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Positronium formation in positron-helium scattering
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The positronium-formation cross sections in positron-helium scattering have been calcu-
lated with the use of a distorted-wave polarized-orbital method from the threshold to 100
eV. The results with and without the matrix elements involving the distorted target wave
functions are found to differ appreciably. The results of the first Born approximation are
not expected to be correct even at the incident-positron energy 100 eV. The measured values

at 20 eV are found to be less than —of the present predicted values. The sharp rise of the

formation cross section within the ore-gap region as observed by Charlton et al. has also
been noticed by us. The minimum in the differential cross section has been found at all en-

ergies as in the case of hydrogen atom.

I. INTRODUCTION

In view of the recent estimates of the positronium
(Ps)-fornIation cross section in the e+-atom and
e+-molecule scattering by different groups, ' much
interest has been focused to investigate the problem
theoretically. Moreover, the Ps-formation cross sec-
tions are important in some problem of astrophysics.
Here we consider the foriuation of Ps-atom in e+-
He scattering from the threshold to 100 eV.

Theoretically few attempts have been made to cal-
culate the Ps foiiriation in e+-atom scattering. In
the case of the hydrogen atom there are some reli-
able calculations of the forestation cross section in
the ore-gap region. This has helped to find a tract-
able method to investigate the problem. In the case
of helium, no such calculations have been per-
fortued. Apart from some first-order calculations
suitable at high incident energies, the coupled state
calculations were performed by Mandal et al. for
few partial waves. Mandal et al. have repeated
their coupled-state calculation in which the effects
of target distortion are included in both the channel
and in the framework of adiabatic approximation.
A distorted-wave method in which the incident
wave is obtained in the static approximation was ap-
plied by Mandal et al. to investigate the same prob-
lem. However, at the incident-positron energy of 40

eV, the incident wave used by them is an adiabatic
one. The first Born results at 20 eV is approximate-
ly 20 times higher than that of the experimental esti-
mate. The distorted-wave results of Mandal et al.
are very close to the measured values of the Wayne
State University group as well as of the University
College London group. ' This is rather surprising
due to the fact that the method of Mandal et al.
does not take the effects of target distortion and of
Ps foliiIation in the incident channel. Moreover, the
steep rise of their Ps-formation cross section beyond
the ore-gap region contradicts the primary findings
of Charlton et al.

Here we have extended our earlier polarized orbi-
tal calculations for the Ps-foririation cross section
in e+-H scattering to investigate the e+-He scatter-
ing. The Ps-forination cross sections in e+-H
scattering as obtained by us are in good agreement
with those of elaborate methods. Qur incident
wave contains the effect of the dipole polarization
potential having the exact polarizability. The defi-
ciency due to the noninclusion of the Ps-fointation
channel is partially compensated due to the in-
clusion of the exact dipole polarizability. We have
also included in our calculation the matrix elements
containing the distorted target wave functions. It
has been found that these matrix elements are im-
portant in the calculation of cross sections.
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II. THEORY

Let r&, r2, r3 be the position vectors of the incident positron and the bound electrons with respect to the nu-
cleus. The polarized-orbital wave function for the system of the incident positron and helium atom is given by

4;(r~, r2, r3) =
I [u (rz)+Cd(r, ,r2)][u (r3)+Cd(r&, r3)] IE(r, )

=[u (rz)u (r3)+u (r2)C)g(r(, r3)+u (r3)@d(r),r2)+Cd(r), rz)@d(r), r3)]F(r)) .

As we are retaining first-order term, the second-
order term

@d(r ) rz)+d( r j r3)

may be neglected. Therefore 4;(r, ,r2, r3) takes the
form

+ (rl 2 r3) [+H ( 2 3)+u(r2)c'd( 1 3)

+u (r3)@d(r&,r2)]F(r&),

where @H,(r2, r3)=u(r2)u(r3) with u(r) is given
y'

u(r)= (e ' +Ce '
) .

