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The role of the Aharonov-Bohm effect is analyzed for the bound states of a charged par-
ticle in the superposition of two fields: A uniform magnetic field plus the vector potential
of a solenoid. Exact solutions are given for a solenoid of zero size and the corrections due to
finite size are discussed. It is shown that a series of new "betatron resonances" appear in

the spectrum, dependent on the flux quantum number f=e@lhc. The fundamental beta-

tron resonance remains narrow and unshifted for solenoid radii large enough to broaden and

shift the cyclotron resonance.

INTRODUCTION

It might seem that nothing is simpler than the cy-
clotron motion of a charged particle in a uniform
magnetic field. A classical particle has circular or-
bits of all radii, with a frequency to=q8/mc in-
dependent of the orbit radius and of the location of
the orbit center. In quantum theory, the kinetic en-

ergy is quantized, giving a ladder of energy eigen-
values with equal spacing fico having the same de-
generacy under displacement of the orbit center.
This spectrum is modified by the inclusion of spin
and relativity, but the problem seems to be a
straightforward one without surprises or complica-
tions. These results for uniform fields are well
known and have been used for many years for pre-
cision measurements of the masses and magnetic
moments of ions.

While the theory of cyclotron motion in uniform
fields is simple, the effect of nonuniform magnetic
fields is more subtle, as we shall show here. At the
classical level, magnetic inhomogeneities break the
degeneracy under displacement of the orbit center,
producing a broadening of the cyclotron resonance
dependent on the magnetic field gradients. There is
nothing particularly interesting in the classical
theory of this line shape, and we have nothing to
add to the usual discussion of it. We are concerned
instead with the quantum theory of motion in a
nonuniform field, and especially with the explicit
appearance of the vector potential A, rather than just
the magnetic field 8, in the equations of motion.
There is no way of separating the effects of these
two fields for a uniform magnetic field, because the
two fields are proportional and cannot be individual-
ly varied.

However, for nonuniform magnetic fields, the dif-
ferent roles of A and 8 must be considered because
of the nonlocal nature of the relation between these
two fields. We can obtain the local value of 8 from

local properties of A, since 8 = V XA, but not vice
versa. The local values of the vector potential de-
pend on the global properties of the magnetic field,
since the line integral of A is related by Stokes
theorem to the flux of 8 through the entire area
bounded by the path. This distinction is particularly
clear for the case of a confined magnetic flux @ in
the interior of a physically inaccessible solenoid.
The flux N produces a vector potential A but no
magnetic field 8 outside the solenoid. If we super-
pose this solenoidal potential with a uniform mag-
netic field, we have a prototype for a nonuniform
magnetic field which is different inside and outside
the solenoid. This is the basic configuration of
fields which we will consider; it is the configuration
of a betatron accelerator. We will use the phrase
"betatron motion" to distinguish this from the "cy-
clotron motion" in a uniforni magnetic field. The
basic question now is whether the betatron motion
of an ion is determined only by the accessible mag-
netic field or whether it also depends on the presence
of the vector potential and thus on the inaccessible
flux N. Classical theory gives one answer (8 alone),
and quantum theory gives a different answer (8 and
@). We want to analyze the dependence on @ and
discuss the practical problem of how to observe this
dependence.

Aharonov and Bohm' showed that quantum phe-
nomena make it possible to detect the presence of
the vector potential surrounding a solenoid, as long
as one maintains phase coherence of a charged parti-
cle passing around the solenoid. Ehrenburg and Si-
day had previously discussed the effect of the vec-
tor potential in electron interferometry, where the
insertion of a tiny solenoid between the interfering
paths was shown to give an additional phase differ-
ence

A ~ s=e
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proportional to the flux through the solenoid. The
resulting shift in the fringe system is called the
Aharonov-Bohm (AB) effect. In teiiris of gauge
theory, such phase factors are necessary to main-
tain invariance of the theory under local gauge
transfoi imitations:

A„'(x)=A„(x)+dpA(x),
iqA (x)/hey (

(1)

The AB effect is an important test of the role of
gauge fields in quantum field theory, as well as in
quantum mechanics. It is also an effect of practical
importance since it perinits the measurement of very
small magnetic fluxes in the quantum unit

hc /e =4. 136X 10 6 cm

Several experiments have reported observation of
a phase shift in electron interferometry, verifying
the AB effect. The most recent of these has deter-
mined the coefficient hc/e to 1.5% accuracy.
Despite this success, there is still an aura of contro-
versy about the existence of this effect in electron in-
terferometry and the analysis of these experiments.
It is clear that new experiments with greater pre-
cision could settle the controversy, and perhaps even
contribute to the precision measurement of the fun-
damental constants hc/e.

