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We consider making quantum nondemolition measurements on a harmonic oscillator by
coupling it to an oscillator readout system using a four-wave-mixing interaction. The quan-
tum nondemolition variable of interest appears as a nonlinear function of the number opera-
tor. It has the form D (t)=cos(Xa'at). A sequence of measurements of this operator may
be made with completely predictable results. The possible use of this system to detect gravi-

tational radiation is suggessted.

I. INTRODUCTION

Recent research into possible gravitational radia-
tion detection schemes has led to a consideration of
how quantum fluctuations in the detection and asso-
ciated amplification process limit the accuracy with
which a classical force may be monitored. This is
due to the fact that gravitational radiation reaching
terrestial detectors is so weak as to produce displace-
ments smaller than the quantum-mechanical uncer-
tainties in the ground state of a harmonic oscillator.
The detector must, then, be treated quantum
mechanically. One is thus faced with the problem
of making a sequence of measurements on a single
quantum system, the results of which must be com-
pletely predictable, in the absence of the gravitation-
al wave. For most dynamic variables this is not pos-
sible since intrinsic uncertainties in the results of a
quantum-mechanical measurement, lead to fluctua-
tions in the results of successive measurements.
However, for certain detector variables, the so-called
quaflgum nondemolition (QND) variables, it is possi-
ble."

The condition for an operator A1) to correspond
to a QND observable as derived by Caves et al.!'? is

[A(t),4()]=0. (1.1)

If this condition is satisfied then if the system begins
in an eigenstate of 4 it remains in this eigenstate.
Observables which are constants of the motion are
clearly QND observables.

To measure the QND observable it is necessary to
couple the detector to some amplifier or readout sys-
tem. In the usual analysis of a QND measurement
we treat the first stage of the readout system as
another quantum system coupled to the detector.
This system is referred to as the meter.

It is interesting that the meter need introduce no
further fluctuations into the detector QND observ-
able, provided that the only detector operator ap-
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pearing in the detector-meter interaction Hamiltoni-
an is the QND operator of the detector. This is the
back-action evasion criteria. If this condition holds
then [A(2'),A(¢)]=0 in the presence of the interac-
tion with the meter.

It should be noted that damping due to irreversi-
ble interactions with a heat bath will also limit the
accuracy with which a QND observable may be
measured.>* In this paper both detector and meter
are realized as harmonic oscillators.

An analysis of a QND measurement process may
be divided into two stages. The first stage involves
solving for the time-dependent unitary evolution of
the coupled detector-meter system. During this
stage correlations between the state of detector and
meter build up. At some point the free evolution is
suspended and a readout of the meter is made,
whereupon the meter state is reduced. The second
stage of the analysis then involves a determination
of the nonunitary effect of meter-state reduction
upon the detector.

In this paper, the interaction Hamiltonian is con-
sidered to be quadratic in the detector’s quadrature
phase amplitude. Unruh® has pointed out that such
quadratic coupling schemes may realize quantum-
counting QND measurements, which were among
the earliest suggested QND measurement schemes.®

Unruh’ has suggested a quadratic coupling
scheme based on an LC circuit. We discuss a qua-
dratic interaction model based on a quantum-optical
four-wave-mixing interaction, with all modes treated
quantum mechanically.

II. FOUR-WAVE-MIXING INTERACTION

We consider the coupled detector-meter system to
be represented by the following Hamiltonian:

H=#%w,a%a +#0,b'b +#ixatab's | 2.1

where a (b) is an annihilation operator for the detec-
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tor (meter) mode, w, and w, are the oscillator fre-
quencies, and X is the coupling constant.