7T

In the framework of the one-electron approxima-
tion, @d(x,r) takes the form

1 e(xr) ups p r
@d(x,r)= — ' P&(cos0„„),

x r

I

Here ri*(
l

r& —rz
l

) is the ground-state wave func-
tion of the positronium atom and Vf is the interac-
tion potential in the final channel and takes the

1 1+

The positron scattering wave function E(r
& ) may be

written as

1 , ;s, ui(r))I'(r, )= g (21+1)i'e ' Pl(cosOr))
+i i =0

and ui satisfies the differential equation

d l(l +1)
2 +k; —V, (r) ) —Vd(r) ) — z ui(r) ) =0,

dr ] rI

where

1, x)re(x r) =
0, x&r

and

Ui. ,(r)=(&p)'"e "( ,'Z, r'+r')—
with Zz ——1.594. The value of Zz is so chosen that
it gives the exact polarizability.

The scattering amplitude for the positronium for-
mation in its ground state is given by

f(&)=——1 Pf
2 277

X ~CPs(rl rz)@*„,+(r3)
l Vf l

+ (ri r&

(4)

where

where V, is the static potential and Vd is the polari-
zation potential.

The scattering amplitude given by the expression
(4) may be written as

f (~) =f)(&)+f2(&)+f3(8),
where

1 Pf f ~ (R)g" (s)d&" +(r3)V&
7T

J

X @H,(r2, r3)

X+(r ))d r ~d r,d r, ,

fz(&) = —— co*(R)q~(s)@H +(r3) Vfu (r3)
Pf

C p (rl r&)= i)*(
l
ri —r2

l
)

Xexp[ —, i kp, (r&+r2)—]
X Nd( r &,r2)E( r, )d r,d rzd r3,

and pf is the reduced mass in the final channel. and
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TABLE I. s-wave positronium-formation cross section in units of ma 0.

Energy
(eV) Born

Present results
Adiabatic Polarized orbital

Mandal et al. '
Static Adiabatic

19.0
20.0
24.5
28.0
40.0
60.0

100.0
' Reference 6.

1.123 16
1.324 80
1.333 03
1.13421
0.608 30
0.239 62
0.047 67

0.125 59
0.135 68
0.096 06
0.06405
0.018 85
0.002 54
0.00047

0.156 58
0.17208
0.13062
0.091 29
0.029 84
0.001 77
0.00040

0.006 19
0.003 64
0.002 36
0.000 12
0.000 15
0.002 08

0.037 70

f3(i)) ='—"—' f ~ (R)q'(s)@'„,+(r3)Vfll(r2)

X @d( r ~, r3)E( r ~)d r ~d r2d r3 .

erg" =2~ f (f(())( sin()d().

The total Ps-formation cross section is given by

o'ps=4oÃs (12)

In the case of the FBA we replace f(8) by f" (6)
in the relation (11).

(10)

The final expressions for f;(8) are given in Appen-
dix A. The first Born scattering amplitude is ob-
tained by replacing Ii (r

& ) by a plane wave in f&(9).
The first Born approximation (FBA) amplitudes
may also be obtained without breaking into partial
waves. The expression for the FBA amplitude is
given in Appendix B.

The para-Ps-formation cross section erg" is ex-
pressed as

III. RESULTS AND DISCUSSION

The FBA amplitude may be obtained from the ex-
pression (Al) by replacing ut(r)lr by j t(k;r). The
results of the FBA have been calculated by using the
expression (Bl) as well as the expression (Al). Two
results are found to be identical at 20.0 and 24.5 eV.
This serves as a check of our numerical accuracy.
We have calculated the matrix element containing
the distorted target wave function for the partial
waves l (2, and for 1 =3 and 4 the matrix element
f~(8) (adiabatic) has only been calculated. The con-
tributions from higher partial waves have been re-
placed by

4
fFBA yfFBA

I=0

Here ft" denotes the partial-wave foliri of Born
amplitude.

Our s-, p-, d-, f , and g-wave cro-ss sections are
given in Tables I—V. The adiabatic results of Man-
dal et al. at 40 eV differ from the present results
appreciably. The difference is attributed to the fact
that Mandal etal. us'ed the value of induced dipole
polarizability to be 1.10 a.u. whereas our value is ex-

TABLE II. p-wave positronium-formation cross section in units of m.a 0.

Energy
(eV) Born

Present results
Adiabatic Polarized orbital

Mandal et al. '
Static Adiabatic

19.0
20.0
24.5
28.0
40.0
60.0

100.0
' Reference 6.