The main idea presented in this paper is that the
use of ions trapped in bound states enclosing a small
solenoid should provide a source of new experiments
with much greater precision than electron inter-
ferometry. A charged particle orbiting around a
solenoid should experience a phase shift which
grows linearly with time, and therefore an energy
shift. Ion trapping techniques have demonstrated
very great precision in the measurement of energy
differences, and therefore might be used for a pre-
cision measurement of the AB effect in bound
states. The existence of an AB effect for bound
states is not a new idea. It is related to the quanti-
zation of flux in superconducting cylinders' and to
periodicity of the relation between magnetic field
and critical temperature of superconductors. "
Indeed, it is related to the quantization of energy in
cyclotron motion. ' However, there has been no
serious consideration of experiments to detect the
AB effect for a single bound ion; that is my goal in
this paper.

This has led to a study of various configurations
used for trapping ions, the simplest of which is a
"magnetic bottle, " which has been extensively used
at Michigan' and elsewhere. We will ignore the ax-
ial motion along the field lines, and simplify the ra-
dial motion by considering the field to be uniform.
By choosing such a simple starting point, one can
proceed analytically and obtain exact results, even

for a finite radius of the solenoid inserted into the
bottle. The inclusion of axial motion and the exten-
sion of these ideas to other trap configurations will
be postponed to a later publication.

CYCLOTRON MOTION

A quick review of the transverse motion in a uni-
form magnetic field is necessary to record some
well-known results' and to establish our notation.
We begin with the nonrelativistic quantum theory in
a gauge which preserves cylindrical symmetry about
the magnetic field (z axis).

—+A= —,(BX«) . (2)

r+ — — +M — +2E G(r)=Q . (5)rdrr4
In this system, length is measured in units of

()rilmco )'~ =(A'c/qB)' =2.6 pm/(q&)'

with q in units of e and B in Gauss. The eigenvalues
of this equation are found by standard methods to
be

E(N, M) =(2N+1+
~

M
~

—M)/2,

and the eigenfunctions are

(6a)

~r I~IL I~I(r&/2)e —~'&4e(~() (6b)

where the functions L~~ ~ are the associated
Laguerre polynomials. Here N and M count the
number of radial and azimuthal nodes, respectively.
The eigenvalues form a harmonic oscillator spec-
trum (ladder) with equally spaced levels of infinite
degeneracy.

The same representation can be constructed in a
different way, ' using operator methods based on
the generalized variables

~.=p„+y/2, x, =x/2+p, ,

n» =p» —x/2 ~ yo=y/2 —px .

The variables m„and m» represent the particle velo-
city and xo and yo represent the coordinates of the
orbit center. These variables have constant commu-

The Schrodinger equation for a spinless particle
with charge q and mass m

(p qA/c) —/=ED 3
2m

can be separated in cylindrical coordinates

f(r, 8)=G (r)e'

Choosing units based on A', m, and co, the radial
equation becomes
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(2~)—I/2 r2/4— (12)

This can be seen to be the same representation given
by Eqs. (6a) and (6b) with the following connection
between the two sets of quantum numbers:

M =I n, K=—lesser of (1,n) . (13)

The use of the Johnson-Lippman variables simpli-
fies some calculations and also clarifies the physical
interpretation of these eigenstates. States with 1=0
correspond classically to circular orbits centered on
the (arbitrarily chosen) origin of the coordinates. As
n increases, we obtain circular orbits with increasing
radius and increasing kinetic energy, still centered
on the origin. The mean-square radius of these
states is easily found to be

tators, of which the only nonzero ones are

t:~y ~ ) = lxo 3'o l = —
& .

