Freedericksz transi-
tion is accompanied by hysteresis, which they claimed has
no analog in the case of a static dc field. ' ' In fact, it
was shown by Deuling and Helfrich' ' in 1974 that for a
twisted NLC cell and a conducting nematic cell with a
NLC of strong conductive anisotropy and a dielectric an-
isotropy of opposite sign the Freedericksz transition can
be first order and one can obtain hysteresis. In 1981, Dur-
bin, Arakelian, and Shen (hereafter referred to as the
Durbin approach) reported the first observation of the op-
tically induced Freedericksz transition in nematic 5CB
(4-cyano-4'-pentylbiphenyl); their results were in quantita-
tive agreement with their theoretical predictions using the
infinite-plane-wave approximation. Also in 1982, Khoo
presented an approximate solution that assumed equal
elastic constant and small optical dielectric anisotro-
py. ' Explicit analytic expressions were obtained in the
small-angle linearized approximation. Khoo also made a
quantitative experimental verification of the associated
nonlinear optical processes. It is because of their large an-
isotropies and associated nonlinear effects that NLC's
have received considerable attention. Experimental results
show that the optical nonlinearity of NLC's has a value
larger by eight to ten orders of magnitudes than that of
carbon disulfide (CSz) and a name "gigantic optical non-
linearity" (CsON) has been given by Zel'dovich to such
large nonlinearities lz —l6, 20 %Phile Zel'dovich and Durbin
take these large anisotropies into account, approximations
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were made which do not properly describe the resulting
nonlinear effects. Clearly, an exact theory is desirable for
a rigorous study of the interaction between the optical
field and the NLC.

The study of the action of an optical field on a NLC is
complicated because the field is propagating in an inho-
mogeneous anisotropic medium having a dielectric tensor
depending on both the intensity of the optical field and
the position, and therefore the field and the Poynting vec-
tor vary in space. Moreover, as appreciated by Durbin,
not only the electric energy, but also the magnetic energy,
of the optical field depend upon the orientation of the
NLC molecules. A theory should encompass all of these
aspects of the problem. Zel'dovich' realized that the
complex amplitude of the electric field is to be determined
in a self-consistent manner from the solution of Maxwell's
equations. However, in order to obtain the Euler equation
for the director, Zel'dovich found it necessary to assume
that the amplitude of the electric field is fixed when vary-
ing the total free energy. After obtaining the Euler equa-
tion for the director, the geometrical-optics approximation
was then introduced to obtain the final equation describ-
ing the director. Moreover, the magnetic energy of the in-
cident beam was neglected and only the electric energy of
the incident beam was assumed to be responsible for the
molecular reorientation by the optical field. Evidently,
such an approach is internally inconsistent since the tirne-
averaged electric and magnetic energy densities are equal
even within the accuracy of geometrical-optics approxima-
tion, ' and the amplitudes of the fields are not fixed but
depend on the local director. ' ' ' A different approach
is used by Durbin, in which the total electromagnetic en-
ergy density is written as the ratio of the magnitude of the
Poynting vector to the ray velocity. The infinite-plane-
wave approximation in which the magnitude of the Poynt-
ing vector is assumed to be a constant is then introduced.

In this paper, we present an exact solution, which is
consistent with Maxwell s equation, for describing the op-
tically induced spatial reorientation of the director of a
homeotropically oriented NLC for the case of normal in-
cidence. By first showing that the time average of the z
component of the Poynting vector is a constant
throughout the medium, the total electromagnetic energy
density can then be expressed as the ratio of the intensity
of the incident field to the phase velocity, where the z axis
is normal to the NLC cell surfaces. This conclusion is
shown to agree with the geometrical-optics approxima-
tion, but disagrees with the infinite-plane-wave approxi-
mation. The Euler equations for the director, using the
exact approach as well as a self-consistent geometrical-
optics approximation, will then be obtained and compared
with those obtained from the Zel'dovich approach and the
Durbin approach. The Euler equations obtained from the
first three approaches turn out to be the same, although
the Zel'dovich approach is shown to be internally incon-
sistent and also inconsistent with the geometrical-optics
approximation. We also obtain the exact solution describ-
ing the orientation of the NLC. In particular, we examine
the maximum deformation angle near the Freedericksz
threshold and obtain the criterion for the optically in-
duced Freedericksz transition to be first order. The cri-

terion shows that for a NLC with large dielectric and elas-
tic anisotropies, the transition can be first order; the
characteristic of being first order is more favored in the
Durbin approach than this approach. By examining the
material parameters from known NLC's, we show that the
observation of a first-order Freedericksz transition is pos-
sible in PAA (p-azoxyanisole) in this approach and is pos-
sible in many NLC's in the Durbin approach. The hys-
teresis accompanying the first-order Freedericksz transi-
tion is shown to be similar to that proposed by Deuling
and Helfrich' ' for a twisted NLC and a conducting
NLC cell in a static electric field, but is different from
that proposed by Zel dovich. In our prediction, the rising
and falling transitions exhibit the same deformation for
intensities greater than the rising threshold intensity, and
the changes at both the rising and falling threshold inten-
sities are discontinuous.

We also discuss the dynamics of the transition. The
transient responses to the laser switch-on and switch-off
are shown to have exponential time dependence. Finally,
the effects of interfacial interactions between the NLC
and the surfaces on the molecular reorientation are dis-
cussed and the exact solution is given. The results show
that as the anchoring strength decreases, the threshold in-
tensity will be lower and there will be a saturation intensi-
ty above which the NLC will orient parallel to the sur-
faces. Once the parallel state is attained, the minimum in-
tensity needed to maintain the parallel state can be dif-
ferent from the saturation intensity and can even be less
than the threshold intensity. The criterion for the ex-
istence of the first-order transition at the threshold inten-
sity with finite anchoring is shown to be different from
the ease of rigid anchoring strength. By examining the
maintenance intensity as a function of the maximum de-
formation angle, we obtain the general criterion for the ex-
istence of a first-order transition. Using the dependence
of the maximum deformation on the anchoring strength
and the cell thickness, we propose three simple experimen-
tal methods to manifest the effects of finite anchoring on
the transition.

In the following sections we first discuss the exact Euler
equation and the Durbin approach. We then make a de-
tailed comparison between the self-consistent
geometrical-optics approximation and the Zel dovich ap-
proach in Sec. III. A section on the solution describing
the orientation of the NLC follows, including a discussion
of the first-order transition and the experimental observa-
tion. Finally, the dynamic behavior and the effects of the
interfacial interaction on the transition are discussed.

IL EXACT EULER EQUATIGN
AND DURBIN APPROACH

Let us consider a homeotropically oriented NLC cell of
thickness d confined between the planes z=O and z =d of
a Cartesian coordinate system. In the cell, the average
direction of NLC orientation is given by the director n( r ).
The NLC director always lies in the xz plane and in the
absence of a light beam, the directors are parallel to the z
axis everywhere. We let 9(z) be the tilt angle between the
director and the z axis. Then the director can be described
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by n ( r ) =n (z) = (siri8, 0,cos8). A harmonic time-
dependent light beam of complex amplitude E is normally
incident on the NLC medium with the polarization paral-
lel to the plane of incidence, which is the xz plane.

We shall consider the equilibrium orientation of the
director. Then the NLC can be considered as a noncon-
ducting and nondissipative medium where no mechanical
work is done. On taking the time average of the energy
flow

F, pt +divS =0,
Bt

we find that

(2.1)

div(S) =0, (2.2)

where F,~, is the energy and S= (c /4m )EX H is the
Poynting vector of the optical field. Therefore, we con-
clude that the time average of the z component of the
Poynting vector is a constant throughout the medium. To
show that the magnitude of the Poynting vector is not a
constant, it is sufficient for us to show that S„(z)is not a
constant even for the case of normal incidence. By
Maxwell's equation curlH=(1/c)BD/Bt, we obtain D, =0
for a normally incident wave. Consequently, using
D=E E, we have E,= —(e&3/@33)E„and S=S,(A/3/E'33,

0,1). Since e~~/e33 varies with z, we conclude that S„and
hence S are not constant, but S, is a constant. This con-
clusion agrees with the geometrical-optics approxima-
tion, ' ' ' in which the time average of the z component
of the Poynting vector is a constant, but disagrees with the
infinite-plane-wave approximation in which the time aver-
age of the magnitude of the Poynting vector is a constant.

