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The general method of the preceding paper is applied to the theory of spectral line shape.
Illustrative calculations of the transition-energy shift and width are carried out for a two-
level atom interacting with the quantized electromagnetic field. In the thermal-equilibrium
case, explicit results are given in terms of the digamma function and Bose-Einstein distribu-
tion, generalizing the standard Lamb-shift and Weisskopf-Wigner natural width results to
nonzero temperature. In the nonequilibrium case expressions are obtained which exhibit the
influence of nonequilibrium photon distributions on the shift and width. A general theory
of the time-dependent power radiated in the decay of an excitation is developed for systems
not necessarily at or near equilibrium, in terms of appropriate generalizations of the Liouvil-
lian Green’s functions of the preceding paper. This approach is illustrated by calculation of
the time-dependent radiated power for the same two-level model.

I. INTRODUCTION

In the preceding paper,' a general Liouville-space
method has been developed for evaluation of
Liouvillian Green’s functions and transition self-
energies of dissipative quantum-mechanical systems
not necessarily in or near equilibrium. The objec-
tives of the present paper are firstly to illustrate that
method by explicit transition-energy shift and width
calculations for a two-level atom in a radiation bath,
secondly to formulate a general method of calcula-
tion of radiated power in terms of suitably general-
ized Liouvillian Green’s functions, and thirdly to il-
lustrate that method by explicit calculations for the
same two-level model.

The transition-energy shift and width calculations
for the two-level atom in an equilibrium or none-
quilibrium radiation bath are carried out in Sec. II.
In Sec. III formulas for the time-dependent power
radiated in the decay of an excitation are derived for
a system not necessarily at or near equilibrium, and
a Liouvillian Green’s-function hierarchy for evalua-
tion of such quantities is derived. This general for-
malism is illustrated in Sec. IV by calculation of the
radiated power for the same model considered in
Sec. II. Analysis of the spectral line-shape function
will be left for a future paper.

II. NATURAL VERSUS ENVIRONMENTAL
RADIATIVE WIDTHS AND SHIFTS
FOR A TWO-LEVEL ATOM

In this section the general approach of the preced-
ing paper! will be illustrated by calculation of
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transition-energy shifts and widths for the familiar
two-level atomic model interacting with electromag-
netic radiation. We shall first consider the case
where the system of atom plus electromagnetic radi-
ation differs from thermal equilibrium at some
nonzero temperature T only through the specifica-
tion that at time ¢#=0 the atom is excited into its
upper state, with probability one. The radiative in-
teraction and thermal radiation bath act to perturb
the transition (excitation) energy, and the shift and
width of this perturbed transition energy are given
by the quantity A —iy previously defined. This fre-
quency shift and width will be shown to approach
the standard results of natural—line-shape theory
(Lamb-shift and Wigner-Weisskopf width) in the
limit T—0. The same model system will then be
considered in the case where the initial conditions
are those describing the atom interacting with a
nonequilibrium coherent state of the photons. This
case is investigated as a simple example of a calcula-
tion of the self-energy of a system far from equili-
brium. R
The Hamiltonian H of the model is taken to be

H=H,+H',

ﬁ0=w05T5+ Z wkl/)\%kg?k N (1)
KA
KA

Here w, is the energy difference between the unper-
turbed atomic levels, in units with #i=1, 4 is a Fer-
mi annihilation operator lowering the atom from
its upper to its lower state, and @ tis the correspond-
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ing creation (raising) operator. The eigenvalue zero
for the Fermi occupation-number operator N=a's
then implies that the atom is in its lower state,
whereas N =1 1mp11es that it is in its upper state.
The b w2 and bt T are Bose anmhllatlon and creation
operators for photons of wave vector k, polarization
index A=1 or 2, and energy w; =ck. The commuta-
tion and anticommutation relations are

6\2:(/\1')2_0 [a\ AT]+=1 ,
[5\_’;»’ T{x] _[bkl’ kx']—zo’

[ A E”A’ ]——'8 ’SA,A'9
[a,b7,]-=[a,b%,1-=0.

The photon wave vectors kK are quantized in the usu-
al way, i.e., a discrete cubic K- -space lattice with lat-
tice constant 27 /Q /3, where Q is the macroscopic
system volume which will eventually become infin-
ite. The interaction matrix element is

My, =27 /0, Q) 2wod €, , 3)

where d is the transition dipole matrix element (as-
sumed real) and €y, are the unit transverse polari-
zation vectors satisfying

k‘_e’i’hzo, E’E’A'ET{A’:SAN . (4)

The Hamiltonian (1) differs from the usual two-level
model>? only in that Fermi operators, instead of
Pauli spin matrices, are used to describe the two-
level atom——only a trivial change of notation and
shift of S wg in the energy origin.