The Hamiltonian contains n„.and m~ alone and does
not depend on the variables xo and yo of the orbit
center. A complete set of states can be obtained by
simultaneously diagonalizing the kinetic energy
(w„+m~ )/2 and some combination of the orbit
center variables. For a uniform field, one can equal-
ly well choose either xo or yo as diagonal (Landau
basis). Alternatively, one can choose to diagonalize
the distance from the coordinate axis to the orbit
center, ro ——xo+yo (Johnson-Lippman basis). We
will make the latter choice because it preserves the
cylindrical symmetry and can still be used when we
introduce the solenoid into the problem. The eigen-
values of the energy are

E„1 (n——+ —,), (9)

and the eigenvalues of the squared distance to the
orbit center are

ro ——(2l+1) . (10)

The normalized eigenfunctions can be generated by
raising operators on the ground state:

$„1——(2("+"n!I!) ' (my+i vr„)" (xo+iyo)'fo
(2(n —1)n (/2~i()1/2&(I n)L (—I n)—

~ (&2/2)e r /4ei (1 n)8——

where the ground-state wave function is

@„=B(n,O
~

mr
~
n, O) =(n + —, )hc/e . (15)

This semiclassical derivation can be given a more
precise meaning for any quantum state by calculat-
ing the flux through the mean area of the state, de-
fined by its probability density. This quantity is
also quantized:

+„1=B(,n, l
~

err
~
n, l )

=(n +I+1)hc/e .

This result is the quantum analog of the well-known
classical theorem that the magnetic moment of a
charged particle in a static magnetic field is an adia-
batic invariant. We can easily verify this invariance
and find other adiabatic invariants by exhibiting the
dependence of various expectation values on the
magnetic field or on the cyclotron frequency. The
kinetic energy is linear in co and therefore is not an
invariant; we can add energy to the particles by
slowly increasing the field. The mean angular
momentum about the origin can be shown to be in-
dependent of co and therefore is an adiabatic invari-
ant, as in classical mechanics. The derivation above
shows that the flux is also independent of co and is
an adiabatic invariant. In fact, the flux and the an-
gular momentum are independent invariants since
they have different dependence on the quantum
numbers n, l.

Our discussion so far has concerned only a spin-
less, nonrelativistic charged particle. The inclusion
of spin and relativity can easily be carried out; we
will only give the results for reference. The eigen-
values of the Klein-Gordon equation for a spinless
charged particle in a uniform field are

States with l (n correspond classically to orbits
which link the origin, since their orbit radii are
larger than the distance of the orbit center from the
origin. States with I ~ n do not link the origin.

These energy eigenstates have another interesting
property: The flux of the magnetic field through
the orbit is also quantized. ' The simplest way to see
this is to calculate the mean-square radius of the
semiclassical orbits centered on the origin

(n, O
~

r n, O) =(2n +1) .

We note that the flux through these discrete orbits is
quantized in units of hc/e:

(r ) =(2n +1) . E„i——+[m c +fuomc (2n+1)]'/ (17)

States with I & 0 corresponds to a superposition of
states with the same orbit radius, given by n, distri-
buted in annular ring with mean-square distance
from the origin

(r ) =2(1+n +1) .

The eigenvalues of the Pauli equation for a spin- —,

particle with arbitrary magnetic moment are

E„1
= (n + ,

'
)rico gm, ruu/2, ——(18)

and the eigenvalues of the Dirac equation for a
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spin- —, particle with g =2 are

E„~ =+[m c +ficomc (2n —2m, +I)]'~
center. We should expect this to break the degenera-
cy in l. The cylindrical symmetry of the problem is
not altered if we choose a suitable gauge for the po-
tential of the solenoid:

In each case the eigenfunctions can easily be con-
structed using the Schrodinger eigenfunctions. We
turn next to a description of the "betatron motion"
of a charged particle in the same uniform field with
a singular magnetic field (solenoid of zero size) ad-
ded at the origin.

BETATRON MOTION

The addition of a solenoid at the origin alters the
translational invariance of the equations of motion
by introducing a preferred position for the orbit

I

A. =(4X r)/2n-r', (2o)

where the direction of @ is along the magnetic field
in the solenoid. We can solve the eigenvalue prob-
lem as before with a straightforward separation of
variables in cylindrical coordinates. The azimuthal
dependence must still be exp(iMO) with integer M to
maintain single valuedness. This implies that the
angular momentum about the field axis has nonin-
tegral eigenvalues M f. The—added vector poten-
tial of the solenoid simply replaces M by M f-
everywhere in the radial equation

d2 1 d2+dr r dr
(M f) — r+(M f) +—2E —G(r)=O.

r2
(21)