If we define two operators by
172

[a()+af(0)],

12 (2.2)
[a()—at(®)],

fl(t)z

20,4

1 #

20,

Xz(t)

corresponding to the real and imaginary parts of the
detectors complex amplitude then

T

(X1 4+XH—7 (2.3)

aa=

a

We thus see that the interaction Hamiltonian in (2.1)
is quadratic in the complex amplitude. The oscilla-
tors could represent the quantized fields of two opti-
cal modes coupled by a third-order susceptibility as
in four-wave mixing. However, since gravitational
radiation produces mechanical oscillations in a
detector we will refer to the quanta represented
above as phonons.

It is clear from Eq. (2.1) that a ta and b'b are con-
stants of motion. Since this is sufficient to satisfy
the criteria for a QND variable we identify ataasa
QND vanable of the detector.! Furthermore, any
function of a'a will also be a QND variable. It also
follows that the phonon number distribution for the
detector (and meter) cannot change as a result of un-
itary evolution.

The solutions to the Heisenberg equations of
motion in the interaction picture are

a(t)=exp(—iXb'bt)a(0),
b (t)=exp(—iXa'at)b(0) ,

(2.4)

Ya and b%b are

where we have used the fact that a
constants of motion. R
_ We now define two Hermitian operators Y (¢) and
Y,(t) corresponding to the real and imaginary parts
of the complex amplitude of the meter mode, respec-

tively,

ﬁ 1/2

Pin= || w+s'0],

2(0b
X R (2.5)
Vo) =— ——] [b()—bln)] .

1l 2(0b

Using Egs. (2.4) and (2.5) we obtain

P.()=D,()9,(0)+D(1)$,(0) 2.6)

where we define two new operators by

ﬁl(t)zcos(XaTat) , 2.7)

ﬁz(t) =sin(Xa ar) .

We note that D 1(2) and ﬁz(t) are also QND opera-
tgrs Equation (2.6) allows us to infer values of

D\(t) from measurements of ¥,(z).

If we now prepare the initial state of the detector
in_a coherent state such that (¥,(0))=0 and
(Y, (0)) =(2%/wy)'"?*y,(0) we can infer a value for
Dl(t) by making measurements on Yl(t) A mea-
surement of Yl(t) gives a result y,(z) from which
the experimenter infers a value d,(z) for Dl(t) given
by
172

Wp »i(1)
d\(t)= | — . 2.8
1 2% | »,(0) 2.8
The error in this value Ad(¢) is then given by
2, 5
@p AY,(t)
Ady ()= (2.9
: 2% y1(0) )

where [A Yl(t)]2 is the variance in f’l(t) at the time
of measurement.

If the meter is initially in a coherent state |y;(0))
we find that

[AY, ()= ﬁ +—2ﬁ HO[AB(OF (.10
then
1/2
Ad(t)= AD(1)]? i )
1(2) 4y%(0)+[ 1] (2.11)

We can see that it is impossible to predict with cer-
tainty the outcome of a measurement of Dl(t) if it is
very uncertain at the time of readout. However, if
[ADl(t)]2 is small then by preparing the meter in a
highly excited coherent state [y,;(0) is large] we can
make our determination of d,(z) as certain as we
like.

Before proceeding to the second step in a QND
measurement analysis, meter-state reduction, we
first dlscuss some properties of the QND variable
Dl [Similar statements can be made concerning

2(t)]

The eigenstates of D (¢;) are clearly number
states | n) with elgenvalue d(t,) given by

d(t;)=cos(Xnt,) . (2.12)

However, due to the periodic nature of the cosine
function this eigenvalue is degenerate. The eigen-
states |n ), where

2l cos”'[dy(1))]
th th

1=0,1,2,...
(2.13)
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(and n is restricted to an integer) all have the same
eigenvalues.

It should be noted, however, that while the hum-
ber states of Eq. (2.13) are also eigenstates of Dl(tz)
(237t1), these states are no longer degenerate. Act-
ing on (2.13) with D,(t,) we have

27l 0 277l 6 >

S TV md () |+

Byt | 37 Xt1> () |37+
(2.14)
where O=cos~'[d,(¢;)] and d,(t,)=cos[(0

+2ml)t,/t,]. These eigenvalues are dependent on
the value of /. Thus, while a linear superposition of
the states in Eq. (2.13) is alsg an eigenstate of
D(t), it is not an eigenstate of D(z,).