The flrst step in the evaluation of (I.58) consists
of determination of the nonzero c¢(1|n), the coeffi-
cients in the operator basis expansion! (1.5):

[6,H]1= 3 c(1|n)B, . (5)
" |

iy = c(1|n)ec(n|m)g(m,0]1,0)
2 W_ng’;qmgyl (@o—€n+in)g(1,0]1,0)

AN

The notation here implies a =1, AT— t , where the
1 is a reminder that the atom is in its upper state
(denoted by 1) after excitation. By (1) and (2)

[6,H]=wod—i zM by +6L ) (1—25") .

(6)

We thus identify the unperturbed transition energy
€;=c(1]1) as €; =w, (as expected) and the nonzero
c(1|n) with n=£1 as

c(1] ;kA)=c(1|kA; )=—iMy,
c(1] 1;1,k ) =c(1|1,kA;1)=2iM 7, .

Here c(1 | k?») and c(1|KA; ) are the coefficients
of b_’x and b o Trespectively, whereas c(1]1;1, KA)
and ¢(1]1,kA;1) are those of a*b;»ka and aTb A,
respectively. In general, c(1|.%,;.% () is the coeffi-
cient of the normal-ordered basis element which is a
product of creation operators labeled by the set .%,
and annihilation operators labeled by the set .%* f;a
blank before or after the semicolon denotes the ab-
sence of creation or annihilation operators, respec-
tively.

It follows from (6) or (7) and (1) that the set of
basis elements .#, degenerate! with & for which

c(1 |n #0, consists solely of those terms by % and
a brka for which ck =w,. This is a set of  measure
zero (a surface in the three-dimensional k space),
from which it follows that the first-order contribu-
tion [first term in (1.58), with n €.%,] vanishes, as
do the second-order contributions with n€.%,
[second line of (1.58)]. Thus (I.58) reduces, with
(1.60), to*

> c(l|n)c(n|m)g(im,0]1,0)
(wo—e,,)g(l,(” 1, 0)

:,@2

nEJ"’lmE.}”1
—irS S el n)eln | m)sla,— )M (8)
e ¢(1,0]1,0)

to second order in the interaction. To evaluate these expressions we need to evaluate the relevant c(n [m
where the n label the basis elements B defined by (7) and the subsequent discussion, and where m € .5y, i.e.,
B that are . degenerate with §. Evaluatmg the relevant commutators [B,,H’] with (1), one finds that the
only c(n | m) satisfying these criteria are’

c(;KA|)=iMy,<>B,, =& ,
c(kA; |)=—iMy,<>B,, =&, 9

c(1,kA;1 | )= —iMp, <~ m:ﬁ,
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and
c(1;1, kk]kk 1, k)»)——zM;*A B,
c(l,k)»;l | k)»;l,kl): —iMfAHBm =

(10)

The contributions to (8) from m=1 (B, =a) give a Weisskopf-Wigner (WW) transition self-energy

AWY iy VW [see (1.61)] which is found from (7) and (9), upon writing ¥ ¢ —(27)73Q f

ically for Q — ), to be

d3k (valid asymptot-

AV _iy W o 2 3 2m)0 [ dkm !
% f kA Wo—07yY Wtk
—ir 3 2m)3Q [ dPkM%, [8(wo—wr)+8(wo+ay)] an
A

where the relevant €, (unperturbed) transition ener-
gies), which follow from

joﬁnz[ﬁnaﬁo]zenﬁn > (12)
are

€ ;Ek)za)k, e(EA; )=—w ,

(LKA 1| D)= —ay .
Inserting w; =ck and the expression (3) for My,
noting that the angular integrations and polarization

summation give a factor 8x /3, and introducing a
new integration variable w =ck, one finds

(13)

AWW— 8 de
T3¢ | 2m
© 1 1
P do ,
X f() wog—o (00+C() @ do
2 d (14)
()]
p W f [8(wo—w)
20ad?

+8(wy+w)]odo = 303

[

These expressions agree with those previously ob-
tained®? for the transition frequency shift and width
by a Heisenberg equation-of-motion approach. y VW
is half the Einstein A coefficient for spontaneous
emission. AWWY is an improved version of the
Weisskopf-Wigner line shift. As previously noted
by Ackerhalt et al.,? it is only logarithmically diver-
gent, in contrast with the linear divergence of the
standard Welsskopf—ngner line shift. In fact, the
contribution to the expression (14) for AWW coming
from o in the range o >wg but @ Smc , found by
expanding the integrand in powers of w,/w, retain-
ing the nonvanishing term, and integrating from g
to mc?, is

403d? mec?
In

ALambz - 377'(,‘3

(15)
o

This is the two-level version of Bethe’s nonrelativis-
tic expression® for the Lamb shift.