This has the immediate consequence that the re-
placement of f by f+j, where j is an integer, will
leave the eigenvalue problem unchanged except for a
relabeling of the states. We will refer to this as the
periodicity property of the eigenvalues: The set of
eigenvalues is periodic in f with period unity or in @
with period hc/e. Consequently, we can restrict the
range of f to lie between zero and unity. Since
M f appears in—the Schrodinger equation as a
parameter, we can obtain the new eigenvalues and
eigenfunctions from the old by simply continuing
the parameter M from integer to noninteger values.
The new eigenvalues are therefore

E~M —(2N+1+
~

M f ~

—(M —f—))/2, (22)

and the new eigenfunctions become

~ r l~ f IL IM —f I (r&/2)e ——&'~4e&'Me (23)

We immediately see that the eigenvalues forin two
distinct ladders, depending on whether M is greater
or lesser than f. In the former case, the ladder is the
same as for cyclotron motion; in the latter case, the
ladder has the same spacing as before, but is shifted
upward by a constant energy flic@. This is certainly
not the only effect of the solenoid, since the radial
functions also depend on f, but this energy shift is
the principal consequence of adding the solenoid,
and justifies our earlier comment about the AB ef-
fect for bound states. Before attempting to discuss
the physical interpretation and the experimental
consequences of this energy shift, we would like to
reanalyze the problem using operator methods.
There is a simple extension of the Johnson-Lippman
method, and it substantially aids both the calcula-

~.=p. +y/2+fy «',
cry =py —x /2 fx /r-
xo ——x /2+pz fx /r— (24)

It also changes their commutation rules, adding
terms which are singular at the origin. The nonzero
commutators are now

fm.„,~y]=i +2m.if5(r),
[xo,yo] = i +2+if—5 ( r ),
[m.„,xo]=[a~,yo]=+2mif5(r) .

The presence of these extra singular terms in the
commutators might appear to interfere with the use
of annihilation and creation operators, but it does
not in fact do so. The reason is that on states which
are sufficiently regular at the origin, the singular
terms simply vanish, and the usual methods of rais-
ing and lowering states proceed without difficulty.
We must, however, divide the eigenfunctions into
two classes and introduce two separate "vacuum"
states. The two classes correspond to the states on
the two different ladders and are characterized by
different indicial behavior at the origin. We shall
distinguish the states which link the origin with a
subscript ( —) as a reminder that they have (M f)—
negative. These states have indicial behavior rf
times a polynomial. The states which do not link

I

tion and the interpretation of the results.
The added potential of the solenoid changes the

definition of the velocity and orbit center variables:
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0 = 77@ +ETT», b =X()+imp
(26)

Q =AT@ —17T», b =X()—leap

We find that a t and b reduce M by 1, while i2 and a
increase M by 1. Therefore in constructing the (+ )

ladder out of its vacuum state, we must order the
operators so that b t acts first and a t acts next; for

the origin we shall denote with a subscript (+ ),
since (M f)—is positive. They have indicial
behavior r' f times a polynomial. Care must be
taken in the construction of the eigenstates never to
cross the boundary M =f separating these two
classes of states. It is convenient to introduce the
raising and lowering operators

the ( —) ladder the ordering must be different, with
at first and b next. With this simple precaution,
the usual methods of constructing the oscillator
eigenstates can be carried out without difficulty.
The ground state of the ( + ) ladder is characterized
by a/+ —0 and is found to be

[2(2—f) I.(2 f)]—1/2T(1 f) —r2—/4 i8 (27)

The lowest state in the ( —) ladder is defined by
6 1)j =0 and 1s given by

[2(1+f) I (1+f))—1/2 f r2/4—
The other states in the (+ ) ladder can now be con-
structed by raising operators acting on 1tj+.

q(+) [2(n+l —1) (I (i+ 1 f)/I (2 f)]—1/2( t)n(bt)l —lq

(2nn))1/2[2(l+1 f) I (I
—+ 1 f)]—1/2 (l n —f)L—(l n f—)( 2/2) ——r /4 i(!—n)0

The states in the ( —) ladder can be constructed from 1t/

gn'1'=[2'"+"i(1( +f+I)/I (f+1)] '"(&')'( ')"g

)1 +(n21 i)1)/[22( n+1+f) I (n +i +f)]—1 2/&( n—1+f)L(n —1+f)( 2/2)e r2/4 i(l n)0——

(29)