The periodicity of the cosine function also implies
that if the system were in the pure number
state |n ), a single measurement of Dl(tl) could not
be used to infer a unique value for n. However, a
second measurement of D, at time t,, such that
X(t;—t,) is not a rational number, allows n to be in-
ferred uniquely from the results of the two measure-
ments. This is a consequence of » being an integer.
In any practical scheme, of course, it is only possible
to choose X(t;—1t,) to a fixed number of decimal
places and it may be impossible to ensure that
nX(t; —t,) is not an integer multiple of 27 over the
range of n values appropriate to the detector
description. We will not further pursue schemes to
make a precise determination of n.

An instantaneous perfectly accurate measurement
of D (¢) with the result d(t) will leave the system in
a 11near combination of eigenstates corresponding to
this measured eigenvalue. Which linear combina-
tions occur depend on which eigenstates were
present in the premeasurement number distribution
of the detector. Once the measurement is made and
the detector state has ““‘collapsed” to this linear com-
bination of number states, the corresponding phonon
number distribution cannot change as a result of
free evolution of the coupled system. A subsequent
(perfectly accurate) measurement of D (¢) must then
yield the same result d(¢), providing the measure-
ment is made after the Same elapse of time. This is
what is required of a QND measurement.

If the variance of D,(z) is zero at any time, it
periodically returns to zero. This is a consequence
of the fact that D (¢) is a stroboscopic QND vari-
aple In Fig. 1 we have plotted the variance of
D,(t) as a function of time for an initial coherent’

pp(t)r =Ny (t;),¢, |€_th1/ﬁp(0 H R

10

% 05 0
t
FIG. 1. Variance in P(t) vs time for a detector in a
coherent state with 7=1.0.

state. The stroboscopic nature of D,(z) is clearly
evident. Thus if the system at one time is in an
eigenstate of D it will periodically return to that
eigenstate.

III. METER-STATE REDUCTION

We now proceed to the second step in a QND
measurement analysis, a determination of the
nonunitary effect of meter-state reduction when a
readout is made. We use the projection-operator
technique of Caves et al.!

Let the state of the detector before measurement
be characterized by the phonon number distribution
P(n). The initial density operator for the total
detector-meter system may be written as

pO)= |ir) [ip)<ip | Cin | (3.1)

where |ip) (|iy)) is the initial state of the detector
(meter). Thus

P(n)=|{(ip|n)|?. (3.2)

In the Schrodinger picture the density operator at
time ¢ is given by

p(t)=exp —%Ht p(0) exp %Ht (3.3)

At time ¢; we read out a value for ?l(tl) with the
result y,(¢;) and project the meter into an eigenstate
of Y,(¢;) with an eigenvalue equal to this measured
result.

The detector state after readout is then character-
ized by the following density operator:

[y1(t1),t1) (3.4)

where |y,(¢),t) is an eigenstate of Yl(t,) with eigenvalue y(¢) (and N is some normalization constant). The
phonon number distribution of the detector after readout is then given by

P(n)g=N | {pi(t),t; | exp[ —i(wp+Xn)b'bt,]|irs) |2P(n) . 3.5
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FIG. 2. Phonon number distribution after readout
(solid line) for an initial coherent state distribution
(dashed line). Two different meter states are considered:
(a) y1(0)=2.0 and (b) y}(0)=15.0. In both (a) and (b),
f1(t)=0.5 and ¢t =0.17.

