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The positronium-formation cross sections in positron-helium scattering have been calcu-
lated with the use of a distorted-wave polarized-orbital method from the threshold to 100
eV. The results with and without the matrix elements involving the distorted target wave
functions are found to differ appreciably. The results of the first Born approximation are
not expected to be correct even at the incident-positron energy 100 eV. The measured values
at 20 eV are found to be less than % of the present predicted values. The sharp rise of the

formation cross section within the ore-gap region as observed by Charlton et al. has also
been noticed by us. The minimum in the differential cross section has been found at all en-

ergies as in the case of hydrogen atom.

I. INTRODUCTION

In view of the recent estimates of the positronium
(Ps)-formation cross section in the e *-atom and
e t-molecule scattering by different groups,? much
interest has been focused to investigate the problem
theoretically. Moreover, the Ps-formation cross sec-
tions are important in some problem of astrophysics.
Here we consider the formation of Ps-atom in e *-
He scattering from the threshold to 100 eV.

Theoretically few attempts have been made to cal-
culate the Ps formation in e *-atom scattering. In
the case of the hydrogen atom there are some reli-
able calculations® of the formation cross section in
the ore-gap region. This has helped to find a tract-
able method to investigate the problem. In the case
of helium, no such calculations have been per-
formed. Apart from some first-order calculations
suitable at high incident energies, the coupled state
calculations were performed by Mandal et al.* for
few partial waves. Mandal et al.’ have repeated
their coupled-state calculation in which the effects
of target distortion are included in both the channel
and in the framework of adiabatic approximation.
A distorted-wave method in which the incident
wave is obtained in the static approximation was ap-
plied by Mandal et al.® to investigate the same prob-
lem. However, at the incident-positron energy of 40

28

eV, the incident wave used by them is an adiabatic
one. The first Born results at 20 eV is approximate-
ly 20 times higher than that of the experimental esti-
mate. The distorted-wave results of Mandal et al.®
are very close to the measured values of the Wayne
State University group” as well as of the University
College London group.! This is rather surprising
due to the fact that the method of Mandal et al.®
does not take the effects of target distortion and of
Ps formation in the incident channel. Moreover, the
steep rise of their Ps-formation cross section beyond
the ore-gap region contradicts the primary findings
of Charlton et al.”

Here we have extended our earlier polarized orbi-
tal calculations® for the Ps-formation cross section
in e t-H scattering to investigate the e *-He scatter-
ing. The Ps-formation cross sections in e*-H
scattering as obtained by us® are in good agreement
with those of elaborate methods.? Our incident
wave contains the effect of the dipole polarization
potential having the exact polarizability. The defi-
ciency due to the noninclusion of the Ps-formation
channel is partially compensated due to the in-
clusion of the exact dipole polarizability. We have
also included in our calculation the matrix elements
containing the distorted target wave functions. It
has been found® that these matrix elements are im-
portant in the calculation of cross sections.
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II. THEORY

Let T}, T,,T; be the position vectors of the incident positron and the bound electrons with respect to the nu-
cleus. The polarized-orbital wave function for the system of the incident positron and helium atom is given by

Y, (F,1,,T3)=

{[u (7)) + Dy (T1,1,)][u (T3) + Dy (T ,T3) ]} F(T)

=[u(r2)u (r3)+u(r2)¢d(r1,r3)+u (?3)¢)d(?l32)+¢d(?132)¢d(?l’?3)]F(?l) .

As we are retaining first-order term, the second-
order term

(Dd(?l, ?2)(134(?1,?3)

may be neglected. Therefore W;(T,T,,T;) takes the
form
Wi (T1,15,13) =[Pue(T,T3) +u (T5)Py(T,T3)
+u(T3)Dy(T,1,)]F(T)) , (1)
;)Nhere Oy (T, T3)=u(Tr)u(T;) with u(r) is given
y

u(r)= (e "'4+Ce 7). ()

In the framework of the one-electron approxima-
tion, ®,(X,r) takes the form

- 1 ) Uisp(r)
CDd(x,r):——‘/; 6(:2r) 2P " pl(cosh,,) ,
(3)
where
elx,r) = 1, x>r
0, x<r
and

Ulsap( r)= (Z )1/2 ( Z r +r2)

with Z,=1.594. The value of Z, is so chosen that
it gives the exact polarizability.