In general, the wave vector of the fields can be ex-
pressed as con&/c, where c/~ nz

~

is the phase velocity
and co is the frequency of the incident wave. In terms of
nz, the electric and the magnetic energy densities can be
written, respectively, as

Sn„/c, where S is the magnitude of the Poynting vector,
c/n„ is the ray velocity with

F,~, =In(8)/c, (2.7)

where n =nz for the approach I and n =n, for approach
II.

We shall first consider the static orientation and ignore
the fluctuations of the field and the director. Therefore
the total free energy per unit volume of the NLC can be
written as

—,
' k j ) divn + —,

'
k22 n curln

+ —,
'

k33(n Xcurln ) — n(8)—d r,
C

(2.8)

where k
~ ~, k22, and k33 are the splay, twist, and bend elas-

tic constants. The Euler equation for n(z) resulting from
the variation of the free energy has the following form in
the stationary case:

(1—k sin 8) —k sin8cos8d8 . dO

dz dz

2

(2.6)

and e, =e~~ —e& is the dielectric anisotropy at the optical
frequency co. The last expression is used by Durbin with
the infinite-plane-wave approximation in which (S ) is a
constant throughout the medium. It is therefore of in-
terest to compare the solutions obtained by our approach
and that obtained by Durbin. In what follows, we shall
refer to our approach as approach I, and the Durbin ap-
proach as approach II. In approach I, (S, ) was shown to
be constant, whereas in approach II, (S) is assumed to be
constant, and indeed the constant is the intensity of the in-
cident field, I (if the scattering loss in traversing the medi-
um can be neglected). Thus the total electromagnetic en-

ergy density will be written as

and

F, =E D/8n. = —E.(n~ XH)/8m.

F =B.H/8~=H (n~ XE)/8m .

(2.3)

(2.4)

Inp (P—a)sin8 cos8
(1—asin 8)' (1—Psin 8)

(2.9)

where k =(k33 k]])/k33 and a and P are defined in
Table I. The exact solution of the Euler equation (2.9)
will be given in Sec. IV.

n~ =non, /(nosin 8+n, cos 8)'~2, (2.5)

where no ——~ej and n, =~@~~ are ordinary and extraordi-
nary refractive indices respectively, and e~ and e~~ are the
dielectric constants perpendicular and parallel to the local
director at the optical frequency co. Since S,n~ =Sn„,the
electromagnetic energy density can also be written as

Consequently, F, and F are both equal to S n~/2c, so
that F, and F will make equal contributions to the free
energy although the coupling to the director is entirely
through a torque applied by the electric field. The total
electromagnetic energy density can then be written as
F p$ S.nz /c. Thus, for a normally incident wave,

nz ——(0,0,nz) and the total electromagnetic energy density
can be expressed as the ratio of the z component of the
Poynting vector to the phase velocity, i.e., S,nz/c with

III. CjrEOMETRICAL-OPTICS APPROXIMATIONS
AND ZEL'DOVICH APPROACH

A. Electmmagnetic field and energy

We first discuss the solutions of the fields in the
geometrical-optics approximation in which the NLC
medium is assumed to be a slowly varying dielectric medi-
um so that

d 1

dz ~g,,
is satisfied, where A, is the wavelength of the incident
light.
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TABLE I. A comparison of the different parameters in approaches I and II. In the table, k =(k33 k1))/k33 6 —Ill QJ,
u = 1 —Gj /6ll, w = 1 —(e&/all ), and the CFFT stands for the criterion for first-order transition at the threshold intensity.

Parameter Approach I

Plp

(1—u sin (9)'

&s, )
0

«33(&ll/npe, }(~/d)2
(1—k —9u /4)/4

(11/2 —k+9u/4+63u/4 —9k /2 261u /32)/96

9&i 9+
4 all

Approach II
' 1/2

1 —usln 0
71p

1 —w sin 0

w

ck33(e~
~

/noeze, )(vr/d)
(1—k —9w/4 —3u /4)/4

(11/2 —k +9w/4+ 3u /4+ 63kw/4+ 153wu /16
+ 3ku —9k /2 —261w /32 —189u /32)/96'2

k)1 3 Ej. 9+——+—
4 ~ll

and

H= curlE,
ikp

(3.2)

&2E—grad divE+ k pe E=0, (3.3)

where kp ——co/c. The dielectric tensor of the NLC is given
24

Since the magnetic anisotropy for a typical NLC is of
the order of 10 which is much smaller than the typical
dielectric anisotropy ( —10 ), NLC's can be considered
as nonmagnetic media and the magnetic permeability can
be set to unity throughout all space. By eliminating the
magnetic field in the usual manner from Maxwell's equa-
tions, we obtain

and

(3.9)

Thus, the magnitude of the time-averaged Poynting vector
is not a constant since @~3 and @33 vary with z. But the
time average of the z component of the Poynting vector„
(S,), is a constant which is just the power flux density I
since at z=O, @~3——0 and (S, ) =I. The constant 3 relat-
ing to the amplitude of the electric field can be expressed
in terms of I as follows:

H~(z) =(n pn, /+@33)E„. (3.8)

With the use of S= (c /4m )EX H, the time average of the
Poynting vector is given by

cn pne
S ,0, 1

8m. @33

EgJ EJ6)J +Eg ng nJ (3A)
~A

~
=8mI/cnpn, . . (3.10)

0 0

e, sin8cosO 0 ez+e, cos 8

With n =(sin8, 0,cos8), c can be written as

Ej+E'g s1n 0 0 6g slnO cosO

(3.5)

Equations (3.8) and (3.10) constitute the geometrical-
optics approximation.

Wc now d1sc us s thc electromagnetic energy us1ng thc
geometrical-optics approximation. To simplify the discus-
sion, we let

For a normally incident p-polarized wave, E=(E„,O, E, )

and H=(O, H~, O). Equations (3.2), (3.3), and (3.5) give

F, g

—— e~/El2,
16m

(3.11)
dE„

Ekp dz

and E satisfies the wave equation

(3.6)

1F = — e (n E)(n E') .e2 —
16 a

Then the time-averaged electric energy density in the
NLC is the sum of I', 1 and I', 2. In the geometrical-optics
approximation, I',

&
and I', 2 can be written as

d Ez2

+kp E„=O.
dz2 &33

(3.7)

In the geometrical-optics approximation, the fields are
given by25

F
~
= npn, e~ ~( 1 —tp sin 8)/@333n

2c

n pn Et u sin 0/@33
I 2 3/2

2C

(3.12)
E (z) —A E33 exp ikpnpn, @3' (z)dz

1/'4

E,(z) = (E,3/c33)E„, —
I,=In&/2c,

where u =1—eq/e~~ and tp =1—(ez/e~~) . By Eq. (3.8),
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Hy n~ E„andthe time-averaged magnetic energy density
F = ~H„~ /16m. can also be written as F =In&/2c.
Therefore, within the accuracy of geometrical optics, the
time-averaged electric and magnetic energy densities are
equal. Such a result is true in general as we have shown in
Sec. II.2' Consequently, F», has the form

energy density. As a result, Zel'dovich was able to obtain
the correct Euler equation using the geometrical-optics
approximation.

The contributions from F», in the Zel'dovich approach
(denoted by subscript Zel) are of the form

F», In~——/c (3.13)

which is the same as Eq. (2.7) with n=nz that we ob-
tained without the geometrical-optics approximation.
This shows that (S) is not a constant and the infinite-
plane-wave approximation fails even in the slowly varying
media. Consequently, the equation describing the orienta-
tion of the director using the geometrical-optics approxi-
mation is the same as approach I. and

d 5F.i d 5F.2 =0,
dz M' z i dz 58'

=0,
58

(3.15)

B. Euler equation

In the following we discuss the Euler equation for the
director using the self-consistent geometrical-optics ap-
proximation and compare with that obtained by
Zel'dovich. The contributions to the Euler equation from
the F», under the geometrical-optics approximation are of
the form

5F ) d 5F2 =0,
dz 50 GoA dz 5I9 GoA

5F, )
~l Ie, sin20

e GOA 4C

&&(2u —1 —w sin 8)/e33

e, [sin28(
f
E„[—/E, f

)
5g

+cos28(E„E,'+E„'E,) j .