Let us now assume the detector is initially in a
coherent state |y,(0)) with p;(0) real. Then
(Y,(0))=0 and

172

21,00, (3.6)

b

(¥,00))=

The eigenstates of ¥1(2) are obtained from the
eigenstates of Y,(0) by'

| p1(2),8) =exp(—iwyb 'bt) | y,(£),0) . 3.7)

We next note that 171(0)=J’c‘, the coordinate opera-
tor, and thus |y,(#),0) is a position eigenstate. We
are now in a position to evaluate Eq. (3.5). To do
this we expand |y;(¢),0) in terms of number states’

1/4 ,
@Dp —wply, (12725
1),0)=|— e
lJ’l( ),0) o ]
v i Hi[(wp, /%) %p,(1)]
i=o 21/2‘/1_! ’ (3.8)
0.50 : R
| (a) 1
P (N)

0 50
0.50[— . o

(b)

PNy |
0T 20 30 R0 TS0
N

0.5 0y e g

I (c)
PNyt _
|
oLﬁAoiJ 30 20 50

N

FIG. 3. Phonon number distribution after three succes-
sive readouts (a,b,c) for an initial coherent state.
y1(0)=1.0, f1(t,)=0.3, Xt,=0.17.
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where H;(x) is a Hermite polynomial of order /. We
also expand the coherent state |y(0)) in terms of
nulronber states. If we then use the following identi-
ty :

i a’ ——H(x)=ex ax—ii (3.9)
P 0211' 1x p 4 ’ .
Eq. (3.5) may be written as-
P(n)R=Nexp[—2 y1(0) cos(Xnt,)
172 2
WDp
= |37 yi(ty) P(n) .
(3.10)

Using Egs. (2.8) and (3.6) Eq. (3.10) may be written
as

P(n)g (t)P}P(n)

(3.11)

where d,(t,) is the inferred value of ﬁl(tl) and N is
a normalization constant.

If we make y(0) large, i.e., the detector is
prepared in a highly excited coherent state, then
P(n)g =0 except when d,(¢;)=cos(Xnt,). We con-
clude that P(n)g will have peaks at values of n
given by

-1
o 2ml Cos [di(z))] I—o.1,...
Xty Xty
(where n must be an integer). This is what would be
expected from a measurement of D(2), since these
values of n correspond to the eigenstates of D)
with eigenvalue equal to the inferred result.

In Figs. 2(a) and 2(b) we have plotted Eq. (3.11)
for P(n) Poissonian, i.e., the detector initially in a
coherent state. As expected the limit of an accurate
measurement of Dl(t) is obtained in the limit of
»1(0) large. After such a measurement the detector
finds itself in_a superposition of the degenerate
eigenstates of D ,(1); of course, which eigenstates re-
sult depend on the time at which the measurement is
made. If y,(0) is not sufficiently large a couple of
measurements made after commensurate evolution
times will place the detector in a eigenstate of D (z).
This is seen in Figs. 3(a)—3(c), where we have plot-
ted P(n) after three consecutive measurements. One
must of course reprepare the detector in the same
state prior to each measurement. This may be done
with the coupling either on or off, After a series of
such measurements the value for D 1(21) settles down
to a steady value. This is what is required of a
QND measurement.

=N expf —2y3(0)[cos(Xnty)—d,

(3.12)

It should be noted, however, that an initially pre-
cise measurement of D (¢,) at time ¢; cannot be
used to infer a perfectly precise value for Di(1,).
The reason for this is as follows. The QND condi-
tion (1.1) simply says that the system can exist in a
simultaneous  eigenstate of the QND variables
D,(t,) and D,(t,); however, a problem arises when
the eigenstates are degenerate. Consider the degen-
erate elgenstates of b 1(¢1). These are number states
with n given by Eq. (3 12). Each of these number
states is also an eigenstate of D,(z,). However, as
mentioned in Sec. III these eigenstates are not de-
generate with respect to D(1,), but depend on the
value of /. Thus while a linear superposition of the
degenerate elgenstates of Dl(t] ) is alsg an eigenstate
of D,(tl) it is not an eigenstate of Dl(tz) In the
problem we have considered a measurement of
D, (t,) places the detector in just such a linear super-
position of eigenstates. Since a'a is a constant of
motion the detector remains in this state under free
evolution and thus is not in an eigenstate of Dl(tz)
More s1mp1y, even though [AD,(t,)]*=0,
[ AD (t5)]’540. Despite the fact that the interaction
is back action evadmg, D (¢,) is only a stroboscopic
QND variable.!

