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Atom-atom momentum-transfer cross section in the presence of resonances
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The atom-atom momentum-transfer cross section is analyzed for low-energy collisions in which
resonances may be present. It is shown that their contribution to this cross section can be substan-
tial, and this is confirmed in the calculation on H+-He system.

I. INTRODUCTION

The central place in the theory of the transport proper-
ties of gases is played by the integral'

o'D ——2m. J (1—cos8)o(8)sin8d8, (1.1)
0

where cr(8) is the differential cross section for the scatter-
ing of the atoms of the diluted gas on the atoms of the
parent gas. The integral has acquired different names:
momentum-transfer cross section, transport cross sec-
tion, ' etc. We will refer to it as the momentum-transfer
cross section. The momentum-transfer cross section has
been studied on various occasions, mostly as an in-
tegral part of the diffusion coefficient. The theory has
also been applied to the inversion problem. It has been
shown that very good values of the atom-atom (ion-atom)
potential can be obtained by a suitable parametrized inver-
sion procedure of the experimental data for the diffusion
coefficient. This finding is quite surprising, knowing that
there are many steps from the potential to the diffusion
coefficient, and in each one of them part of the informa-
tion is lost about the structure of the collision process. '

Therefore, it was not surprising when it was found that
the quantum effects in diffusion are small compared with
the classical ones. Nevertheless, it would be of interest to
study the momentum-transfer cross section in more detail
to unravel how various processes in collision contribute to
this quantity. In particular, we would be interested in
finding out what effect the resonance processes in collision
have on (1.1).

Such an analysis has been done" but the purpose of it
was to estimate the order of magnitude of the lifetime of
the resonances formed in atom-atom collisions. It is ar-
gued that if such a lifetime is much longer than the aver-
age rate of atom-atom collisions in the gases, then the dif-
fusion coefficient will change due to the presence of these
metastable molecules. However, our aim is not in this
direction. Instead we will analyze whether the formation
of resonances in atom-atom collision has any direct effect
on o.D and what its order of magnitude is.

Very conveniently, this can be done with the use of the
complex angular momentum formalism. The formalism
was initially developed for use in nuclear physics, ' and
later was adapted for use in atom-atom collisions. ' It was
shown to be very useful for analysis of the resonance and
orbiting effects in the differential cross section' and total
cross section. ' One particularly advantageous feature of
this formalism is that the various contributions of the col-
lision process are parametrized in a simple way, specifical-
ly, the contribution of resonances.

An alternative to using such an approach is the formal-
ism based on complex energy. ' ' Although the latter
approach is very useful for description of decaying states
(i.e., states prepared with a well defined angular momen-
tum) it is less convenient in description of a scattering pro-
cess (where many angular momenta contribute). The two
approaches are, therefore, complementary in description
of resonances: %'here one is inconvenient the other must
be used. Since we are dealing with the second case, the use
of complex-energy formalism can produce misleading re-
sults.

II. THE THEORY

The momentum-transfer cross section is an integral of
the form

aD =2m I (1—cos8)sin8o(8)d8 (2.1)

and resembles very much the total cross section, in which
the factor 1 —cos8 is missing. The quantity cr(8) in (2.1)
is the differential cross section. Therefore, we expect that
(2.1) can be replaced by a relationship analogous to the op-
tical theorem for the total cross section, i.e., we can write

crD = Im[fD(0)],
4m.

k
(2.2)

where fD is a quantity which we will call the
"momentum-transfer amplitude" in the forward direction.
It is simple to show that

crD —— g (1+l)[1 Re(SiSi+i }]—=2~ " —i
k' I=0

4~
(l +1)sin (6i —51+, )k' r=o

(2.4)

and this is exactly equal to (2.1). The advantage of using
(2.3) for analyzing o.D is that we can now apply the com-
plex angular momentum theory developed for the scatter-
ing amplitude, ' with additional care that SI+'~ is present
in (2.3).

As the first step we replace the sum in (2.3) by a set of
integrals in the continuous angular momentum variabl. ..

fD(8}= . g (l+ l)(SEES(+'i —1)Pi(cos8)
2ik I

satisfies (2.2), hence it plays the same role as the scattering
amplitude in the optical theorem for the total cross sec-
tion. We can prove (2.2) by replacing fD(0) with (2.3), in
which case we obtain
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This is done with the use of the Poisson sum formula

2ikf~(0) = g ( —1) J dA, (A, + —,
'

)(SxSx+) —1)

the third quadrant of the A, plane. ' Likewise, the zeros of
the S matrix are in the second and fourth quadrant of the
A, plane. This is simply proved from the unitarity of the S
matrix

2im xi, (2.5) Sg ——S ~
A.