After obtaining the Euler equation for the director,
Zel'dovich then used the geometrical-optics approxima-
tion, i.e., taking into account Eqs. (3.8) and (3.10), and ob-
tained

5Fe 2 I . 3/2
n pn, e sin20/@33

50 z,i 2c
(3.16)

From Eqs. (3.14)—(3.16), we see that the contributions
from F, and F~ to the Euler equation in the Zel'dovich
approach are different from those of the geometrical-
optics approximation:

5F,
~ 2 5/2n On, ej e, sin28( 2+ u sin 8) /@33

GQA 4c

5+a ~ =0
5 zi

5F, )

GOA

and

(3.14) 5F

z.i
5F

GOA
(3.17)

5FoPt I ~ 3/2n on, e, sin28/e»
GOA

where O'=BO/Bz and GOA stands for the geometrical-
optics approximation. The results (3.13) and (3.14) show
that the Euler equation that obtained using the self-
consistent geometrical-optics approximation is the same as
the exact Euler equation that obtained using approach I.

In the Zel'dovich approach, the magnetic energy density
is assumed not to affect the molecular orientation and the
total electromagnetic energy density is set equal to the
electric energy density. Such an approach is inconsistent
with the geometrical-optics approximation and would
predict only half of the orientational energy of an optical
field. In addition, when varying the free energy, the am-
plitudes of the fields were assumed to be fixed and thereby
the contribution of the electric energy density in the Euler
equation for the director was overestimated by a factor of
2, which then canceled the factor of one-half induced by
erroneously ignoring the contribution from the magnetic

5F
=0&

z &
5~ GoA

Table II summarizes the results. However, the overall
contributions from F,~, have the form

5F,p,

z.i
5F,2

zi

5(F, )+F,2)=2
GOA

5F,p,

GOA
(3.18)

Therefore, the final Euler equation obtained by Zel'dovich
is the same as the Euler equation obtained under the self-
consistent geometrical-optics approximation, although the
Zel'dovich approach is not internally consistent and also
inconsistent with the geometrical-optics approximation.
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TABLE II. A comparison of the contributions from the electric and magnetic energy densities to the
Euler equation for the director between the self-consistent geometrical-optics approximation and the
Zel'dovich approach. In the table, O'=BO/Bz and M =(I/2e)non, e, sin20/@33 —(I/c)(5plp/M).

Contribution

d 5F.It
dz 58'

5F, i

M
5F,2

50
6F,
59

5F
50

5F.p,

5I9

Geometrical-optics
approximation

MEI~(2u —1 —M sin 0)/2633

Me&(2+u sm 0)/2e33

M/2

M/2

Zel'dovich approach

IV. SOLUTION AND HYSTERESIS

A. Exact solution and threshold behavior

Now we consider the solution for the deformation angle
of the NLC described by Eq. (2.9). In this section, rigid
boundary conditions at the two interfaces are always as-
sumed (i.e., 8=0 at z=0 and z =d). The effects of finite
anchoring on the transition are discussed in Sec. V B. In
the rising transition, for I &IF„O=O is the solution
which minimizes the free energy where IF„is the thresh-
old intensity below which no molecular reorientation can
be induced. By the symmetry of the problem, we look for
solutions which are symmetrical with respect to the
z =d/2 plane, that is, solutions satisfying

angle 6m is attained at the center of the cell,
8 =8(z =d/2).

Together with the above conditions at z =d/2, Eq. (2.9)
can be integrated to give for dO/dz&0

2
dO 2I n(8~ ) —n(8)

ck33 1 —k sin 8
(4.2)

ck33
z =

2I

We let

%'ith the use of the boundary conditions, integration of
Eq. (4.2) yields for 0(z (d/2,

1/2

, n(8 ) —n(8)

8(z) =8(d —z) . (4. 1) sing =sinO/sinO (4.4)

Consequently dO/dz=0 at z =d/2, and minimization of
total free energy requires that the maximum deformation

then the orientation of the director at a point 0&z &d/2
is given by

=sin8
I /2

z
ck

1 —Psin 8

1 —csin 8 fo

1 —k sin 8~sin @

1 —P sin 8~ 1 —a sin 8~sin P
1 —a sin 8~ 1 —Psin 8 sin g

1

1 —sin 8 sin f cosg df

(4.5)

with Po ——0.
The maximum deformation angle can be determined by

evaluating Eq. (4.5) at z =d/2 and setting the upper limit
in the integration to be f=a./2. The deformation angle at
a point z can be expressed in terms of the maximum de-
formation angle using Eqs. (4..1) and (4.5). Therefore, Eqs.
(4.1) and (4.5) describe completely the spatial orientation
of the director as a function of the NLC parameters and
the incident beam intensity.

To consider the threshold behavior, i.e., I&IF„we
compute the integral in Eq. (4.5) up to and including
terms -0, and obtain the following equation for the tilt
angle:

and

8=8~ sin(n.z/d) +0(8~ ) (4 6)

(4.7)

where the threshold intensity IF, and B are defined in
Table I. In the limit of a single elastic constant
k $ $

—k 33 and small dielectric anisotropy e, « ez —e~ I,8= 4 in both approaches and Eq. (4.7) reduces to those
obtained by Khoo. ' ' Notice that the threshold intensity
predicted by approach I is smaller than that predicted by
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W/4—
MB

I I IF,

FICi. 1. Maximum deformation angle 0 as a function of the
reduced orientating beam intensity I/IF„for MBBA and PAA
in approach I. For MBBA, we put A, =6328 A, no ——1.544,
n, = 1.758, kl l ——6.95 & 10 dyn, and k33 ——8.99& 10 dyn.
Freedericksz transition is second order with 8=0.06, 6=0.06,
and IF,——120.6 W/cm for a cell 250-pm thick. For PAA, we
put A, =4800 A, no=1.595, n =1.995, k]l=9.26&10 dyn,
and k33 —18.10&10 dyn. Freedericksz transition is first or-
der accompanied by hysteresis with B = —0.08, 6=0.07,
IF,——149.0 W/cm, and IF,——142.8 W/cm for a cell 250-pm
thick. (a) For PAA and MBBA, the rigid anchoring condition at
the two interfaces are assumed. Curve of 0 vs I/IF, depends
only on k and u, but is independent of the cell thickness for rigid
anchoring. (b) and (c) For MBBA, a finite interfacial potential
of F, =(11.7sin 0+7.8sin 0) merg/cm is assumed at the two
surfaces. (b) For MBBA, d=250 pm, (c) for MBBA, d=50 pm.
Curve of 8 vs I/IF, depends not only on k, u, and the anchor-
ing, but also on the cell thickness for finite anchoring.

approach II. The exact maximum deformation angle as a
function of the reduced intensity I/IF„ is shown in Fig.
1. Since

6f

2
+2noI/c—k33 — +2I /QIFg

2

the curve for 8~ vs I/IF, depends only on k, u, and w, but
is independent of the cell thickness.

9&i 9+
k33 4 e)( 4

(4.9)

for approach I; and
2

3 Ey 9+ +
k33 4 e)) 4 e((

for approach II. Figure 2 shows the nature of the transi-
tion at the threshold as a function of the NLC's parame-
ters kii/k33 and ei/e~~. The criterion 'shows that for a
NLC with large dielectric and elastic anisotropies, the

(4.10)

3

Second-Order

undeformed state. This falling threshold intensity can be
determined by the condition

dI =0. (4.8)d(8' )

The hysteresis associated with the first-order Freedericksz
transition that we proposed is analogous to that proposed
by Deuling and Helfrich' ' for a twisted nematic cell and
a conducting nematic cell in a static electric field, but is
different from that proposed by Zel'dovich. That is, with
increasing intensity, the NLC director switches discon-
tinuously at the rising threshold intensity from the undis-
torted homeotropic state to a state with a finite amount of
distortion. With decreasing intensity the NLC director
switches discontinuously back to the undistorted state at a
lower falling threshold intensity as shown in Fig. l. In
our prediction the transitions associated with hysteresis
are first order and the rising and falling transitions as-
sume the same deformation for intensities greater than the
rising threshold intensity, and the changes at both the ris-
ing and falling threshold intensities are discontinuous.
But Zel'dovich proposed that the transitions associated
with hysteresis are two second-order transitions and the
rising and falling transitions assume different deforma-
tions even for intensities greater than the rising threshold
intensity.