0.01605
0.031 19
0.060 556
0.055 98
0.029 07
0.01035
0.000 78

0.012 06
0.024 64
0.055 54
0.058 45
0.047 62
0.028 80
0.006 33

0.008 81
0.01740
0.036 69
0.036 41
0.025 83
0.141 11
0.001 92

0.058 34
0.132 20
0.141 00
0.098 86
0.046 12
0.01447

0.052 15
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TABLE III. d-wave positronium-formation cross section in units of mao.

Energy
(eV) Born

Present results
Adiabatic Polarized orbital

Mandal et al. '
Static Adiabatic

19.0
20.6
24.5
28.6
46.0
60.0

106.6

0.006 36
6.022 17
0.120 75
6.165 86
0.134 15
6.036 86
6.661 94

6.665 55
6.61928
0.10405
0.142 25
0.11474
6.032 79
0.002 86

0.61628
6.099 02
6.135 37
0.168 72
0.030 14
0.662 15

0.623 73
0.129 70
6.18070
6.177 60
0.089 27
0.02448

0.147 70

' Reference 6.

act. Therefore the Ps-formation cross sections are
very sensitive to the choice of the long-range poten-
tial. The present two sets of the s-wave cross sec-
tions are large in the ore-gap region compared to
other partial-wave contributions. This feature has
not been noticed in the case of the H atom. It is
well known that the polarized-orbital wave function
is not accurate for small values of r. Therefore the
change in the s-wave values with the use of a more
accurate wave function is expected. But this change
in the s-wave values, we believe, will not be very ap-
preciable. The results of the H atom suggests that
this feature may be attached to the particular prop-
erty of the target system.

The results of the Born approximation is not valid
for the lower partial waves as is evident from the
tables. The Born partial-wave contribution may be
used beyond the partial waves given in the table.
The similar features has also been found by us for
the case of the hydrogen atom. Moreover, the Ps-
formation cross section at 100 eV is about 50%
higher than the present polarized-orbital results
(Table VI). The contention that the first Born ap-
proximation is not valid for a rearrangement process
at intermediate energies is also clear in this calcula-
tion.

The differential cross sections at the three in-
cident positron energies are given in Figs. 1—3. At

the incident energy 20 eV (Fig. 1) there is no
minimum value of the Born differential cross sec-
tion. This feature has also been noticed at 19 eV
(not given in the figure). In the case of the hydrogen
atom it has not been found at any incident energies.
At 24 5 eV (Fig. 2) and 28 0 eV (Fig. 3) the
minimum in the differential cross section has also
been noticed using the Born approximation. The
position of the minimum changes with the variation
of energies and of the approximations used.

In Table VI we have tabulated the present two
sets of total positronium-forination cross sections in
the energy range 19.0 to 100.0 eV along with those
of first Born and static results of Mandal et al. By
adiabatic results we mean the contribution of matrix
element involving the ground-state wave function of
the helium atom only. At 20.0 eV, the experimental
estimate for the positronium-forniation cross sec-
tions that have been extracted by subtracting the ex-
trapolated (from below) values of the elastic cross
sections from the total cross section are also given in
the same table.

It is evident from the results that the present Ps-
formation cross section rises very steeply up to the
excitation threshold energy and the rate of rise is
slowed down after this energy. On the other hand,
steep rise of Ps-fornication cross sections is predicted
in the static approximation beyond the excitation

24.5 0.0
28.0 0.0
40.6 6.1

66.0 6.1

106.0 6.0
' Reference 6.

TABLE IV. f wave positronium-form-ation cross sec-
tion ln Units of &Q().

Energy Present results Mandal et al. '
(eV) Born Adiabatic Static Adiabatic

47 82 6.644 85 0.049 37
9095 0.08486 0.09258
58 36 6.145 76 0.141 06 0.13050
42 81 6.132 58 0.088 86
78 48 6.075 89 0.026 45

Energy
(eV)

Present results
Born Adiabatic

Mandal et al. '
Static Adiabatic

24.5
28.0
40.0
60.0

160.0

0.012 45
0.03040
0.063 58
0.029 41
0.000 35

0.01209
0.029 42
0.060 54
0.027 07
0.000 22

0.012 71
0.032 30
0.078 01
0.06402
0.022 26

0.075 14

' Reference 6.

