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We report numerical results for the triply differential cross sections (TDCS) for
electron-impact ionization of helium in the Glauber approximation in the incident energy
range 224.58 —2824.58 eV. The present calculation is based upon the technique of Roy
et al. , which has an advantage over the conventional partial-wave method in calculating
TDCS in that the latter requires substantial computer time where many partial waves are
involved. A comparison is made of the present TDCS with the results of available theoreti-
cal calculations and absolute measurements.

I. INTRODUCTION

Triply differential cross sections (TDCS) provide
the most detailed information of an ionization pro-
cess. So the validity and usefulness of a theory can
be tested well from a comparison of theoretical
TDCS with the corresponding measurements. To
date, a large number of TDCS measurements have
been made on various atomic systems, but most of
them are relative in nature. ' Although, theoreti-
cally, atomic hydrogen is advantageous as a target
since it is the simplest of all atoms and its wave
functions are exactly known, no absolute measure-
ment of TDCS is available in the case of hydrogen.
However, absolute values of TDCS are available for
helium. The first absolute data on helium were re-
ported by Beaty et al. at the incident energy of 100
eV. Next Stefani et al. reported absolute measure-
ments of TDCS for the He(e, 2e)He+ process in the
energy range 200 —4000 eV. Unfortunately, both
experiments yield data that are uncertain by a fac-
tor of 2. Recently, van Wingerden et al. ' have
made absolute measurements for TDCS for
electron-impact ionization of He in the energy
range 224.58 —2824.58 eV in a coplanar symmetric
geometry. The experimental error involved has
been reported to be smaller than 20%%uo.

Since the first measurement of TDCS for the
He(e, 2e)He+ process in 1969, a number of theoreti-
cal calculations have been performed. In a previ-
ous paper Roy et al. have applied the Glauber ap-
proximation (GA) to calculate TDCS for electron-
impact ionization of H at incident energies of 100,

113.6, and 250 eV. Their procedure has an advan-
tage over the conventional partial-wave technique in
calculating TDCS in that the latter requires sub-
stantial computer time where many partial waves
are involved. Qwing to the nonavailability of abso-
lute measurements they could not, however, make a
detailed examination with regard to the effective-
ness of the GA.

This paper reports the first application of GA to
calculate the TDCS for electron-impact ionization
of He and compares the calculated cross sections
with the corresponding absolute experimental data
of van Wingerden et a/. The calculation is based
upon the method of Roy et al., which avoids the use
of partial-wave technique. This method reduces the
eight-dimensional Glauber amplitude for the
He(e, 2e)He+ process to a two-dimensional integral.
The integrand of this integral, however, contains a
sum of two one-dimensional integral functions that
are computed numerically. The final expression for
the amplitude obtained in the case of He differs
from that in the case of H in that the integral func-
tions involved in the latter case can be evaluated
analytically.

The plan of this paper is as follows. Section II
gives the method of reduction of the He(e, 2e)He+
amplitude to a forixi that can be computed numeri-
cally with convenience. In Sec. III we present the
results of our numerical calculation of the TDCS
and compare them with the existing theoretical and
experimental findings. Section IV contains the con-
clusions. Atomic units are used throughout, unless
otherwise indicated.
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II. THEORY

The Glauber amplitude for the ionization of He
by electron impact is given by

E(r), kr)= f db dred rr()r(r~ rr)I (b;r ~, rr)

u(r)=A, m. ' e

whereas for the final state of He, we have adopted
the following:

ff(lf rz)=2 ' [v(rj)Xk (rz)

+v(rz)X=„(r ~)],

where

I (b;r), rz)=1—

q=k —ki,

2lg ~ 2ltf—S2

where

&& &F&( iy,—1, i (—kzr+ kz. r))

P;(r ~, rz) =u (r, )u( rz),
where

(2)

and 9=1/k. Here k, k|, and k2 are the momenta

of the incoming, scattered, and ejected electrons,

respectively, and q represents the momentum

transfer. b, s &, and sz are the respective projec-
tions of the position vectors of the incident particle

and the two bound electrons onto the plane perpen-

dicular to the direction of the Giauber path integra-

tion. In Eq. (1), q, b, s ~, and sz are all coplanar;

p;(r&, rz) and ())f(r&, rz) represent, respectively, the

wave functions of the initial and the final states of
the target. For the initial state of He we have

chosen the following form:

v(r ) =X'"~-'"e—~'"

y =Z/k

In the present foririalism, we have chosen Z =A, so
that ()();(r &, rz) and pf(r &, rz) are orthogonal to each

other.
Using Eqs. (2) and (4) in Eq. (1) we can express

the scattering amplitude as

F(q, kz)= —C I(q, kz),

where the generating function I is defined by

—~lr1 —A,r2

I(q, k, )= f dbdr, drr
T2

exp( —ikz. rz+iq b)