Since a'a is a constant of motion, the detector,
once placed in an eigenstate of D,( t;) will remain
there. This enables a determinate sequence of re-
sults for a sequence of measurements of D 1(£1) to be
obtained, given perhaps one or two preparatory mea-
surements.

However, if a classical force acts on an oscillator
in an initial number state the oscillator is driven into
a double-peaked distribution of number states [see
Eq. (2.26) of Ref. 1]. Such a state will not be an
eigenstate of D(¢;). Thus if the force acts at any
time during the measurement sequence of D(¢;)
one would obtain a result different from that ob-
tained from previous measurements of D(¢;) and
conclude that a classical force had been detected.

It would not be possible, however, to reconstruct
the time dependence of the force. This is not
surprising as the number operator is not a QND
variable in the presence of the force. In the nomen-
clature of Unruh! D,(¢;) is a QNDR (QND
readout) observable but not a QNDD (QND detec-
tion) observable.” [Caves in Ref. 1 refers to QNDD
observables as QNDF (force) observables.]

IV. CONCLUSION

We have demonstrated that for a harmonic-
oscillator detector one can make QND measure-
ments of the observable D,( t)=cos(Xa'at) by cou-
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pling the detector to another oscillator (meter) via an
interaction represented by the interaction Hamiltoni-
an H;=hXa%tab'h. One can determine a value for
D (2) by measuring the real part of the meter ampli-
tude. This measurement of D,(¢) becomes more
precise as the initial amplitude of the meter is in-
creased. In the absence of a classical driving force
on the detector the results obtained for D(¢) in a se-
quence of measurements are entirely predictable
from an initial precise measurement.

ACKNOWLEDGMENTS

One of us (D.F.W.) wishes to thank S. Chaturvedi
and P. Meystre for most helpful discussions in the
initiation of this problem. D.F.W. would also like
to thank C. Caves for critical comments on the
manuscript. The research reported here was sup-
ported in part by the United States Army through
its European Research Office. G.M. was supported
by a New Zealand Universities scholarship.

IC. M. Caves, K. D. Thorne, R. W. P. Drever, V. D.
Sandberg, and M. Zimmerman, Rev. Mod. Phys. 52,
341 (1980).

2C. M. Caves, in Quantum Optics Experimental Gravita-
tion, and Measurement Theory, edited by P. Meystre
and M. O. Scully (Plenum, New York, in press).

3M. Hillery and M. O. Scully, in Quantum Optics, Experi-
mental Gravitation and Measurement Theory, edited by
P. Meystre and M. O. Scully (Plenum, New York, in
press).

4G. J. Milburn, A. S. Lane, and D. F. Walls, Phys. Rev.
A (in press).

5W. G. Unruh, Phys. Rev. D 18, 1764 (1978).

6V. B. Braginsky, Zh. Eksp. Teor. Fiz. 53, 1434 (1967)
[Sov. Phys.—JETP 26, 831 (1968)].

7W. G. Unruh, Phys. Rev. D 19, 2888 (1979).

8A similar result would hold for a pair of spins coupled
through an Ising-type interaction H =ﬁw10z1
—f—ﬁa)zazz ~+AY 02,02, Here Oz, and 0., are constants of
motion and may be chosen as QND variables.

9W. H. Louisell, Quantum Statistical Properties of Radia-
tion (Wiley, New York, 1973).

10]. S. Gradsteyn and I. M. Ryzkik, Table of Integrals,
Series and Products (Academic, New York, 1965).