The criterion for the existence of the first-order optical-
ly induced Freedericksz transition at the threshold is given
by B& 0, i.e.,

B. First-order transition and hysteresis

From Eq. (4.7), we see that as B&0, the tilt angle
remains zero for intensity below the threshold intensity
and changes

smooths
as I & IF,. However, if B&0 which

implies that dI/d (8~) &0, then small distortions are not
stable and the Freedericksz transition becomes a first-
order transition accompanied by hysteresis: As the inten-
sity increases from zero, the tilt angle remains 0 for
I ~ IF, and the director switches at I =IF, from the unde-
formed state to a finite value of 8~. But if the intensity
decreases from above the threshold intensity, the director
assumes a finite 0 even at intensities below the rising
threshold intensity. Upon reaching a lower critical
threshold intensity I'F

„

the director switches again to the

0.5
E'~ / &t(

FIG. 2. Criterion for the existence of a first-order optically
induced Freedericksz transition at the rising threshold intensity
with rigid anchoring condition.
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transition can be first order and that this is more favored
in approach II than approach I. The nature of the transi-
tion at 8=0 can be determined from the coefficient of 8
in the series expansion of Eq. (4.5), 6, which will be deter-
mined later.

To determine the falling threshold intensity in the
first-order Freedericksz transition, we compute the in-
tegral in Eq. (4.5) up to and including terms -0, and ob-
tain the following equation for the maximum deformation
angle:

CO

0I-

B+—(8'+46C)' '
26 (4.1 1)

where C =+I/Ip, —1 and 6 is defined in Table I.
Therefore, for the first-order optically induced Freeder-
icksz transition, the falling threshold intensity is given by

Ip, ——Ip, (l —8 /46) (4.12)

Since 6~ 0 for known NLC's even when B& 0, Eqs. (4.11)
and (4.12) suffice for our present discussion of the first-
order Freedericksz transition. In any case, if it happens
that 6 & 0, we need only to expand the solution up to the
next higher-order term having a positive coefficient.

We can obtain a consistent formal thermodynamic
description for the behavior of the transition by consider-
ing the expansion of the total free energy as a function of
the maximum deformation angle. By expanding Eq. (2.8)
up to and including terms 06, apart from a coefficient
that renders it dimensionless, the total free energy has the
form

W= —C0' +80' /2+60 /3+0(0 ) . (4.13)

The series (4.13) does not contain terms in odd powers of
0 due to inversion symmetry for an ideal nematic and
since the laws of electromagnetism conserve parity. The
value of 8 in thermal equilibrium is given by the
minimum of ~ as a function of 0 and satisfies

= —C+B0 +60 +O(0 ) =—0 .
B(0 )

(4.14)

A negative value of C means that BW/B(0 )~0 for
0 =0, implying that the initial homeotropic state 8 =0
is stable, whereas a positive value of C means that the
hoIneotropic state is unstable. The variation of the total
free energy with the maximum deformation angle and in-
tensity is shown in Fig. 3 for both B& 0 and B& 0.

We first consider the case where B is positive [Fig. 3(a)].
Since nothing new is added by the 8 term, the 0 term
may then be neglected in P. From Eq. (4.14) we have at
equilibrium either 0 =0 or 0 = t/C/B. For I &Ip„the
only real root is at 0 =0 since C is negative. For I &IF„
C& 0 and the minimum of W is at 0 =V C/B. Thus I„,,
is the threshold intensity and the transition is second order
since the maximum deformation angle !9
=[(QIIIp, —1)/&]' changes continuously from zero
with increasing intensity above the threshold intensity.

We now consider the case where B is negative [Fig.
3(b)]. The positively valued 6 restrains W from going to
minus infinity. The equilibrium condition Eq. (4.14)
shows that 0 is either zero or given by Eq. (4.11). Using

LLJ

0

FIG. 3. Total free energy as a function of maximum defor-
mation angle for various intensities. (a). 8 & 0 and G & 0, a
second-order transition. 1, I &Ip„2,I =Ip„3,I )Ip„. (b).
8&0 and G&0, a first-order transition. 1, I &Ip„2,, I =Ip„.3,
Ip, «I (I,; 4, I =I,; 5, I, (I &Ip, ', 6, I=Ip„'7, I &Ip, .

Eq (4.14. ), at the inflection point BW/B(0~ )
=B,W/B(0~ ) =0 we have I„',=IF,(1 B /46) and—
0~ =v' —8/26, which can also be obtained by substitut-
ing Eq. (4.11) into Eq. (4.10). For I &Ip„,0 =0 is the
only real solution for the equilibrium state. From Fig.
3(b) we see that for the rising transition, the state 0 &0 is
unattainable at Ip, &I & Ip, because of the presence of the
potential barrier. Thus the rising transition occurs at
I =IF, and the state changes discontinuously from 0 =0
to 0 =v' —8/6 and then changes continuously as I in-
creases. For the falling transition, the state changes from
I)Ip„and 0 )v' —8/6 so that the state will assume its
local minimum described by Eq. (4.11) until the falling
threshold Ip, which is a point of inflection of M is
reached. Only after I &IF, will the state change discon-
tinuously from 0~ =v —8/26 to 0~ =0. Therefore, the
transition with negative B is first order accompanied by
hysteresis with IF, as the rising threshold intensity and IF,
as the falling threshold intensity. It should be noticed
that if the potential barrier is small, then thermal fluctua-
tion may cause the rising transition to occur at I, &I «IF,
or the falling transition to disappear at IF, &I &I, where
I, =Ip, (1—3B /166) is the critical intensity at which
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W=BW/B(8 ) =0 and 8 =V 3—B/4G &0.29 The
thermodynamic description of the first-order transition
agrees with our previous prediction using the solution of
the maximum deformation angle [Eq. (4.5)] but disagrees
with the Zel'dovich prediction as discussed earlier.

C. Experimental observation

The natures and the threshold intensities of the optical-
ly induced Freedericksz transition are listed in Table III
for some known NLC's: E7, 5CB (also referred to as
K15, PCB, and 4-cyano-4'pentylbiphenyl), SCB (also re-
ferred to as K24, OCB, OCBP, and 4-n-octyl-
4'cyanobiphenyl}, MBBA [N-(p-methoxybenzylidene-p-
butylaniline)], and PAA (p-azoxyanisole). The threshold
intensities are calculated for a cell of 250-pm thickness.
For those NLC's listed in the Table III, we found that
—0.08 &B& 0.11 and 0.05 & G & 0.07 for approach I,
whereas —0.28&8 & —0.02 and 0.06&G&0.10 for ap-
proach II. The values of 8 and G differ quite significant-

ly from those obtained from the singe elastic constant and
small dielectric anisotropy approximation in which 8 = 4
and G =,'9', . The transition is always second order in the
small dielectric and elastic anisotropies approximation.

Experimentally, the deformation can be observed by
measuring the induced phase shift P of the extraordinary
ray coinponent of a normally incident probe beam,

2m' " nop&ep
2 2 2 2 1/2 p(n,icos 8+n,csin 8)'~

(4.15}

where A& is the wavelength of the probe beam and n,p and
n,p are, respectively, the ordinary and the extraordinary
refractive indices of the nematic medium at the optical
wavelength Az. By Eq. (4.5), the induced phase shift is
given by

4&n zp Ck 33

2noI

1 —Psin 8~
sinO

1 —asin O

1/4

pa/2
1 —k sin 8 sin P

1 —P sin 8~ 1 —a sin 8~ sin g
' 1/2

1 —asin 8 1 —Psin 8 sin g

1

(1—sin 8~sin g)(1 —csin 8 sin g)

1/2
277n opdcosgdg— (4.16)

TABLE III. A comparison of the orders and the threshold intensities of the optically induced Freedericksz transition in ap-
proaches I and II.

NLC
Temp.