2l'g ~ 2l'g

b —sil
X ~F1(i'Y, l, i(kzrz+ k2 r2))

e I (1—y)
ik

With the use of the technique of Ref. 7 the eight-dimensional integral in Eq. (9) can be reduced to the fol-

lowing form:

ff (p =0)H(g )+f(p =q)II( — )]

where

+ &
' p, —q p+q —2qcos p =O+p p =q

0 p
1 2(q O (p +q 2pq cosP)'+'~—

(10)
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(12)

(13)

and

B =2[k +zikk +z(pp —q) kzp], (14)

(15)

I (2+2ig )I ( —, )
D2 ——

~ 3I ( i' )I—( —, +i ri )
(16)

The notations adopted here are those of Ref. 7.
The triply differential cross section for electron-

impact ionization of He is given by

k)kz
iF(q, kz)

i

3

(17)
dk&dkzdEz

where dk& and dkz denote, respectively, the ele-
ments of solid angle for the scattered and ejected
electrons, and dEz represents the energy interval of
the ejected electron.

III. NUMERICAL RESULTS
AND DISCUSSION

We have adopted the numerical procedure of Ref.
7 to calculate the coplanar TDCS for the
He(e, 2e)He+ process. The calculation is based
upon the choice of z axis along the Glauber path in-
tegration, which is taken to be perpendicular to q.
We note that the numerical procedure described in
Ref. 7 applies only to the coplanar geometry, i.e.,
@z——0 or m. This means that the Eqs. (33) and (34)
of Ref. 7 cannot be used in general, although they

TABLE I. Coplanar (@&——0', @z——m) triply di&««n-
tial cross sections d oldk~dkzdEz in u»ts o& 10 '&o

eV 'sr for electron-impact ionization of He for vari-
ous incident energies E with E& ——E2 and 0~ ——02 ——45 .

E —e(eV)'

200
300
400
500
600
800

1000
1500
2000
2800

GA-HF

75.6
53.9
40.6
31.9
25.9
18.3
13.8
8.08
5.45
3.39

GA-H'

66.4
47.5
35.9
28.3
23.0
16.3
12.3
7.21
4.86
3.03

Experiment"

58.6
47.6
42.0
29.8
27.4
17.4
14.7
9.19
5.86
3.44

'e denotes the binding energy and is defined by
E —E) —E2.
"Present Glauber approximation calculated with the
single-parameter Hartree-Fock wave function for He.
'Present Glauber approximation calculated with the Hyl-
leraas wave function for He.
"Reference 5.

t

hold good in the present coplanar case where
7T 0

The present calculation has been perfoiiried with
two different choices of wave functions for the
ground state of helium. Choice 1 involves the adop-
tion of Hylleraas wave function' with A, =1.6875
whereas choice 2 concerns the use of the single-
parameter Hartree-Pock wave function" with
A, =1.618. The orthogonality condition of the ini-
tial and final states of the target is satisfied by the
choice Z =A, in Eq. (5). Table I presents our GA
results for the coplanar TDCS along with the corre-
sponding experimental data for the ionization of He
by electron impact in the incident energy range
224.58 —2824.58 eV for E) ——Ez, & )

——&z ——45',
@~——0, and @z——rr. We see that the GA cross sec-
tions obtained with the Hylleraas wave function
(choice 1) are always smaller than those obtained
with the single-parameter Hartree-Fock wave func-
tion (choice 2). At the incident energy of 2824.58
eV the cross section predicted by the Hartree-Fock
choice differs from those by the Hylleraas choice by
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I)
P4 0

C)

Figure 1 shows a comparison of the present GA
calculations with the first Born approximation'
(FBA) and the eikonal-impulse approximation'
(EIA) calculations and with the measurements of
van Wingerden et al. We see that the EIA cross
sections agree closely with the GA results. At
lower energies the GA cross sections show improve-
ment over the FBA cross sections. At high ener-
gies, however, the cross sections predicted by all the
three methods nearly coincide with experiment.

LLJ

F4
&~ ~o

n&
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0 )PPP 2000 3000
E-6 (eV)

FIG. 1. Triply differential cross sections
d cr/df~dfqdE2 vs energy E —e, where E is the incident
energy and e is the binding energy, for electron-impact
ionization of helium. The solid curves 1 and 2 represent
the present Glauber calculations with the single-
parameter Hartree-Fock and Hylleraas wave functions
for He, respectively. The dashed curves A and B are the
first Born results with the Hartree-Fock and Hylleraas
wave functions for He, respectively (Ref. 5). The dotted
curve represents the eikonal-impulse approximation re-
sults of McCarthy with V=20 (Ref. 5). The crosses are
the experimental results of Ref. 5. All the cross sections
are for E& ——E2, 0& ——02 ——45', N) ——0, and N2 ——m. .