The environmental contributions to A and y come
from the terms in (8) with m=1 (B,,,%a) but

m€E.” | (B, that are .¥( degenerate with 4). These .
l are found to be
NN
A _iy— 2 3 (2m)=0 [ dkam, |— 1| Y L
Y Wo—0f W+ aa')
-3 3 (13\1‘ AAkA aa")
——117'2(277') Q [ d*k2M%, [8(wo—awy)+8(wo+wi)] " (16)
aa

These expressions are valid for either equilibrium or
nonequilibrium ensemble averages (indicated by the
angular brackets).

Consider first the case of thermal equilibrium.
Then the averages are taken in the canonical ensem-
ble

p=z-le P Z—Tre—P7, (17)
with B=1/kzT. Since the integrand of (16) is al-

r
ready of second order in the interaction, we need
evaluate the averages (indicated by angular brackets)
only to zeroth order, i.e., we may replace H by H,
Eq. (1), in (17). Then there is no statistical correla-
tion between the atom and photon operators, i.e.,

<bkAb kaa >O—<bkkb A)o(‘/l\‘/l\T)o, (18)

and one finds
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A

<5\TE’A5¥A‘?&\T>O
~t
={bibpio=r1a

aa'y,

—(Px_1)-1, (19)

the usual Bose-Einstein photon distribution func-
tion. Transforming to integrals over a dimensionless
energy variable x = /® in analogy with the reduc-

4o 3d?
=——5f(Bwo) , (20)
3¢
where f(y) is the Bose-Einstein distribution function
fy)=(r—1~! (21)

and I(y) is the integral

tion of (11) to (14), one finds I)=2 fooo 1 + xfyx )dx .
40 3d? l—x  1+4x
A — I ,
3 B0 (22)
v 4o 3d? f ® 5(1 ) This integral is expressed in Appendix A in terms of
Y= 3c3 0 [6(1—x the digamma () function. It is shown there that its

+8(14x)]xf(Bwox )dx behavior for low and high temperature is

1
— 2wk T 2L 0WksT 4, kT

I(wo/kBT)z 12( TKp /0)0) + (( B /Cl)o) ) gl <<wg (23)
In2mkg T /wo)+0(1), kT >>w,

i.e., the environmental shift A®" vanishes quadratically with k3T /w, at low temperatures and increases loga-
rithmically with the same quantity at high temperatures. The behavior of the environmental width ¥ is

quite different. It follows from (21) that

—wo/kBT+0(e

kT /wo+0(1), kpT >>wq

—200/kpT)
Sflog/kT)= ’

i.e., ¥ vanishes exponentially at low temperatures
and increases linearly at high temperatures. Thus
the environmental width is negligible compared to
the natural width yWV [Eq. (14)] at low tempera-
tures, but dominates it at high temperatures
kgT >>wqy. In contrast, the environmental shift is
negligible compared to the Lamb shift Ay, [Eq.
(15)] at low temperatures, but it never exceeds the
Lamb shift at physically reasonable temperatures.
However, because both A;,., and A®"Y vary very
slowly (logarithmically) at high 7, it follows that
A®" is of the same order of magnitude as Ay, al-
ready when k3T ~wq. In Fig. 1 the expressions (20)
for A®™ and y°®V are plotted as functions of
kpT /wq, using the exact expressions for I(wy/kgT)
(Appendix A) and f(wo/kpT) [Eq. (21)]. As a
check of the derivation of the expressions (20) by
our Liouvillian self-energy formalism, it is shown in
Appendix B that the same formulas follow from the
standard (but less general) thermodynamic Green’s-
function formalism.

Shifts and widths of highly excited (Rydberg) en-
ergy levels of a number of atoms due to blackbody-
radiation environment have been calculated by Far-
ley and Wing.” Their calculation treats the radiation

kpT <<wg

(24)

classically, and expresses the widths in terms of an
integral closely related to our integral I(y), Eq. (22).
The connection is discussed at the end of Appendix
A; we show that their integral is expressible in terms
of the digamma function, as is the integral of Eq.
(22).