('C) (10 dyn)
k33

(10 dyn) (A) no ne

Approach I
Order IF,

Approach II
Order IF. IF.

E7' 30 10.1 16.20 5893 1.524 1.732 Second 223.1 First 288. 1 265.4

SCbb
5CB'
5CB

26
26
26

7.20
7.20
5.20

8.52
8.52
7.17

5890
S890
5890

1.533
1.540
1.533

1.703 Second
1.719 Second
1.703 Second

133.5
133.4
116.8

First
First
First

166.2
166.0
144.2

162.4
165.3
141.9

8CB'
8CB'

34
34

6328
6328

1.516
1.S21

1.665 Second
1.670 Second

127.9
127.9

First
First

154.3
154.3

149.8
149.8

6328 1.544 1.758 Second 120.6 First 156.4 150.0

PAA"
PAA
PAA
PAA

110
120
125
130

9.26
7.80
6.94
5.67

18.10
13.60
11.90
9.05

4800
4800
4800
4800

1.59S
1.600
1.605
1.611

1.995
1.967
1.949
1.928

First
First
First
First

149.0
119.0
108.9
88.2

142.8
117.0
107.9
88.1

First
First
First
First

233.1

179.9
160.8
126.3

150.3
127.9
119.6
101.0

'Reference 30.
Reference 31.

'Reference 32.
Reference 33.

'Reference 34.
Reference 35.

IReference 36.
"Reference 37.
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FIG. 4. Induced phase shift of the extraordinary ray com-
ponent of a normally incident probe beam as a function of the
reduced pump beam intensity I/IF, for MBBA and PAA by ap-
proach I for a cell 250-pm thick. Data for the elastic constants
and refractive indices for the pump beam are the same as those
used in Fig. 1. Rigid anchoring conditions at the two surfaces
are assumed. For the probe beam, we put A~ =5145 A,
n,„=1.562, n,p=1.802 for MBBA; A~=6438 A, n,p:1 550,
n,p=1.839 for PAA. MBBA shows a second-order transition,
whereas PAA shows a first-order transition.

where go ——0 and uz
——1 —(n»/n, ~) . The induced phase

shift as a function of the orientating beam intensity is
shown in Fig. 4.

Optically induced Freedericksz transitions have been
observed in 5CB, ' 8CB,' ' MBBA, ' ' ' ' and a
NLC comprised of 60% of mixture "A" and 40% of 4-
cyano-phenyl-4-n-hepanyl-benzoate. However, like the
elastic constants and refractive indices, the experimental
results by different researchers disagree greatly. For ex-
ample, for MBAA Csillag et al. reported that the mea-
sured threshold was 45+10 mW for a 150-pm-thick cell at
a spot size of 65 pm and temperature 21.5 'C, i.e.,
IF, 1070+240 W——/cm . However, Khoo' ' reported
that for a MBBA cell of 100-pm thickness, IF, —1000
W/cm at 20'C. Since the threshold intensity is inversely
proportional to the cell thickness (see Table I), we have,
for a MBBA cell with thickness of 250 1Mm at room tem-
perature, IF, -385 W/cm according to the Csillag et aI
result, but IF,—160 W/cm according to the Khoo result.
As a result it is difficult to compare the two approaches in
the basis of the present experimental results. However, we
see that in approach I the Freedericksz transitions for
5CB, SCB, and MBBA are predicted to be second order,
but in approach II the transitions are predicted to be first
order, which conflicts with the experimental observations
made by Csillag et al. ,

' ' Durbin et al. , and
oo' ' '44

Since the first observation made by Freedericksz in
1927, all the observed Freedericksz transitions are second
order. In 1974 Deuling and Helfrich' ' predicted that
for a NLC of strong conductive anisotropy and a dielec-
tric anisotropy of opposite sign the dc electric-field-
induced Freedericksz transitions in a twisted NLC cell

and a conducting nematic cell can be first order. But the
criterion for the existence of a first-order electric-field-
induced Freedericksz transition is quite unattainable by
the known NLC's. However, as shown in Table III, for
PAA, the optically induced Freedericksz transition can be
of first order; being of first order is more favored as the
temperature decreases from the isotropic to nematic tran-
sition temperature, since k11/k33 and e1/e~~ become larger
at lower temperature. Clearly, the thermal fluctuation of
the director would cause the hysteresis to disappear if the
lower threshold intensity IF, is too close to the threshold
intensity IF,. From Table III we see that for PAA with
an incident orientating beam wavelength of 4800 A at
110'C IF, -0.958IF, and the hysteresis will be stable to
thermal fluctuations. Therefore, it is convincing that a
first-order Freedericksz transition could be observed ex-
perimentally for the first time in the near future.

V. FURTHER DISCUSSION

A. Dynamic response

We now consider the time dependence of the optically
induced Freedericksz transition using approach I. For the
total free energy density defined by Eq. (2.9), we include a
dissipative term rj(Bn /Bt) /2 which will contribute a
viscous torque opposing any rapid change of the director,
where g is the viscosity of the NLC. The dynamic
behavior is described by the resulting Euler equation

(1—k sin 8) —k sin8 cos8
a'e . ae

'
Z Bz

sin8(z, t) =sin8~ (t)sing(z, t), (5.2)

where 8~(t) is the amplitude of the distortion. This form
of solution has been considered by Deuling' in the study
of the dynamics of a dc field-induced Freedericksz transi-
tion. By assuming a weak time dependence on 1((z,t)
which contains the spatial distribution of the deformation
angle, we have B8/Bt =(q/q)tan8 and the solution of Eq.
(5.1) is

2Ino

ck33

1

q
2)1/2

ln
1 —q sing

1 —q'

1

—1/2

2. 2 I/2
1 —kq sin gX
1 —q sing

cosP d1tj, (5.3)

where q(t)=sin8(t) and q=Bq/Bt. In obtaining Eq. (5.3),
we have made use of the condition that at all times
B8/Bz=0 at z =d/2. q can be determined by evaluating

+ 2 3/2
=Ino+ sinO cosO g BO

ck33 (1—u sin 8)

In the following, we consider second-order transition
and neglecting the role of backflow. We look for an ap-
proximate solution of the form
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Eq. (5.3) at z =d/2. In the static case, q=O and Eq. (5.3)
reduces to the exact solution that is given by Eq. (4.5).
The description of the dynamic behavior is by no means
complete since, in general, it is still difficult to determine
q from Eq. (5.3).

Let us first consider the case where the optical field is
abruptly increased from zero to I & IF,. Since even in the
final state, described by Eq. (4.6), 8 will still be small, we
may expand the dynamic solution Eq. (5.3) in powers of q
and obtain that

q=q(a bq )—+O(q ),
where

(5.4)

a —k 33 ( tr/d ) (I/IF, —1 )It)= n 0 u (I IF, ) /—c q

b =2Bk33(n/d) /rt, and B =(1—k 9u—/4)/4. Equation
(5.4) is of the same form for the dc case derived by Pieran-
ski et al. " Since the constant term is missing, we need a
small fluctuation q; at t=0 to get the distortion started.
Equation (5.4) can be solved to give

the laser switch-on and the long-time response to the laser
switch-off both have exponential time dependence.

B. Interfacial interaction

All the above calculatj, ons always assume that the orien-
tations of the NLC's at the two interfaces can never be
changed. Such an assumption would require a rigid an-
choring between the NLC's and the interfaces. However,
some experimental findings show that the anchoring
strength between the NLC's and the interfaces is finite
and typically of the order of 1—10 " erg/cm . Khoo
found that in order to create molecular reorientation in
5CB, it was necessary to soften the surface anchoring con-
dition. We now discuss the effects of the surface in-
teraction on the optically induced reorientation using ap-
proach I.

Without loss of generality, we assume that the anchor-
ing potential at the two surfaces is the same and can be
expressed as

' 1/2

qf sin(vrz /d ),—2af (5.5)

where qf =a/b =(I/IF, —1)I2B and q„=qf/q; l. At-
t =0, Eq. (5.5) describes the exponential growth of a small
fluctuation with a time constant 1/a, which agrees with
that obtained by Zel'dovich' and by 13urbin

q(t)0)=q;exp(at) .