12%%uo while at the incident energy of 224.58 eV they
differ by about 14%%uo. This means that with the de-
crease in incident energy the difference of cross sec-
tions predicted by the two choices does not alter
substantially. In addition, we notice that the GA
cross sections are in reasonably good agreement
with experiment. As expected, the agreement de-
creases at lower energies.

IV. CONCLUSIONS

We have presented a method of obtaining triply
differential cross sections for electron-impact ioni-
zation of helium in the CJlauber approximation.
This method reduces the eight-dimensional Glauber
amplitude for the He(e, 2e)He+ process to a two-
dimensional integral. The integrand of this in-

tegral, however, contains a sum of two one-
dimensional integral functions that are computed
numerically.

We have calculated coplanar TDCS for electron-
impact ionization of He in the incident energy
range 224.58 —2824.58 eV with EI Ez, ——
&I =&2=45', @I——0, and @q ~. The GA shows a
definite improvement over the FBA, especially at
low energies and yields cross sections in close agree-
ment with the eikonal-impulse approximation of
McCarthy. In addition, it shows reasonably good
agreement with experiment. However, in order to
study the usefulness of various theories, detailed ab-
solute measurements involving asymmetric as well
as noncoplanar cases would be extremely valuable.

ACKNO%'LED GMENT

One of the authors (A.C.R.) gratefully ack-
nowledges the partial support of the University
Grants Commission through Grant No. F25-
1(11023)/80 (SR-I).

H. Ehrhardt, M. Schulz, T. Tekaat, and K. Willmann,
Phys. Rev. Lett. 22, g9 (1969); H. Ehrhardt, K. H.
Hesselbacher, K. Jung, and K. VAllmann, J. Phys. 8 5,
1559 (1972); H. Ehrhardt, K. H. Hesselbacher, K.
Jung, E. Schubert, and K. Willmann, ibid. 7, 69
(1974); K. Jung, E. Schubert, H. Ehrhardt, and
D. A. L. Paul, ibid 9, 75 (1976); S.. T. Hood, I. E.

McCarthy, P. J. O. Teubner, and E. Weigold, Phys.
Rev. A g, 2494 (1973); R. Camilloni, Ci. A. Ciiardini,
R. Tiribeli, and G. Stefani, Phys. Rev. Lett. 29, 618
(1972); E. Weigold, C. J. Noble, S. T. Hood, and I.
Fuss, J. Phys. 8 12, 291 (1979).

2E. C. Beaty, K. H. Hesselbacher, S. P. Hong, and J. H.
Moore, J. Phys. 8 10, 611 (1977).



28 TRIPLY DIFFERENTIAL CROSS SECTIONS FOR ELECTRON-. . . 185

G. Stefani, R. Camilloni, and A. Giardini-Guidoni,
Phys. Lett. 64A, 364 (1978).

4B. van %'ingerden, J. T. Kimman, M. van Tilburg, E.
Weigold, C. J. Joachain, B. Piraux, and F. J. de Heer,
J. Phys. B 12, L627 (1979).

58. van Wingerden, J. T. N. Kimman, M. van Tilburg,
and F. J. de Heer, J. Phys. B 14, 2475 (1981).

6M. Schulz, J. Phys. B 6, 2580 (1973); V. Jacobs, Phys.
Rev. A 10, 499 (1974); D. H. Phillips and M. R. C.
McDowell, J. Phys. B 5, L165 (1973); S. Geltman, ibid
7, 1994 (1974); K. L. Baluja and H. S. Taylor, ibid 9, .
829 (1976); D. H. Madison, T. C. Calhoun, and W. N.
Shelton, Phys. Rev. A 16, 552 (1977); B. H. Bransden,
J. J. Smith, and K. H. %'inters, J. Phys. 8 ll, 3095
(1978); A. Roy, K. Roy, and N. C. Sil, ibid. 14, 3727

(1981).
7A. C. Roy, A. K. Das, and N. C. Sil, Phys. Rev. A 23,

1662 (1981).
8See, for example, E. Gerjuoy and B. K. Thomas, Rep.

Prog. Phys. 37, 1345 (1974); A. C. Roy and N. C. Sil,
J. Phys. B 12, 497 (1979) and reference therein.

9M. R. H. Rudge, Rev. Mod. Phys. 40, 564 (1968).
~oH. A. Bethe and E. E. Salpeter, Quantum Mechanics of

One and -Two Elect-ron Atoms (Academic, New York,
1957), p. 147.

See, for example, J. E. Golden and J. H. McGuire,
Phys. Rev. A 13, 1012 (1976).

~~See Ref. 5.
~~See Ref. 5. The values plotted are those with V=20.