These are of course the same states one would dis-
cover by separation of variables, but the operator
method can not be used to calculate the normaliza-
tion integrals and other expectation values. Again
we caution the reader that care must be exercised in
ordering the operators acting on these states to avoid
generating functions with the wrong indicial
behavior. For example, the two different ground
states cannot be connected by raising operators; if
we operate on f with b, we do not get the regular
eigenfunction g+. Instead, we get a linear combina-
tion of both the regular and the irregular solutions
of the radial equation. It is straightforward but la-
borious derivation to check that the eigenstates con-
structed in Eqs. (29) and (30) are in fact energy
eigenstates. One finds

Hq(+) ( + ' )q(+)

Hq( )(n +f + ' )—q( —)

We can now examine the adiabatic invariance of
various quantities as we slowly increase the flux
through the solenoid. For example, the kinetic ener-

gy of the ( —) states has a term linear in f and is
therefore not an adiabatic invariant. We can in-
crease the energy of particles in these states by slow-
ly increasing the flux through the solenoid; this is
clearly the quantum version of the betatron accelera-
tion mechanism. On the contrary, the energy of the
(+ ) states is an adiabatic invariant. We can evalu-
ate the mean-square radius of the states and find

t

that there is a dependence on f for both classes:

( nl(+)
~

r
~

n, l, (+))=2(n +i+ I+f) . (32)

The radius of the nonlinking ( ~ ) states is decreased
by an increase in the flux; the ( —) states have an in-
creased radius. This illustrates the fact that in addi-
tion to modifying the energy of states, the vector po-
tential also changes the radial functions. There are
two different consequences of this dependence of the
radius on f. One involves the behavior of the angu-
lar momentum about the solenoid:

(33)

We readily discover that the mean angular momen-
tum of the particles in the ( + ) states is independent
of f and therefore adiabatically invariant. The an-
gular momentum of the ( —) states depends on f:
(n, l, + ~L, ~n, l, +)=—(2n+1),
(n, l, —

i
I., i

n, l, —) = —(2n +1+2f) .
(34)

We also find that the mean flux through the ( + )

states is an adiabatic invariant, but not through the
( —) states. By the flux, we mean the total flux of
the (accessible) uniform magnetic field plus the flux
of the inaccessible field in the solenoid. There is an
exact compensation between the flux added to the
solenoid and the flux through the increased or de-
creased area of the state. For the (+ ) states, these
changes cancel and the total flux remains un-



AHARONOV-BOHM EFFECT FOR TRAPPED IONS

@'„&'=fhc/e+B(n, l, —
~

err
~

n, l, —)

=(n + i+1+2f)hc/e .

(35)

Again we notice that these adiabatic invariants are
independent since they have different dependence on
the quantum numbers n and l.

DISCUSSION

One conclusion that should be pointed out is that
some of the effects of the solenoid are classical in
nature, as well as quantum mechanical. For exam-
ple, the energy shift fico is in fact independent of A
and therefore a classically defined quantity:

AE =ffvg=q B@/2~me (36)

This can easily be seen to be the remanent effect of
the electric fields which accompanied the build up
of the flux in the solenoid. The adiabatic increase in
the flux produces an electric field which accelerates
the particles linking the solenoid. Similarly, the ad-
ded term in the angular momentum of particles
linking the solenoid can be traced to the torque ex-
erted on the particles by the electric fields during the
build up of the flux:

bI,=fA =q&/2rrc .

Another conclusion is that the overall shift in the
energies of the ( —) states can in principle be mea-
sured. In the nonrelativistic limit, the energy is un-
defined to within an additive constant and so the
uniform shift of the entire ladder of ( —) states can-
not be measured. However, in the relativistic limit,
there is an absolute scale of energy set by the rest en-
ergy. The constant energy shift in Eq. (36), like the
zero-point energy, will affect the cyclotron frequen-
cy of a particle at high velocity. The change in the
cyclotron frequency as f is increased from 0 to —, is

changed. For the ( —) states these effects have the
same sign and add together:

@„'+&'=f—hc/e+B(n, l, +
~

~r
~
n, l, + )

=(n +I + 1)hc/e,

of order Ace/me, which is at the parts per 10 level
for an electron in a strong magnetic field. While
this is correct in principle, the effects are very small
in practice and do not represent a useful method of
testing the AB effect.