I', (8)= —,
' y C,„P,„(cos8)

n=1

g A2„sill 8,
n=1

(5.10)

Typically, the time constant 1/a for a cell 250-pm thick is
about 70/(I/IF, —1) sec.

We now consider the case where the optical field is
switched off from I &IF, at time t=0. The amplitude of
the deformation angle can be determined from Eq. (5.3)
with I=O. For I&IF„bydenoting the initial deforma-
tion state by 8(z, t =0)=q;sing(z), q can again be
described by Eq. (5.4) with a = —k33(m/d) Ig = —g,
b =ah, and h = 4 +k/2. The amplitude of the deforma-
tion then decreases exponentially:

' 1/2

q;e
1

1 —hq; (1—e z')
(5.8)

For t »1, the deformation amplitude reaches its final
value qf exponentially with a smaller time constant 1/2a:

q (t ))1)= (1——,
' q„e ")qf . (5.7)

where P2n is the Legendre polynomial of order 2n and A2n
represents the anchoring strength. The total free ener-

gy density can be written as

T 2

F = —,k33(l —k sin 8) dO

dZ

+ —,[&(z)+5(d —z)] g A2„sin "8 .
n=1

(5.11)

The variation of the total free energy leads to three
equations, the solutions of which describe the equilibrium
orientation of NLC throughout the cell. A bulk equation
is given by Eq. (2.9) with a=0 and P=u, and two boun-
dary equations for the two interfaces are

The initial and the long-time responses to the laser
switch-off are both exponential with a relaxation time 1/g
which is the same as that obtained by Durbin

k33 ( 1 —k sin 80) — = +cos80 g nA 2„sin 80
d(9

dZ n=1

(5.12)
q (t) =Cq;exp( gt), — (5.9)

where C= 1 for t=0 and C= 1/(1 —hq; )' for t »1.
Typically, the time constant 1/g for a cell 250-pm thick is
about 70 sec.

The transient behavior of the molecular reorientation
can be used to determine the viscosity, the threshold inten-
sity, and the bend elastic constant as discussed above. Ex-
perimental results ' show that the initial responses to

where 80——8(z =0)=8(z =d) and the upper sign for z=O
and lower sign for z =d.

With the boundary condition that 8(z =0)=80 and
8(z) =8(d —z), the orientation of the director at
0 & z & d /2 is given by Eq. (4.5) with the lower limit in the
integration $0——sin (sin80/sin8 ). Evaluating Eq. (4.2)
at z=0 to eliminate do/z, we obtain the following equa-
tion for determining the surface tilt angle:
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cos80 g nA2„sin " 'Oo ——[(2noIk33/c)(1 —k sin 00)
n=1

)&[(1—u sin Oo)' —(1—u sin 8~)'~ ]/[(1—u sin 80)(1—u sin 8~)]' (5.13)

The induced phase shift of the extraordinary ray corn-
ponent of a normally incident probe beam is given by Eq.
(4.16) witll yo ——siil (sinOQ/si110 ).

Evidently, the threshold intensity will be lower as the
anchoring strength decreases. At higher intensities the ef-
fects of finite anchoring will be larger, and there exists a
saturation intensity I, above which all NLC s will orient
parallel to the surfaces (the x axis). By computing the
solution for the tilt angle up to and including terms -0,
we find that the new rising threshold intensity Ip, for fin-
ite anchoring can be determined from

' 1/2
IF, mk33 IF,

cot (5.14)
2 IF, dA2 IF,

and that the tilt angle just above the threshold intensity in
the second-order transition is given by

1/2

0(z)=8 sin'—
Fr

r

IF,
IFr

(5.15)

8' =[(IIIp, )' ' (Ip, /Ip, )' '—]/&,
8 = I (1—k —9u /4)~(I p, /I p, )

'

+(1—k 3u/4—)sin[sr(Ip, /Ip„)'~ ] I /4',
IFp ck33 (e~ ~

/noe )( irld) is the threshold intensity
for rigid anchoring. Consequently, the criterion for the
existence of the first-order transition at the rising thresh-
old is given by

(1—k —9u/4)rr(Ip, /Ip, )'

+(1—k —3u/4)sin[m(Ip, /Ip„)'~ ] &0 . (5.16)

The less than sign ( & ) in Eq. (5.16) is replaced by an equal
sign for the case of zero anchoring. As the anchoring
strength decreases from infinity to zero, the criterion Eq.
(4.9) relaxes completely so that a first-order transition is
always possible regardless of the other physical parame-
ters of the NLC, and the threshold intensity changes from
finite value to zero.

The function I(8 ) which gives the maintenance inten-
sity I at a given 0m is a single-valued function of 0m but
can assume the same value at different 0 . Consequently,
the function 8 (I) which gives the maximum deformation
angle at a given intensity is a multivalued function of I.
The saturation intensity as well as the nature of the transi-
tion at a given intensity can be determined by examining

the value of I(8 ) as a function of the maximum defor-
mation angle. Clearly the saturation intensity I, is the
maximum value of I(0 ) for 0 & 8 & ir/2. If
8,:—8 (I =I, ) is less than m/2, then at I=I„the state
changes discontinuously from 8~ =0, to the parallel state
[8(z)=m./2 for all z] through a first-order transition.
Once the parallel state is attained, the parallel-state-
maintenance intensity I which is the intensity above
which the state remains in the parallel state is given by

1/2 3
' 1/2

n, k33Im ~k11 n, k33I
coth 3 32 n oa11IF, ,

d~ n ok» IFr

(5.17)

where M =g„,nA2„We. see that Ip, /Ip, depends
only on k33/A2d as in the dc case. However, I /I„,
depends not only on k11/k33 and M, but also on
n k 33 /n ok 1 1 ~ This dependence differs from that in the
magnetic field where one can show that the ratio of the
parallel-state-maintenance field to the threshold field de-
pends only on kii/k33 and M. If the function I(8 ) has
extremal values at some intermediate angles between 0 and
ir/2, then first-order transitions accompanied by hysteresis
loops could occur at those angles. The criteria for the ex-
istence of a first order tran-sition is giuen as follows.

(1) If dI/d(8 ) &0 at 8 =0, i.e., the criterion (5.6) is
satisfied, then at the rising threshold intensity Ip, the ris-
ing transition is first order and the state will assume a de-
formation with 8 =8 (I„,) &0. The falling threshold
intensity is the minimum value of I(8 ) in the range
0 & 8 & 8 (I =If ) where the falling transition occurs at
I =If.

(2) If dI/d8 &0 at 0&8; &8~ (Of &n./2, then the
transition is first order for states with 8 in the range
0; & 0 & 0f. In the rising transition, the transition is first
order at I =I; =I(8; ) and the state changes from 8~ =8;
to 0 =0~ (I =I; ) & Of. In the falling transition, the
first-order transition occurs at I =If=I (Of ) and the state
changes from 8~ =Of to 0 =8~(I =If) (Of.

(3) If I &I„then the rising transition at I =I, is first
order and the state changes from 8~ = 8~ (I =I, ) & m /2 to
the parallel state. Once the parallel state is attained, the
parallel state remains for I &I, and as I drops below I
the state changes to 8 =0~(I=I ) &m/2 through a
first-order transition. If I &IF„then once the parallel
state is attained Im becomes the falling threshold intensity
and the state changes back to the homeotropic state as
I &I through a strongly first-order transition.

We notice that even in a simple case like
E, =A2sin 0+A4sin 0, the rising and faHing transitions
can be first order at some intermediate angle. We consid-
er a 20-pm thick MBBA cell as an example with the ma-
terial constants that were used in Fig. l and
A2 ———3.524 ——2 merg/cm . We obtain IF, ——0.50IF, and
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I, =0.59IF, at which the state changes discontinuously
from 8~=70' to 8~=ir/2 T. hat is, at I=I„the state
changes to the parallel state through a first-order transi-
tion resulting from lowering the electromagnetic energy
and the elastic energy into their minimum values. More-
over, Eq. (5.17) shows that the parallel-state-maintenance
intensity Im ——0.41IF, which is less than the rising thresh-
old intensity. Consequently, I is also the falling thresh-
old intensity if the parallel state is attained and an intensi-

ty I with I &I & IF, &I, is enough to maintain the paral-
lel state. As I &I, the state changes discontinuously
from the parallel state back to the homeotropic state
through a strongly first-order transition.