(2 7)

where we have set 0 to zero. The sum over m can be split
into three parts: the sum involving only negative m, the
sum over the positive m, and the term with m =0. Since
the integrand in (2.5) is not singular in a small vicinity of
the real A, axis, which follows from the properties of the S
matrix, ' the sum over the negative m can be written as

—2l KA

2ikfD ——— d A, (A, + —,
' )(SxSx+ ) —1)

0 ]+ —2lSA,

(2.6)

where the minus sign of the lower limit in the integral
means that the integration path is slightly shifted from the
real A, axis into the lower part of the complex A, plane. In
what follows we will assume that the potential has a hard
core in which case the S matrix has poles in the first and

I

meaning that if A,„ is a pole of S~ then A,*„ is its zero.
Therefore, the integrand in (2.6) is singular in the fourth
quadrant at the points A.*„—1.

We can now replace the integration path in (2.6) by the
one along the negative imaginary axis, provided two con-
ditions are fulfilled: the contribution of the poles of the
integrand are properly taken into account and that on any
ray originating at A, =O and going into the fourth qua-
drant, including the imaginary axis, the integrand goes to
zero sufficiently fast. It has been shown that for poten-
tials with a hard core, the S matrix is exponentially in-
creasing in the lower half of the A, plane as
exp(n

~

ImA, ~),
' therefore the integrand in (2.6) indeed

goes to zero as exp( 2n
~

—Imi,
~

). Because of this the in-
tegration path can be shifted to the negative imaginary
axis, in which case (2.6) becomes

2kfD ~ ——m g(A,„——,
' )(Sx, ) 'p'„

co
(2.8)

where we have used the unitarity property of S~.
Similarly, we can evaluate the sum over the positive m in (2.5), but the integration path is shifted to the positive ima-

ginary axis. When we do this, the momentum-transfer amplitude is finally
27rA,

2ikfD(0)= f dA(A, + —,
' )(SxSx+( —1)+ J dA[(A, —,'i)SgS—(g+)+(A+ ,'i)S gS ('g—+,—2A]

e
l STD,

ig (A,„+—,
' .)Sx ',P„+mi g (A,*„——,

' )(Sx, ) 'P'„" cos(n.A, ) „" ' " cos(n.i,'„) (2.9)

In the last expression we notice two distinct contributions
in the amplitude fD.. one coming from the poles of the S
matrix, the so-called Regge poles, and the other coming
from the integrals in the variable A, . The former is the
contribution of the resonances and the latter is the so-
called background contribution. In the background con-
tribution some terms can be neglected, as will be shown in
Sec. III.

III. ESTIMATE OF BACKGROUND CONTRIBUTION

~ ~
5;g ——i—A, +r];g,l (3.4)

where X is real. It can be shown that q„ is an even func-
tion of x, therefore, g;~ is real. q;~ is also a smoothly
varying function of A, , therefore, the approximation (3.3)
is valid for all A, , and we can write

I

the vicinity of those Regge poles which have a small ima-
ginary part. In such a case we must use another estimate
for (3.1).

For an imaginary argument of the S-matrix, i.e., S;~, the
phase shift is

Essential for the analysis of the background term is the
estimate of the ratio

—2lY/ gSnS;g+ i ——e (3.5)

Sg ——SgSg+

and in terms of the phase shifts this is

(3.1) And since ri;x is an even function of A, we have

Iii, ~90 ~ (3.6)

S~ ——e (3.2)

In atomic collisions, where many partial waves contribute
in the scattering amplitude, we can safely assume the ap-
proximation S;gS;g+ ) —S;gS,'g+ ) -4ik90 (3.7)

where g0' is the second derivative of g with respect to A,

evaluated for A, =O. q0' is also a small quantity so that we
can write

(3.3)

The approximation works very well for all real A, except in

and the second integral in (2.8) is
2m '.

2 f A, dk, (r)o 2)
~ ~

—-O(A )
1T

(3.8)
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evaluate (3.10} analytically. It can be also shown that the
contribution of the diffraction region in (3.10) is negligi-
ble, therefore, o.D is

2&A.R
OD=

k
~R +

2 772

4A,p

772
(3.12)

IV. CONTRIBUTION OF RESONANCES

Let us now turn our attention to the sum in (2.9) over
the poles of the S matrix. The sum is

l STD,

2ikfD vari
——g—(A,„+—,

'
)Sg '~, P„"

cos(mA, „)

FIG. 1. Typical deflection function for atom-atom (ion-atom)
system when orbiting is present.