Aenv, yenv

10+

9 -

8 -

? -
6 -
5r Aenv
4 F

3r T yenwv
2 -

| -

FIG. 1. Environmental shift A*" and width y*" as
functions of kgT /wg.
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Let us next consider a case where the radiation is
not in thermal equilibrium, namely, that where the
statistical average (I.3) is an expectation value®

(O)Y=(y |0 |¢) (25)

in a normalized coherent state

Al
2 gubia
k,A

| ¥ ) =const |exp |0), (26)

where gy, is a c-number function and | 0) the vac-
uum of the b, and &:

b, |0)=d]0)=0. 27)
Then
bey |vY=gv | ¥) (28)

so that the mean values in (16) are trivially evaluat-
ed:

(I’ATT(AI;T{A““ )
/\T A
PR =(bpaba=1g8Tal’ = 1
aa')
(29)
Then
A™=2 3 (2m)730Q
A
1
d3k 2M%
X f kA 0o —Wg
1 —
wo+wg kA >
’}/env=7TE(27T)‘3Q
A
X [ d’k2M%, [ 8(0o—ay)
(30)

Note that the coherent-state assumption is not essen-
tial for the derivation of (30). In fact, the only prop-
erty of the coherent state necessary for the validity
of (30) is the factorization (29) of the statistical aver-
age, and (30) remains valid for any ensemble satisfy-
ing this factorization property.’ This is as far as we
can go without assuming an explicit form for f,,
the photon distribution function. If f¢, is taken to
be the thermal-equilibrium (Bose-Einstein) distribu-
tion (19), then the expressions (30) reduce to the
thermal-equilibrium expression (20)—(22). More
generally, if fp, is assumed to be any spherically
symmetric function of k independent of polariza-

tion A, so that it can be written as a function of wy,

fea=Sflox/e)=f(yx), (31)

where x =w /w( as before, € is some natural energy
scale (any parameter of the dimensions of energy'),
and y =wq/¢€, then Egs. (30) reduce to

4 342
A — 361)0(1; I(y) N
. (32)
env_ 004

with I(y) defined by (22). This generalizes (20)—(22)
to a spherically symmetric nonequilibrium photon
distribution function f(y). Another interesting
choice for f3, is that typical of a single-mode laser,

T =S8(K—Ko)8y; , (33)

where f is a real, positive constant. Then (30)
reduces with (3), to

floj(d-Ey )

Aenv= l 1
23k, wo—cky wo+cky |’
2 2,3 = 2 (34)
e"V———-———f @old ey, 8(wo—ckg)
4 - 27Tck0 0 or-

The shift exhibits a resonance behavior as the laser
frequency ck, approaches the atomic transition fre-
quency, whereas the width is zero if cky4w but in-
finite when cko=w,. Since dissipation is a result of
coupling to a continuum, the vanishing of y*"¥ when
cko#wq 1s to be expected, a laser lasing in a single
mode being a discrete state rather than a continuum.
The singularity at cko=wy is an artifact of the sim-
plified ansatz (33). A real laser has nonzero intensi-
ty in a narrow but nonzero range € of wave vectors,
so that " will be small for |ko—wy/c | >e€ and
large for | ko—wo/c| <e.

We conclude this section by establishing the con-
nection of the expressions (8), (11), and (16) with a
previously described!! diagrammatic approach to
the evaluation of Liouvillian self-energies. The “a-
irreducible self-energy diagrams” defined there are,
for the Hamiltonian (1) and to second order in the
interaction H', those shown in Figs. 2 and 3. Lines
directed toward the right stand for the atomic
lowering operator & (solid line) or photon annihila-
tion operator by, (wavy line); lines directed toward
the left stand for the atomic raising operator & t
(solid line) or photon creation operator b, (wavy
line). Each vertex stands for one operation of the in-
teraction Liouvillian .’ (commutation with H'),
which gives a matrix-element factor from the ex-
pression (1). The ordering of lines and vertices from
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KA KA
M—) + M
FIG. 2. Irreducible self-energy diagrams contributing

to the natural shift and width A¥Y and ¥"V to second or-
der.

left to right corresponds to the ordering of factors
from right to left in the product

L'G2) LG, (35)

where ¥ o(z)=(z—.%y)~!. The diagrams of Fig. 2
yield a transition self-energy contribution

1

VW)= 27)73Q
A

1 1
+
Z—wy ZH4og

x [ d*k M%,

(36)

which agrees with (11) if we put z=w¢+in, a re-
placement which is justified through second order in
the interaction matrix element M ¢,. Similarly, the
diagrams of Fig. 3 yield'""!?

ze"V(z)=§,(2w)'3n [ d*k2Mm%,

This agrees with (16) if we replace z by wq+i7 and
note (19), replacements which are again correct to
second order in My,. Note that the natural line
shift and width expression (36) comes from the
“completely diagonal” diagrams of Fig. 2, while the
environmental contribution (37) comes from the
“quasidiagonal” diagrams of Fig. 3.