Recently, Yang and Rosenblatt reported an interfacial
potential of F, =(11.7sin 8+7.8sin 8) merg/cm for a
MBBA homeotropic cell. The effects of this interfacial
potential on the maximum deformation angle are shown
in Fig. 1 for two different thicknesses. We see that the ef-
fects of the interfacial interaction become more important
as the cell thickness decreases. Using the dependence of
8 on the I/IF, and the cell thickness, there are three
simple experimental methods to manifest the effects of
finite anchoring on the transition.

(1) By measuring the threshold intensity IF, for the
same NLC with different cell thickness: Rigid anchoring
conditions would show that the threshold intensity is in-
versely proportional to the square of the cell thickness
(Table I).

(2) By measuring the maximum deformation angle

versus I/IF, for different thickness: Rigid anchoring con-
ditions predict that 8 depends only on I/IF, and is in-
dependent on the cell thickness.

(3) By measuring the threshold intensity and 8~ versus
the intensity for the same NI.C and thickness but with
different homeotropic surface treatment: The results
should be independent of the surface treatment if the an-
chorings are rigid.

These three rigid anchoring predictions will not be true
for finite anchoring conditions.

At present, the surface interaction remains one of the
least understood areas of the liquid crystal's physics.
Clearly the as yet unexplored and unobserved first-order
transition induced by surface interactions could have im-
portant practical applications.

ACKNOWLEDGMENTS

I gratefully acknowledge Alan Hurd for many enlight-
ening discussions. I would also like to thank him and
Hugh N. Pendleton for suggestions on the preparation and
a critical reviewing of the manuscript. I also benefited
from discussions with Robert B. Meyer, Charles Y.
Young, David Andelman, Kai Cheh Chang, Dana Eckert,
Wing Kee Lee, and Frank Lonberg. My understanding of
phase transition is clearer through discussions with Alan
Hurd and David Andelman. This work is supported by
the U.S. Army Research Office under Contract No.
DAAG 29-80-K-0050.

G. K. L. Wong and Y. R. Shen, Phys. Rev. Lett. 30, 895
(1973); 32, 527 (1974); Phys. Rev. A 10, 1277 {1974).

2D. V. G. L. Narashimha Rao and D. K. Agrawal, Phys. Lett.
37A, 383 (1971);D. V. G. L. Narashimha Rao and S. Jayara-
man, Appl. Phys. Lett. 23, 539 {1973)~

J. Prost and J. R. Lalanne, Phys. Rev. A 8, 2090 (1973).
"T. Bischofberger and Y. R. Shen, Appl. Phys. Lett. 32, 156

(1978).
5S. K. Saha and G. K. L. Wong, Opt. Commun. 30, 119 (1979).
6D. Fekete, J. Au. Yeung, and A. Yariv, Opt. Lett. 5, 51 (1980).
7P. Ye, G. Chu, Z. Zhang, P. Fu, G. Ji, and X. Lin, J. Opt. Soc.

Am. 70, 638 (1980).
S. M. Arakelian, G. A. Liakhov, and Yu. S. Chilingarian, Usp.

Fiz. Nauk 131, 3 (1980) [Sov. Phys. —Usp. 23, 245 (1980)].
9J. W. Shelton and Y. R. Shen, Phys. Rev. Lett. 25, 23 (1970);

26, 538 (1971); Phys. Rev. A 5, 1867 (1972); V. A. Belyakov
and N. V. Shipov, Zh. Eksp. Tear. Fiz. 82, 1159 (1982) [Sov.
Phys. —JETP 55, 674 (1982)].

OR. M. Herman and R. J. Serinko, Phys. Rev. A 19, 1757
(1979).
I. C. Khoo and S. L. Zhuang, J. Opt. Soc. Am. 70, 1400
(1980); Appl. Phys. Lett. 37, 3 (1980).

~ See, for example, I. C. Khoo, Phys. Rev. A 25, 1040 (1982);
25, 1637 (1982); 26, 1131 (1982); and the references therein.

3I. C. Khoo, Phys. Rev. A 23, 2078 (1981). We found that
there were a number of misprints in this paper: (a) Eq. (2)
should read e,ff——e&{1+AeO /e~~); (b) Eq. (3) should read
5e=e]4eO /e~~', (c) Eq. (8) should read

' 1/2E,p
—EF

mRX
EF

and (d} Eq. (9) should read

2
EgAE E~JP 25m=

2
—1 sin

e)( EF d

A. S. Zolot'ko, V. F. Kitaeva, N. Kroo, N. N. Sobolev, and L.
Chilag, Zh. Eksp. Teor. Fiz. Pis'ma Red. 32, 170 (1980)
[JETP. Lett. 32, 158 (1980)].
B. Ya. Zel'dovich, N. V. Tabiryan, and Yu. S. Chilingaryan,
Zh. Eksp. Teor. Fiz. 81, 72 (1981) [Sov. Phys. —JETP 54, 32
(1981)].
B. Ya. Zel'dovich and N. V. Tabiryan, Zh. Eksp. Teor. Fiz.
79, 2388 (1980) [Sov. Phys. —JETP 52, 1210 (1980)].

~7For a discussion on the static Freedericksz transition in a
NLC cell induced by a dc static field, see, for examples, A.
Saupe, Z. Naturforsch. A 15, 815 (1960); F. M. Leslie, Mol.
Cryst. Liq. Cryst. 12, 57 (1970); C. J. Gerritsma, W. H. de
Jeu, P. van Zentun, Phys. Lett. 36A, 389 (1971); H. Gruler,
T. J. Scheffer, and G. Meier, Z. Naturforsch. A 27, 966
(1972); H. J. Deuling, Mol. Cryst. Liq. Cryst. 19, 23 (1972); P.
Peiranski, F. Brochard, and E. Guyon, J. Phys. (Paris) 7, 681
(1972); L. K.-F. Cheung, Ph.D. thesis, Harvard University
(1973);and Refs. 18 and 19.

8H. J. Deuling and W. Helfrich, Appl. Phys. Lett. 25, 129
(1974).



HIAP LIEW QNG 28

9H. J. Deuling, in Solid State Physics, edited by H. Ehrenreich,
F. Seitz, D. Turnbull, and L. Liebert {Academic, New York,
1978), Supp. 14, p. 77—107.

OS. D. Durbin, lS. M. Arakelian, and Y. R. Shen, Phys. Rev.
Lett. 47, 1411 (1981). We found that the Eq. (3) in this paper
was misprinted and should read

+d/2 r' H(g')
J o G(gl) G(g )

1/2

de' .

2tM. Born and E. Wolf, Principle of Optics, 5th ed. (Pergamon,
Oxford, 1975), Ch. III.

22Unfortunately, such an approach was also used in the follow-
ing papers by Zel'dovich and Tabiryan: B. Ya. Zel'dovich and
N. V. Tabiryan, Zh. Eksp. Teor. Fiz. 82, 167 (1982) [Sov.
Phys. —JETP 55, 99 (1982)]; N. V. Tabiryan and B. Ya.
Zel'dovich, Mol. Cryst. Liq. Cryst. 62, 237 {1980); 69, 19
(1981);69, 31 (1981).

23It has been shown by Budden and Jull that in an anisotropy
medium, divS =0 for solutions which satisfy the approxima-
tions of geometries optics: K. Ci. Budden and G. W. Jull,
Can. J. Phys. 42, 113 (1964).

~4P. Cs. de Gennes, The Physics of Liquid Crystals (Oxford
University Press, Oxford, 1974); S. Chandrasekhar, Liquid
Crystals (Cambridge University Press, Cambridge, England,
1977).

25The solutions of the electric field in the geometrical-optics ap-
proximation have been given in Ref. 16. For a detailed dis-
cussion on the geometrical-optics approximation, see L. M.
Brekhovskikh, 8'aves in Layered Media, translated by O.
Liberman (Academic, New York, 1960). It can be shown that
near the threshold intensity, the wave equation for normal in-
cidence has the form of the frequency-modulation equation
that has been studied by McLachlan, Cambi, and Magnus and
Winkler. With the use of the method of antipotentials with a
generalized Lorentz gauge, the wave equation for oblique in-
cidence can be shown to have the form of Ince's equation that
has been studied by Magnus and Winkler, and Qng and
Meyer. For a detailed discussion on the solutions of the wave
equations, see W. Magnus and S. Winkler, Hill's Equation (In-
terscience, New York, 1966; Dover, New York, 1979); H. L.
Ong and R. B. Meyer, J. Opt. Soc. Am. 73, 169 {1983).