The best way to reveal the AB effect in this sys-
tem is through the appearance of the new "betatron"
resonance frequencies owing to radiative transitions
between the two ladders. These resonances will
merge with the cyclotron resonance for f=0 and
f= 1 but are distinct for 0 &f & 1. Consider the res-
onances generated by transverse electric fields of low
frequency. If the wavelength is much longer than
the size of the cyclotron orbits, then the dipole ap-
proximation is valid. For transitions within either
class (+ ) or ( —), the normal dipole selection rules
apply:

(38)

These rules follow from the fact that the dipole
operator is a linear combination of the raising and
lowering operators (a's and b's), which can change
either quantum number by unity. Thus for transi-
tions along either ladder, we obtain the usual cyclo-
tron resonance at co. At high power levels, there will
be sidebands of these resonances at integral multi-
ples of co, owing to multiphoton transitions. Transi-
tions between the two ladders generate a new set of
frequencies, based on fee and (1 f)m. These tr—ansi-
tions exactly satisfy the rule hM =+1, which fol-
lows from the azimuthal variation of the dipole
operator Ther. e is no rule limiting the change in the
individual quantum numbers n, l however. There are
dipole matrix elements connecting states with arbi-
trarily large b, n and b, l. In the mathematics, this
can be traced to the extra singular terms in the com-
mutators, which have finally had some physical ef-
fect. Of course these extra terms must eventually
affect the matrix elements of the a's and b's. It is to
be expected that they influence the states with n =l
since this corresponds with orbits which graze the
solenoid. We have evaluated the dipole matrix ele-
ments for a transition between any ( —) state with
M =0, to any other ( + ) state with M = 1:

D„„=(n,n+1, + ~x+iy
~

n. ', n', —)

=—( —) [2I'(n +2 f)I (n'—+1+f)/n!n'!]' [(n —n'+1 f)(n —n' —f)]— (39)

The method used is rather tedious but straightfor-
ward: One can use the Rodrigues formula for the
Laguerre polynomials plus repeated integration by
parts. The principal result is the appearance of two
new resonances at fee and (1 f)co, corresponding to—

I

transitions with n =n' and n =n'+1. These reso-
nances are accompanied by a series of sidebands
separated by co, which still result from one-photon
dipole transitions. Unlike the sidebands on the cy-
clotron resonance, they have a strength which is
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linear in the rf power, rather than being quadratic in
the power, etc. Their strength does decrease with in-
creasing n —n' however. One can derive from Eq.
(39) an approximate result valid for large n, n' and

1
for f=—:

2

(2n)'~ [(n n—') ——,—) (40)

For this special case, the betatron resonances seen in
1 3 5

absorption would consist of lines at ( —,, —, , —,, . . . )co,

equally spaced between the cyclotron resonance and
its overtones. The relative strengths of the transi-
tions n(+) to n'( —) would be (1, —,, », , . . . ) and
for the transitions n'( —) to n (+) would be ( —,, », ,

1

»», . . .). Thus if both spectra were equally weight-
3

ed, the strength of the ( —,co line would be about
10% of the fundamental at ( —, )co; the line at ( —, )co

would be about 0.5% of the fundamental. This
characteristic pattern should enhance the distin-
guishability of the betatron resonances in the spec-
trum.

We have not tried to follow this approach, however,
since it would clearly involve lengthy numerical cal-
culations.

Instead we have searched for approximation
methods which give the general features of the finite
size effects. The best approximation method is un-
doubtedly the asymptotic approximation (WK8),
since it describes the approach to classical theory.
The eigenvalue condition now becomes a single
quadrature

2
~(N + —

) = dp(2E ++ 2/ 2 r2/4)1/2

(42)

where r
&

and r2 are the turning points. It is reassur-
ing to note that this integral can be evaluated analyt-
ically and for a solenoid of zero size leads to the ex-
act eigenvalues given in Eq. (22). If the radius a is
less than the inner turning point r „then there is no
change in the eigenvalues in this approximation.
The turning points can easily be located for the
grazing states of interest, which have p of order uni-
ty and N large. This already introduces a critical
size for the radius