The scattering amplitude for the positronium for-
mation in its ground state is given by

ro=-4 |4
X A Dp((T,12) P 1 (T3) | Vi | Wi(T1,82,T3))
4)
where
Qp(T1,T2)=n*(| F|—T3 )
X exp[ — 5iKpy (F1+T5)] (5)

and uy is the reduced mass in the final channel.

I
Here n*(| T —T,|) is the ground-state wave func-
tion of the positronium atom and V¢ is the interac-
tion potential in the final channel and takes the
form

Zy Zy 1 1

Vi=|—————+—

ry ra Fia 723
The positron scattering wave function F(r,) may be
written as

1 kol is, w(ry)
F(r)=—7+= 3 (21 +1)i'e"'———P(cosr;)
1 X Igo + R cosfr
(6)

and u; satisfies the differential equation

2
Lk Vir)—Vatr) 2D o,
dri "1

(7

where V; is the static potential and ¥, is the polari-
zation potential.

The scattering amplitude given by the expression
(4) may be written as

SO =£1(0)+f,(0)+f5(0),

where
1
S1O)=—— —2; J o* @m0t (ry)v,
X Ppye(T,13)
X F(T))dT,dT,dT; , (8)
F20)=—2 |EL | [ or Rp* ()0}, (F)Vyu (5y)
2 |27 Het 73707003
X @q(T);F,)F (F))dT1d TrdTs
9)
and
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TABLE 1. s-wave positronium-formation cross section in units of 7a3,

Energy Present results Mandal et al.?
(eV) Born Adiabatic Polarized orbital Static Adiabatic
19.0 1.123 16 0.12559 0.15658
20.0 1.324 80 0.13568 0.17208 0.006 19
24.5 1.33303 0.096 06 0.13062 0.003 64
28.0 1.13421 0.064 05 0.091 29 0.002 36
40.0 0.608 30 0.018 85 0.029 84 0.000 12 0.03770
60.0 0.23962 0.002 54 0.001 77 0.000 15
100.0 0.047 67 0.00047 0.00040 0.002 08
2 Reference 6.
1 | uy - . _ III. RESULTS AND DISCUSSION
f30)=—= |5 J o*®m* ()0} (F3)V,u (Ty)
m The FBA amplitude may be obtained from the ex-

X ®y(T1,13)F(T)dTdTdT; .

(10)

The final expressions for f;(6) are given in Appen-
dix A. The first Born scattering amplitude is ob-
tained by replacing F(r;) by a plane wave in f(6).
The first Born approximation (FBA) amplitudes
may also be obtained without breaking into partial
waves. The expression for the FBA amplitude is
given in Appendix B.

The para-Ps-formation cross section opi™ is ex-
pressed as
ky

opit=2m ;l—

J7ir®|*sinede . an

The total Ps-formation cross section is given by
ops=40p™ . (12)

In the case of the FBA we replace f(6) by fFBA(9)
in the relation (11).

pression (A1) by replacing u;(r)/r by j;(k;r). The
results of the FBA have been calculated by using the
expression (B1) as well as the expression (A1). Two
results are found to be identical at 20.0 and 24.5 eV.
This serves as a check of our numerical accuracy.
We have calculated the matrix element containing
the distorted target wave function for the partial
waves / <2, and for / =3 and 4 the matrix element
f1(0) (adiabatic) has only been calculated. The con-
tributions from higher partial waves have been re-
placed by

fFBA_ é fFBA
1=0

Here ffBA denotes the partial-wave form of Born
amplitude.

Our s-, p-, d-, f-, and g-wave cross sections are
given in Tables I-V. The adiabatic results of Man-
dal et al.% at 40 eV differ from the present results
appreciably. The difference is attributed to the fact
that Mandal et al.® used the value of induced dipole
polarizability to be 1.10 a.u. whereas our value is ex-

TABLE II. p-wave positronium-formation cross section in units of wa3.

Energy Present results Mandal et al.?