TABLE V. g-wave positronium-formation cross sec-
tion in units of mao.
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FIG. 1. Differential cross section for positronium for-
mation in e+-He scattering.

threshold. Charlton et al. have observed that the
Ps-forination cross section has reached its maximum
value near the excitation threshold and decreases
very slowly beyond this energy. As a consequence,
the position of the maximum value of the formation
cross section obtained theoretically is at a higher en-
ergy than that found experimentally.

The experimental estimates of the Ps-fornication

cross section at the incident positron energy 20.0 eV
differ appreciably from the present two sets of re-
sults. The static result of Mandal et al. at this en-
ergy is surprisingly in good agreement with the mea-
sured value whereas the Born result is about 20
times the estimated value. The assumption that has
been made in estimating the measured Ps-formation
cross section may not be valid. The elastic cross sec-
tion is expected to be influenced appreciable due to
the opening of the Ps-formation channel and extra-
polation of the elastic results may be questioned.
However, the extrapolation of the elastic cross sec-
tion through the threshold is supported at least for
s-wave positron-hydrogen scattering by the three
most accurate calculations of positronium forma-
tion. It may be added that the s-wave contribution
to the positronium-formation cross section in e -H
scattering is rather negligible compared to the total
positronium cross section. Moreover, the agreement
between the values of Mandal et al. and experiment
is rather purely accidental. In the case of the hydro-
gen atom, our results are in fair agreement with
those of the most elaborate calculations. In absence
of elaborate theoretical calculations and of direct
measurements for the e+-He system, it is not possi-
ble to judge the accuracy and validity of the present
method. However, it is not expected that the
present theory fails so miserably. The present calcu-
lations warrant elaborate theoretical calculations and
direct measurement of positronium formation.

APPENDIX A: FINAL EXPRESSIONS FOR THE SCATTERING AMPLITUDES

The scattering amplitude f&(8) is given by

f, (())=—— f ra'(R)q'(s)d&"„, ~(r, )
( Vf (@„,(r, ,r, )E(r, )drdr, dr, .

Using the partial-wave expression for co*(R), q*(s), Vf, and F(r i) and perforiiiing all the integrations except
the radial integration over dr i, fi(8) reduces to

TABLE VI. Total positronium-formation cross section in units of mao.

Energy
(eV) Born

Present results
Adiabatic Polarized orbital Static' Griffith

Stein
et al. '

19.0
20.0
24.5
28.0
40.0
60.0

100.0

1.146 20
1.381 89
1.576 81
1.490 62
1.038 32
0.514 72
0.144 15

0.144 10
0.183 30
0.314 88
0.392 23
0.432 40
0.279 50
0.100 69

0.171 60
0.209 40
0.325 46
0.390 56
0.415 60
0.26440
0.095 50

0.092 10
0.330 30
0.458 10
0.544 90
0.347 40
0.129 00

0.07+0.03 0.08

' Reference 6.
Reference 1.' Reference 2.
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FIG. 2. Same as Fig. 1. FIG. 3. Same as Fig. 1.

2 2

fl(g)= 43y 2N —m g a; g bq
i =1 j=1

with

2
( TI —T2+ Ts —T6) + T3 T4

1
2 (A1)

Iy2 '~I uI(r] )
T~ ——aj g(21+1) e y~o(kf) dxx(1 —x) e ' 'FI(rl, ul) jI ( —,(2—x)kfrl)r&dr&,

l r&

Te=g(21+()' e 'yre(ky) f dxx f e "' 'ZI(rl, y&) j) ( —,(2 x)karl)r—ldrl,
l rl

Te=a. g(21-)y' (e' 'y&e(kj) f dxx(1 —x) f e "'+ '"'F&(r y&)I
I rl

1 2
&(jr( —,(2 —x)kfrl )r,drl,

Te=( 1+k;)ag(21+1)' e 'yre(ky) f dxx(1 —x) f e "' 'Fz(r, ,y )e
I r)

)(,j(( (2—x)kfrl )1 Idri
1 2

Te=azg(21+1)' e 'yre(ky) f dxx(1 —x) f e "' 'F, (r, ,y&)
l r)

1

Xji( , (2 x)kfr()rid—r, , —

Te= g (21+1) e' yre(ky) f dx x f e 'Ze(r~, ye) j)(—'(2 —x)kyr&)rldr&
I ri

where

1 3
, +

pl p)

3r& 1+r(, ZI(rl, p() =
pI pI

+ rI, p I
———,x +a, (1—x)+ —,x (1—x)kf,
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and

1 3 1 1
+2(rl, p2) =, , + +r1, Z2(rl, )M2) = 2 +r1

P2 P2 P2 P2

)M2
———,x + (a, +A, ; ) ( 1 —x) + —,x ( 1 —x)kf,

a( ——1, bl ——1, al ——Zg, A, l ——2+Zg, a2 ——0.6, b2 ——0.6, a2 ——2Z1, A,2 ——2+2Z1 .