—f MFA n—(A,'„——,
'

)(Sg ) )
cos(m.A,*„)

(4.1)

meaning that when o.D is calculated from (2.2) the contri-
bution of this integral is of the order A, and therefore
small in the semiclassical limit.

Let us now estimate the first integral in (2.9):

I= I dA(A, + —, )(SgSg+) —1) . (3.9)

The analysis of (3.9) is further simplified if we notice that
in the "optical theorem" for o.D only the imaginary part of
fD is required, hence we only have to estimate the real
part of I, which is

Re(I) ——2 I d k, i, sin ( —,
' gx), (3.10)

where we have neglected —, and used the definition of the
deflection function

(3.11)

The integral (3.10) is very well known from the analysis
of momentum-transfer cross sections. " It has been
shown that its value is finite and gives the classical contri-
bution to o.D. ' Evaluation of this integral has been dis-
cussed on various occasions and nowadays this is a routine
procedure. Therefore, we can say that this part of
the problem in the analysis of the background term has
been solved. However, very often one needs an approxi-
rnate value of this integral. One way to estimate it is by
using the random-phase method, ' in which the central
role is played by an effective impact parameter. Such ap-
proximation is sufficient for many purposes, but here we
will briefly outline an alternative way to estimate (3.10).

In Fig. 1 we show a typical deflection function with or-
biting singularity. In the deflection function we distin-
guish three regions: between 0 and A.p, which corresponds
to direct reflection; then A,p & 2, & A,R, which corresponds to
the orbiting region; and A, & A,R, which corresponds to the
diffraction region. In the first two regions the deflection
function can be approximated by a straight line. For
direct reflection the straight line connects the points 8=m.
for A, =0 and 8=0 for A, =A,p, while in the orbiting region
the straight line connects the points 0=0 for A, =Ap and
0= —m for A, =A,R. In these two cases it is not difficult to

i P„ i
-O(e (4.2)

However, when the index n reaches a certain value, corre-
sponding to a pole with some large value of the imaginary
part, the trend (4.2) is reversed and the modulus of P„ is a
decreasing function of the index n, with the limiting value
~P„~ —+0 for n~co. ' Therefore, we are sure that the

series (4.1) is convergent.
The properties of S~ +~ follow, more or less, the trendn-

of the residues, because in their neighborhood we have ap-
proximately

and the momentum-transfer cross section is proportional
to the real part of fD. The contribution of each pole in oD
is additive, i.e., there is no interference term in the contri-
bution of different poles, such as in the case of the dif-
ferential cross section. ' Therefore, we can analyze the
contribution of a single pole in (4.1) knowing that the
overall value of f~ is the algebraic sum of the individual
contributions, which we designate by fD'".

Each term in the sum (4.1) is a function of A,„and P„
(residues of the S matrix at A, =A,„) and the value of the S
matrix for A, =k„+1. The properties of the Regge poles
and the residues for the atom-atom potentials have been
very well studied, ' ' however, it is worth repeating
some of their main features. The poles A,„are found only
in the first and third quadrant of the A, plane, but only
those from the first quadrant, i.e., those with Imi, „&0
and Rek„&0, enter the sum (4.1). Among these poles we
distinguish those with the small imaginary part
(Imi, „&0.1), and those with the large imaginary part, i.e.,
ImA, „&0.1. For atom-atom potentials there are a finite
number of poles with the small imaginary part, but there
is an infinite number of those with Imi, „'»1. Further-
more, if the potential does not have a barrier then the
lower value for the real part of A,„, for the poles with
small ImA, „,is approximately A,~ (see Fig. 1).

The residues P„have also some general properties. For
the poles with a small imaginary part the corresponding
residues have the modulus which is of the same order of
magnitude as Imk. „.' As the imaginary part of A,„ in-
creases the modulus of P„also increases, with an estimate
of
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n
(4.3)

The exception is for the poles with a small imaginary part,
when a good estimate of the S matrix is

~
SI

~

—l.
With this short review of the properties of A,„,P„, and

SI we can discuss individual terms in (4.1). Let us start
by assuming that Imk, „&&1. In such a case the estimate
for fII' IS

(4.4)

meaning that the terms in (4.1), corresponding to the poles
with large imaginary part, are negligible. Therefore, only
the poles with a small imaginary part have any significant
contribution in (4.1).