(eV) Born Adiabatic Polarized orbital Static Adiabatic
19.0 0.01605 0.01206 0.008 81

20.0 0.03119 0.024 64 0.017 40 0.058 34

24.5 0.060556 0.05554 0.036 69 0.13220

28.0 0.05598 0.058 45 0.03641 0.14100

40.0 0.029 07 0.047 62 0.025 83 0.098 86 0.05215
60.0 0.01035 0.028 80 0.14111 0.046 12

100.0 0.00078 0.006 33 0.00192 0.014 47

2Reference 6.
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TABLE III. d-wave positronium-formation cross section in units of 7a 2

Energy Present results Mandal et al.®

(eV) Born Adiabatic Polarized orbital Static Adiabatic
19.0 0.006 36 0.005 55
20.0 0.022 17 0.01928 0.01628 0.02373
24.5 0.12075 0.104 05 0.099 02 0.12970
28.0 0.165 86 0.14225 0.13537 0.18070

40.0 0.134 15 0.11474 0.108 72 0.177 60 0.14770
60.0 0.036 80 0.03279 0.03014 0.08927

100.0 0.00194 0.002 86 0.002 15 0.02448

2Reference 6.

act. Therefore the Ps-formation cross sections are
very sensitive to the choice of the long-range poten-
tial. The present two sets of the s-wave cross sec-
tions are large in the ore-gap region compared to
other partial-wave contributions. This feature has
not been noticed in the case of the H atom. It is
well known that the polarized-orbital wave function
is not accurate for small values of r. Therefore the
change in the s-wave values with the use of a more
accurate wave function is expected. But this change
in the s-wave values, we believe, will not be very ap-
preciable. The results of the H atom’ suggests that
this feature may be attached to the particular prop-
erty of the target system.

The results of the Born approximation is not valid
for the lower partial waves as is evident from the
tables. The Born partial-wave contribution may be
used beyond the partial waves given in the table.
The similar features has also been found by us® for
the case of the hydrogen atom. Moreover, the Ps-
formation cross section at 100 eV is about 50%
higher than the present polarized-orbital results
(Table VI). The contention that the first Born ap-
proximation is not valid for a rearrangement process
at intermediate energies is also clear in this calcula-
tion.

The differential cross sections at the three in-
cident positron energies are given in Figs. 1—3. At

TABLE IV. f-wave positronium-formation cross sec-
tion in units of wa.

Energy Present results Mandal et al.?
eV) Born Adiabatic Static Adiabatic
24.5 0.047 82 0.044 85 0.049 37
28.0 0.09095 0.084 86 0.092 58
40.0 0.158 30 0.14576 0.14100 0.13050
60.0 0.142 81 0.13258 0.088 86
100.0 0.07848 0.075 89 0.02645

2Reference 6.

the incident energy 20 eV (Fig. 1) there is no
minimum value of the Born differential cross sec-
tion. This feature has also been noticed at 19 eV
(not given in the figure). In the case of the hydrogen
atom it has not been found at any incident energies.
At 24.5 eV (Fig. 2) and 28.0 eV (Fig. 3) the
minimum in the differential cross section has also
been noticed using the Born approximation. The
position of the minimum changes with the variation
of energies and of the approximations used.

In Table VI we have tabulated the present two
sets of total positronium-formation cross sections in
the energy range 19.0 to 100.0 eV along with those
of first Born and static results of Mandal et al.® By
adiabatic results we mean the contribution of matrix
element involving the ground-state wave function of
the helium atom only. At 20.0 eV, the experimental
estimate for the positronium-formation cross sec-
tions that have been extracted by subtracting the ex-
trapolated (from below) values of the elastic cross
sections from the total cross section are also given in
the same table.

It is evident from the results that the present Ps-
formation cross section rises very steeply up to the
excitation threshold energy and the rate of rise is
slowed down after this energy. On the other hand,
steep rise of Ps-formation cross sections is predicted
in the static approximation beyond the excitation

TABLE V. g-wave positronium-formation cross sec-
tion in units of 7wa.