26The values of IF„B,and G that we obtain for approach I are
the same as those obtained by Zel'dovich as reported in Ref.
15.

2~Through numerical calculation using the data used in Fig. 1,
we found that for MBBA, at I/IF, ——1.1, the approximated
values of 0 found from Eqs. (4.7) and (4.11) differ respec-
tively by 23% and 1% with the exact value 404'; at
I/IF, ——1.2, (9 =50.7', and the errors associated with Eqs.
(4.7) and (4.11) are, respectively, 37 and 3%. For PAA, Eq.
(4.7) is not applicable, and the approximated values of 8
given by Eq. {4.11) at I=IF, and I =IF, differ, respectively,
by 5 and 7% with the respective exact values 40 and 57'.

2 Zel'dovich also obtained Eq. (4.13) for the total free energy al-
though the expression for that used by Zel'dovich is not the
same as Eq. (2.9), i.e., the magnetic energy density is ignored
in Zel'dovich approach.
For a discussion on the effects of thermal Auctuation, see Ref.
15.

3 The elastic constants of E7 are taken from E. P. Raynes, R. J.
A. Tough, and K. A. Davies, Mol. Cryst. Liq. Cryst. Lett.
56, 63 (1979). The refractive indices of E7 are taken from B.
Bahadur, R. K. Sama, and V. G. Bhide, Mol. Cryst. Liq.

Cryst. I ett. 72, 139 (1982).
The elastic constants and refractive indices of 5CB are taken,
respectively, from Refs. 38 and 39.
The elastic constants and refractive indices of 5CB are taken,
respectively, from Refs. 38 and 40.

3 The elastic constants and refractive indices of 5CB are taken,
respectively, from Refs. 41 and 39.

34The elastic constants and refractive indices of 8CB are taken,
respectively, from Refs. 42 and 39.
The elastic constants and refractive indices of 8CB are taken,
respectively, from Refs. 42 and 40.

3 The elastic constants of MBBA are taken from Ref. 43. The
measurements of the refractive indices of MBBA were made
at Harvard University by Shen Jen and A. E. Bell at room
temperature, see Introduction to Liquid Crystals, edited by E.
B. Priestley, P. J. Wojtowicz, and P. Sheng (Plenum, New
York, 1974), p. 352.
The elastic constants and refractive indices of PAA are taken,
respectively, from Ref. 43 and M. P. Chatelain and M. Ger-
main, C. R. Acad. Sci. 259, 127 (1964).

8K. Sharp, S. T. Lagerwall, and B. Stebler, Mol. Cryst. Liq.
Cryst. 60, 215 (1980).

39R. G. Horn, J. Phys. (Paris) 39, 105 (1978).
~D. A. Dunmur, M. R. Manterfield, W. H. Miller, and J. K.

Bunleavy, Mol. Cryst. Liq. Cryst. 45, 127 (1978).
N. V. Madhusudana and R. Pratibha, Mol. Cryst. Liq. Cryst.
89, 249 (1982).

~ Reference 14. The elastic constants of 8CB are measured by I.
Janossy and I.. Bata, Study of Elastic Properties Near a
Acmatic-Smectic Transition (KFKI, Budapest, 1977).
W. H. de Jeu, W. A. P. Claassen, and A. M. J. Spruijt, Mol.
Cryst. Liq. Cryst. 37, 269 (1976).

~I. C. Khoo, Appl. Phys. Lett. 39, 937 (1981);40, 645 (1982).
45L. Csillag, I. Janossy, V. F. Kitaeva, N. Kroo, N. N. Sobolev,

and A. S. Zolotka, Mol. Cryst. Liq. Cryst. 78, 173 {1981);A.
S. Zolot'ko, V. F. Kitaeva, N. Kroo, N. N. Sobolev, and L.
Csillag, Zh. Eksp. Teor. Fiz. Pis'ma Red 34, 263 (1981) [JETP
Lett. 34, 250 (1981)].

46B. Ya Zel'dovich, N. F. Shilipetiskii, A. V. Suckov, and N. V.
Tabiryan, Zh. Eksp. Teor. Fiz. Pis'ma Red. 31, 287 (1980)
[JETP Lett. 31, 263 (1980)].

47For example, it is well known that values of the elastic con-
stants of MBBA determined by different authors often. differ
by amounts up to 100%. See Refs. 17, 24, 43, and 48—51.

4 I. Hailer, J. Chem. Phys. 57, 1400 (1972).
M. Geulich, Cx. Heppke, and F. Schneider, Z. Naturforsch. A
30, 515 (1975).

5OF. Leenhouts, F. van der Wouds, and A. J. Dekker, Phys. Lett.
58A, 242 (1976).

5 S. Naemura, Appl. Phys. Lett. 33, I (1978); J. Phys. (Paris)
Colloq. 40, C3-514 (1979).

52V. Frederiks and V. Zolina, Trans. Faraday Soc. 29, 919
(1933).

53For a discussion of the role of back flow in the dc field-
induced Freedericksz transition, see Refs. 54 and 55.

5~F. Brochard, Mol. Cryst. Liq. Cryst. 23, 51 (1973); P. Pieran-
ski, F. Brochard, and E. Guyon, J. Phys. 34, 35 (1973).

55D. W. Berreman, J. Appl. Phys. 46, 3746 (1974); C. Z. van
Boom ibid. 46, 3738 (1975).

56The time constant 1/a is the same as that given by Burbin
when I/a is expressed in terms of IF,. However, because IF,
as obtained by this approach differs from that obtained by the
Burbin approach as shown in Table I, the time constants will
be different in the two approaches if they are expressed in



28 OPTICALLY INDUCED FREEDERICKSZ TRANSITION AND BISTABILITY IN A. . . 2407

terms of the NLC parameters.
57A. S. Zolot'ko, V. F. Kitieve, V. A. Kuyumchyan, N. N.

Sobolev, and A. P. Sukhorukov, Zh. Eksp. Teor. Fiz. Pis'ma
Red. 36, 66 (1982) [JETP Lett. 36, 81 (1982)].
A. Rapini and M. Papoular, J. Phys. (Paris) 30, C4-54 (1969);
G. Ryschenkow and M. Kleman, J. Chem. Phys. 64, 404
(1976); G. Porte, J. Phys. (Paris) 37, 1245 (1976); D. Riviere,
Y. Levy, and E. Guyon, J. Phys. (Paris) Lett. 40, L-251
(1979); G. J. Sprokel, R. Saito, and J. D. Swalen, Mol. Cryst.
Liq. Cryst. 68, 29 (1981);H. Mada, Appl. Phys. Lett. 39, 701
(1981);Mol. Cryst. Liq. Cryst. Lett. 82, 53 (1982); T. Motoo-
ka, A. Fukuhara, and K. Suzuki, Appl. Phys. Lett. 34, 305
(1979); K. H. Yang, J. Appl. Phys. 53, 6742 (1982); Refs. 43,
51, and 59.

K. H. Yang and C. Rosenblatt, Appl. Phys. Lett. 43, 62
(1983).
P. Sheng and P. J. Wojtowicz, Phys. Rev. A 14, 1883 (1976);
Ping Sheng, Phys. Rev. Lett. 37, 1059 (1976); Phys. Rev. A
26, 1610 (1982).
However, as intensity increases, laser heating effects also be-
come important. Durbinzo reported that at I~ 350 W/cm, lo-
cal heating of their sample by -2 K was noticed.
J. Nehring, A. R. Kmetz, and T. J. Scheffer, J. Appl. Phys.
47, 850 (1976); K. H. Yang, J. Phys. (Paris) 44, 67 (1983);Jpn.
J. Appl. Phys. 22, 389 (1983).

Note that their experiment (Ref. 59) was performed at 39'C
and different material parameters were being used in their cal-
culations.