Up to this point in the discussion, we have con-
sidered only a solenoid of zero size. The reasons for
this are primarily mathematical, not physical: we
can then evaluate everything exactly. Such a solv-
able model is of course valuable, but must not ob-
scure the truth of the matter. It is only with great
difficulty that one can actually make a solenoid
whose dimensions are smaller than the characteristic
size of the quantum levels. In this section, we would
like to open the discussion of how the betatron reso-
nances might actually be observed and of the role of
the finite size of the solenoid. Of course the last
word is for the experimenter; we can only open the
discussion. To begin, we note that it is possible to
treat the quantum theory of a solenoid of finite size
exactly. If we assume the solenoid to be contained
within an impenetrable cylinder of radius a, then we
must solve the original radial equation with the ad-
ditional boundary condition that the solution vanish
at a. The desired solution is therefore that linear
combination of the regular and irregular solutions
which remains regular at infinity. This solution is
well known and is generally called U(b, c,r /2),
where 2b =

I p I

—p+1 —2E and c =
I p I

+1 and
where p is the combination (M f). The eigenvalue—
condition is therefore the transcendental equation'

(41)

a &p(2N+1) (43)

This condition on the radius is overly restrictive.
It corresponds to a solenoid much smaller than the
quantum scale of length. We must consider a radius
larger than the inner turning point with some result-
ing shift in the eigenvalues. If we treat N as a large
parameter and expand in powers of 1/N, then we
can evaluate the integral analytically and still carry
out the inversion to find E

5(E~+) E~)= (2N+—1) '~ 5N .
2&

This is a type of homogeneous line broadening, since
it is due to a spread in the distribution of orbit radii,
not to magnetic field gradients. However, the more
important conclusion from Eq. (44) is that the beta-
tron resonance is neither shifted nor broadened: the
two ladders are still displaced by an amount fico,
independent of a in this approximation.

An even stronger theorem can be established for

EJv, w—=N+ 2 + 2 IP I

—2P

+ ' (2N+1)'".2'
This shows a nonuniform stretching of the ladders
of eigenvalues with a gradual increase in the separa-
tion for larger N. The states of high N are raised
more by the presence of the solenoid, since the inner
turning point r~ decreases with increasing N. The
result is a broadening of the cyclotron resonance
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the special case of f = —,. It is evident by inspection
of Eq. (42) that N depends only on the combinations
2E+p and p . It follows that on inversion, the
eigenvalues will have the form

E&M I'—(N, p ) p/—2, (46)

E(N,p= ——, ) E(N, p, —=+—, )=co/2 . (47)

The two ladders undergo the same stretching and
are simply displaced by the energy fico/2 We c. on-
clude that the main effect of the finite size of the
solenoid is to broaden the cyclotron resonance,
without broadening or shifting the betatron reso-

1 3 5
nance, for f= —, . The sidebands at ( —,, —,, . . . )ai

will be broadened, since AE depends on ¹ We see
from Eq. (45) that the broadening does not become
serious until a=a.(2N+I)'~, which is much less
restrictive than Eq. (43). It is much more difficult
to assess the effect of finite size on the strength of
the betatron resonance. The line strength is prob-
ably reduced when a increases. This is one question
perhaps better decided by measurement than by cal-
culation.

where I' is an unknown function of N and p . Qur
results in Eqs. (22) and (44) exemplify this, but the
same property holds for arbitrary size a. Indeed,
this property is true for the exact eigenvalues of the
Schrodinger equation, as is evident by inspection of
Eqs. (21) and (41). The interesting consequence of

I
this concerns the betatron resonances for f = —,,
which involve the energy difference of states with

1

p =+—, . We find that the fundamental betatron res-
onance frequency for f= —, is given by

We conclude that the betatron resonances can be
expected to appear as sharp features in the mi-
crowave absorption spectrum, even for solenoid radii
fairly large on the quantum scale of length. The be-
tatron resonance could be observed through expan-
sion of the orbit; either by repeated transitions at the
betatron frequencies or by a single transition at the
betatron resonance followed by repeated transitions
at the cyclotron resonance. The particular role of

1f= —, and the need for very small sizes strongly sug-
gest the use of superconducting cylinders, rather
than wire-wound solenoids. Since the flux trapped
in a superconducting cylinder is quantized in units
hc/2e, it should be possible to make the betatron
resonance appear and disappear as the trapped flux
changes from even to odd multiples of hc/2e. Our
discussion has developed criteria for the radius of
the solenoid and for the strength of the magnetic
field, but not for the mass of the ion. The mass of
the ion determined the frequency range of the reso-
nances, but does not seem otherwise restricted.
Thus we suggest the use of singly charged ions in
weak magnetic fields of a few gauss or less. Under
these conditions, the solenoid radii can be on the
scale of a few micrometers or more.
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