Energy Present results Mandal et al.?
(eV) Born Adiabatic Static Adiabatic
24.5 0.01245 0.01209 0.01271
28.0 0.03040 0.02942 0.03230
40.0 0.063 58 0.060 54 0.078 01 0.075 14
60.0 0.02941 0.02707 0.064 02
100.0 0.000 35 0.00022 0.02226

2 Reference 6.
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FIG. 1. Differential cross section for positronium for-
mation in e *-He scattering.

threshold. Charlton et al.” have observed that the
Ps-formation cross section has reached its maximum
value near the excitation threshold and decreases
very slowly beyond this energy. As a consequence,
the position of the maximum value of the formation
cross section obtained theoretically is at a higher en-
ergy than that found experimentally.

The experimental estimates of the Ps-formation
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cross section at the incident positron energy 20.0 eV
differ appreciably from the present two sets of re-
sults. The static result of Mandal et al.% at this en-
ergy is surprisingly in good agreement with the mea-
sured value whereas the Born result is about 20
times the estimated value. The assumption that has
been made in estimating the measured Ps-formation
cross section may not be valid. The elastic cross sec-
tion is expected to be influenced appreciable due to
the opening of the Ps-formation channel and extra-
polation of the elastic results may be questioned.
However, the extrapolation of the elastic cross sec-
tion through the threshold is supported at least for
s-wave positron-hydrogen scattering by the three
most accurate calculations of positronium forma-
tion. It may be added that the s-wave contribution
to the positronium-formation cross section in e *-H
scattering is rather negligible compared to the total
positronium cross section. Moreover, the agreement
between the values of Mandal et al.® and experiment
is rather purely accidental. In the case of the hydro-
gen atom, our results are in fair agreement with
those of the most elaborate calculations. In absence
of elaborate theoretical calculations and of direct
measurements for the e *-He system, it is not possi-
ble to judge the accuracy and validity of the present
method. However, it is not expected that the
present theory fails so miserably. The present calcu-
lations warrant elaborate theoretical calculations and
direct measurement of positronium formation.

APPENDIX A: FINAL EXPRESSIONS FOR THE SCATTERING AMPLITUDES

The scattering amplitude f(0) is given by
Ky

1
[1(0)=— Py

2

[ o* R* ()Y, 1 (F3) | Vy | @ue(T2;23)F (F))dT1d Trd T .

Using the partial-wave expression for w*(R), 7*(s), V¢, and F (1) and performing all the integrations except
the radial integration over dr, f;(0) reduces to

TABLE VI. Total positronium-formation cross section in units of 7a3.

Energy Present results Stein

(eV) Born Adiabatic Polarized orbital Static?® Griffith® et al.©
19.0 1.146 20 0.144 10 0.17160

20.0 1.381 89 0.183 30 0.209 40 0.092 10 0.07+0.03 0.08
24.5 1.576 81 0.314 88 0.32546 0.33030

28.0 1.490 62 0.39223 0.39056 0.458 10

40.0 1.03832 0.43240 0.415 60 0.544 90

60.0 0.51472 0.279 50 0.264 40 0.34740

100.0 0.144 15 0.100 69 0.095 50 0.12900

2Reference 6.
®Reference 1.
°Reference 2.
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FIG. 2. Same as Fig. 1. FIG. 3. Same as Fig. 1.
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i=1 j=1 i i
with
i A —UuLr ( )
T,=aj2(21+1)1/2e‘8'y,0(kf)fdxx(l—x)fe V1R (ri,uy) (i —i,(3 _(2— —X)kpr)rydr, ,
1

i —pyr u(ry)
T2= 2(21-{—1 1/28 y]()(kf f dx x f e e ‘Zl(rl,ul)—lr—l-—jzl(%(Z—x)kfrl )r%drl ,
1 1

- ) (r
Ty=a; 3,21 +1)7% 1y o6y [axx1—x [ HRE ) <
1

X5 (2—x)kgry)ridr, ,

u;(ry)

To=(a;+A) 3 (2 + 1) yo(ky) [ dxx(1—x) [ e ™ Fylry,u,)
1 .