Similarly the final expressions for f2(8) and f3(8) are given by

. I —(I&+I2) is, (2l1 + 1 )
f2(8)=4V 2NMn g (i) ' ' e '

1/2 ylp(kf )
(21 + 1)
r

ll l2 l
X (212+ 1)C 0 0 0 Jl 2 fr1 Jl 2 fr3 I r1 & r3 1 r].

X(.-'"+0.6,-"")-"'" '
rlr3dr1-dr3

2 2
12 ll 1 A, 1 l2

(2K+ i)C 0 p 0 C 0 0 0

—Zg r3 —2Z) r3
r1 r3r3 e ' + . e ' g r1 r3 ~ r1 & r3

Xji ( z kfrl j)i ( z kfr3) (A2)

where

8 ZA
f1(rl )=—

3 Z

1 /2
1

r',
e

4 Z2 p

—ar
& 5r 1

rl +
20r 1 60r, 120r 1 12p+ 2 + 3 + 4 + S

CX CX A a
120
a'

ar
1e 4r 1 12r 1 24r 1

rl + +, +, + 4 +
cz a a cx

with a =ZA +Z~,
1 /2r 1 I 1

GA, +A, +1/2( 2 rl )Il+1/2( 2 r3)+
r3

1 /2
1 1

KA, +1/2( 2 rl )IA, +1/2( 2 r3 )

and C(s &~r) is the Clebsch-Gordan coefficient, 'P and
2 2

(I +I ) (s (2p+ 1)(2ll + 1) l2 ll l A, ll 12

f3(8)=—128N~m. g (i) ' ' e YJp( kf )C C(2l+1)' '

3 1 3 1p3Z1&r3JI —fr1jI —fr3
2 ) . 1, ui(r )

l2 (A3)

where

Z(rl r3)= ~(rl ) —P(r3)
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with

1 al
1

+ eW(r 1 ) = 16&2m. N 1 1 c 1

77 r 1 al a2 al r
e

—A)T) J
a2

1 a2 ar—,J-—e
2

and

P(r3) =16&2Ir —,+, +, + e
1 1 c 1 1 al —a&r3 c

r3 al a2 al r3 2 A2

1 a2 —a,r,+ e
T3

APPENDIX B: EVALUATION OF THE FBA SCATTERING AMPLITUDE

The FBA scattering amplitude is given by

f (8)= — f 9r +(r~)a&r(r, e)exp —(kl.He+

r 1+ r2
V;„,@H,( r2, r3)e ' 'd r ld r2d r3

After perforixling the integration over d r 1, d r2, and d r3, the scattering amplitude f" (8) reduces to

f (0)= —
2 g a; g bj 3 (I5 I6)+ 2(I3—I4)+ 3—(II I2)—1 2

i =1 j= I ~i A I

where

2 XdX
p ( 2+ 2)3

with

p = —,x+(aj+A, ;) (1—x)+ —,x(1—x)kf,
1

I5 ——4m. aj dx x(1—x)
3A I+2p( 3p 1

—p )A I + 8p Ip

p Al

2 2A 1 =CO +pl, pl =p+Ai

p = —,x +aj(1—x)+ —,x (1—x)kf,1 1 2

le=)92e' f dxx(1 —x)

X dX
p ( 2+ 2)3

(aj+A,;)
co +p

1 61I A 21+24ppi(x, A, +2pp', )
I3 ——4m. a dx x(1—x)J p p A 1
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with

)M = —,x +~J.(1—x)+ —,x (1—x)kf,

'+p')+4@'( '+p')+8@'
1~ 4t—r aj xx 1 —x

p5( 2+ 2)3

The values of a;, b;, a;, and A,; are given in Appendix A.
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