Let us, therefore, assume that the imaginary part of A.„
is small. In such a case the modulus of S~ +~ and S~n+ n

is of the order of unity, and the modulus of P„ is of the
order Imk, „,therefore an estimate for fD'" gives

150-

%0

50-

—~- gd

ReA,„=m + 2 (4 6)

where I is an integer, cos(m.A,„) in (4.1) is nearly zero, and
fD'" is approximately

2kfD'"= ——[P:(SI.„-I) ' P.SI.„'+I)— (4.7)

where we have neglected —,
' and e=Imk, „compared to

Rek,„. The resonance momentum-transfer cross section,
as we will call this contribution in o.a, is proportional to
the imaginary part of fD'", hence from (4.7) we obtain ap-
proximately

oD'"-2m
2 ~ P„~ [sin(a —5+)+sin(a —5 )],

ek

(4.8)

where

fD'"-O(1m', „)
which is small. The estimate (4.5) was obtained under the
assumption that Rek.„ is not half-integral. When this is
the case, i.e., when

0.& 0.2 0.3 0.4 0.5 F (ev )

FIG. 2. Momentum-transfer cross section (oD) and the total
cross section (o.) for the system H+-He. Circles show the pres-
ence of the resonance contribution in o, which appear more
prominent in o.D. Broken line shows the value of the back-
ground contribution AD.

terval to a comparatively large value at the value of (4.6).
However, this may not always be the case, depending on
the value of the phases in (4.8).

Although, for the poles with a small imaginary part, the
cross section ua Inay have an appreciable value, the width
of the energy interval in which this happens is so narrow
that for all practical purposes the contribution of reso-
nances in o.D is negligible. Therefore, we expect the con-
tribution of resonances to be appreciable only when Imk, „
is in the transition region between the large and small
values, around Imk, „-0.1. In such a case the width of the
contribution in o.a is relatively wide but is not yet small,
as estimated by (4.4). Physically this is just when the cen-
trifugal barrier, corresponding to Rek,„ofthis pole, equals
the collision energy k . In the notation of Sec. III, the real
part of A,„ is equal to A,II, hence (4.10) is

a=arg P„, 5+ ——arg Sx +I, 5 =arg SI

(4.9)

R 4~R
OD ~

k
(4.1 1)

We have also assumed ~SI ~

—1. It is apparent that the
resonance momentum-transfer cross section can have two
signs. In some cases it can be even zero, depending on the
value of the phases a —5+. However, in the maximum
possible case, (4.8) has the value

R„4m
OD

k
(4.10)

which is much larger than (4.5), when the value of Rek,„ is
not half-integral.

The cross section o.a will, therefore, display a typical
resonance phenomena behavior when analyzed as a func-
tion of the collision energy. In a small neighborhood of
the collision energy, for which ReA,„ is half-integral, the
momentum-transfer cross section undergoes a rapid
change, usually rising from a small value outside this in-

and if we compare (4.11) with (3.12) we obtain
R

OD 2
(4.12)

4i,p

m2

OD 1 2—+ ~
J

As an example we have calculated the momentum-
transfer cross section for the H+-He system in the energy
range E=0.1—0.5 eV. The points of the potential were
taken from those numerically calculated by Kolos et al. ,
and were fitted to a ten-parameter analytic form. The
dominant poles were calculated numerically for several
points from the interval. In Fig. 2 we show results of the
calculation of o.a.

In the same figure we also show the total cross section o.
so that we can compare the relative contribution of reso-
nances in both quantities. The solid line o-D represents the
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exact calculation of the momentum-transfer cross section,
from the formula (2.4). The background term crD, given
by (3.27), is shown by the broken line, and it appears as an
average of OD in most of the energy interval. Deviation of
oD from oa is the most prominent in the vicinity of the
resonances, which appear as the "steps" in the
momentum-transfer cross section. When era is calculated,
taking only one pole contribution in (4.1) for one reso-
nance in Fig. 2, the lines o.D and o.a+a.D cannot be dis-
tinguished.

We also notice a large difference in the relative contri-
bution of the resonance cross section in oz and o.. This

difference is due to the fact that the main contribution in
the total cross section comes from the diffraction scatter-
ing, which in the case of o-D is very small. Therefore, the
low-energy resonances, which appear relatively prominent
in o.a, are hardly visible in o and hence they are not
shown. Only the resonances for E&0.2 eV are more
prominent in o. and, therefore, they are shown encircled.
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