X il (2—x)ksr)ridry

i ~ (r)
Ts=a; 3 (20 + 12 yo(By) [dxx(1—x) [ e " F (ry,py) ’r ‘
1 1

Xji(5 2 —x)kpry)rdry

uy(ry)
T6=2(21+1)1/2e Yo kf)fdxx fe T 1Z;,_(rl,,u,z) —i(5 (2—x)kfr1)rfdr1 R
1
where
1 |3 3, 1|1 2 1
Fi(ri,pu))=—x +—+ri|, Z(r,u)=—5|—++r1 |, ,u=—x+a(1 x)+ x(l—x)k ,
@ m pi | e e s 4
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and
Fyrop=— |2+ 2042, Zyrop =2 | L 4r
2\ L, )= 1 ’ 2027 = 1 ’
M By 2 p3 | M2

pi=4x +(aj+A)A1—x)+7x (1—x)k} ,
a1=1 ’ b1=1 N a1=Z,~ s 7\,1=2+Z, , az=0.6, b2=0.6, a2=2zl N 7\.2=2+221 .

Similarly the final expressions for f,(6) and f3(60) are given by

- i (2[1+1) A~
0)=4VINV 7 -t iy 2hAD
70 7711%,1(1 TRz C
A o .
X |2L+1C o o o fj,l(ykfr,)112(;kfr3)612(r1<r3)f1(r1>
‘Z," —2Z; u(r)
X (e 340.6e r”%"%rgdrldra
L1 [r15,)
—§(2A+1)C 000lC€looo

X f dridryrite "5 40.6e A g (r1,r3)Galry 2 13)

. . ul(rl)
X1, (zker i 5hrrs) el
where
172 —ar r 3 2
, 8 | Z4 1 i e ' | s S5rp  20ry  60r7  120r; 120 120
=== = |i=1z —
filr)=73 Z, | ” ,,{ [r1—+- R s T e R S e
—on 4r3  12r% 24r; 24 24
+[~—e [r‘l‘+——1+ e+ |+
a a a a
witha=2Z,+2Z,,
172 172
r , 1 1 r3 1 1
Gr= Z] Kiv12(zr i n(5r3)+ l*rl— Kat12(3r1aq12(573)
and C(§87) is the Clebsch-Gordan coefficient,'® and
2 2
1=t +1,) i5, | QA+1)(21 +1) ~ |kl AL L
(0)=—128NV'r (i) 1Tt Y;olks)C C
73 ngl,)t (21 +1)172 JOLS 00O 000
ul(rl)

X fdrldr3r§Z(r1,r3)uls_,p(r3)Gk(r1zr3)j,l(%kfr1 )jlz(%kfr:;)

r
where

Z(ry,r3)=W(r)—P(r;)

b
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with
N 1 (4 1 1 a, —ayr 4 1 a —a,r
Wr)=16V2r—=|— |—5+—5 [+ 5 |—+— ==+ i
! ‘/; ry a:; ag a% ry 2 a% ry 2
and
1 1 [4 1 1 Q) —ayr C 1 (25) —a,r
v N ||, c |, 1|1 @ s, ¢ |1 23
P(r3) 16 277‘/; r3 a:i; + ag + a:l,; r3 + 2 + a% r3 + 2

APPENDIX B: EVALUATION OF THE FBA SCATTERING AMPLITUDE

The FBA scattering amplitude is given by

T+7) -
Vint@ue(T2,T3)e

fFBA(9)=—% f @}, +(T2o* (r12) exp

After performing the integration over d T, dT,, and d T3, the scattering amplitude f24(9) reduces to
(B1)

—%u, _I,)

’

2 (I—I)+ %(13~I4)+
i

23

FBA z z
f (9)=— > a; ' b]

where
1
— 2 Lo S
Ig=327m fo P
with
— 2e—x —
|w|=|ki— ) kf

343 +2u(3p, — )4, +8ulu?

b

Is=4r%q; foldxx(l——x) oAl
with
A= +pi, pi=p+i;,
and
pr=1x +a(l—x)++x(1—x)k}
I1,=1927° foldxx(l—x) [(zé—j_;:;) ’

1 6A A2 +24up (N Ay +2uu?)
L=4ra [ dxx(l——x)[ 1ol “”5144 iU
H Ay

1 xdx
=327 [ PR
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with

‘u2=_:_x +a3(1_x)+%x(1—X)kf2 ’

1
Il=47r2aj fo dx x(1—x

The values of a;, b;, a;, and A; are given in Appendix A.

) 3 +u?) +4u*(0® +u?) +8u* '
MS(w2+#2)3
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