III. POWER RADIATED IN THE DECAY
OF AN EXCITATION

Standard expressions!3~!® for spectral line shape
in terms of current-current correlation functions
(J (t,2)J (f’_i,t')) or dipole autocorrelation func-
tions {(d(z)d(z')) involve a number of assumptions
that we wish to avoid here, in order to obtain a more
general nonequilibrium theory. These include the
assumptions that (a) the average indicated by angu-
lar brackets is taken in an equilibrium ensemble; (b)
the line shape sought is that for absorption of exter-
nal radiation which acts as a perturbing probe; (c)
this perturbation (hence the incident radiation inten-
sity) is small; and (d) the semiclassical theory of ra-
diation may be used, according to which absorption,
induced emission, and spontaneous emission are
treated separately. We wish to give up all of these
assumptions here. We are interested, in the first
place, in the electromagnetic radiation produced by
the decay of some specific kind of excitation, creat-

kA + kA
kA kA

FIG. 3. Irreducible self-energy diagrams contributing
to the environmental shift and width A®*Y and y*" to
second order.

Z—wg Z+4wg

(6% 6%, . (37)

T ~
ed by some excitation operator A‘I as in the preced-

ing paper' and in the example considered in Sec. II
of this paper. On the other hand, the standard for-
mulas involve total absorption summed over all
types of excitation that might be created by a weak
external electromagnetic field which is treated clas-
sically. The excitation created by the operator 4, is,
in fact, quantized and hence not necessarily “small”.
Furthermore, we wish to consider the case where
this excitation is relative to some initial state of the
system which may itself be far from equilibrium,
described by some nonequilibrium statistical ensem-
ble. One can then hope to use the calculated line
shape as a diagnostic of the nonequilibrium state of
the medium, which influences the dynamics of the
decay and hence the line shape. Finally, we wish to
treat the radiation field by quantum electrodynamics
so as to avoid an artificial separation of spontaneous
and induced emission, which are both contributions
from the same quantum-dynamical process.

In order to obtain a sufficiently general theory, it
is best to return to first principles. Determination of
the time-dependent radiated power P(z) is more
straightforward in principle than that of the power
spectrum, so we shall consider the former here. Let
H_, be the portion of the total Hamiltonian
representing the energy of the quantized radiation
field:

H.a= > o Ny . (38)
k,A
Here N A is the occupation-number operator
b%-xl; 12 for photons of wave vector K and polariza-
tion A. The rest of the notation for H rad 18 as in Eq.
(1), but the Hamiltonian of matter and matter-
radiation interaction is general, not restricted to the
special case of the two-level model of Eq. (1) and

Sec. II. Suppose that the system is initially in some
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pure quantum state |1y) and is then excited, at
tlme t=0, into some nonstationary, decaying state

|¢0) where A is an appropriate excitation
creatlon operator, as in the preceding paper.! As-
suming that this excitation couples to the elec-
tromagnetic radiation field, decay of the state
Ag | o) will result in a time-dependent increase in
the energy of the quantized radiation field. The in-
stantaneous power P, (t) being radiated at time ¢ due
to decay of the excitation « is

t)——a <1,[10 ’A Hrad(t Il,bo
= 3 0w | A0, (0A [60) (ps)
k,A

(39)

(where ps represents pure state) where the Heisen-
berg operators rad(t) and N (1) are propagated
with the full Hamiltonian mcludmg the matter-
radiation interaction and any other interactions con-
tributing to the decay of the excitation. This pure-
state expression is generalized to quantum statistical
mechanics by replacing the expectation value
(0| O | ¥y ) by an ensemble average

(0)=Trl 0p) (40)

over an equilibrium or nonequilibrium ensemble.
Then

Pyt)="3 wp(A,0,N ¢, (DA) . (41)
K,A

This expression is quite general, not being restricted
to dipole approximation, far zone, equilibrium, etc.
It includes, in principle, all spontaneous, induced-
eAmission, and induced-absorption contributions. If
A, is truly an excitation operator, then P,(?) is ex-
pected to be positive, at least for most values of ¢.
However, there is no reason, in principle, to exclude
the case that A is a deexcitation operator, in which
case P, (1) is expected to be negative and to represent
induced absorption. More generally, Al could be
taken to be a projection operator describing any
well-defined state preparation. We are, however, as-
suming that all sources of radiation and any other
mechanisms affecting the radiation process are in-
cluded dynamically in some total, conserved, time-
independent Hamiltonian H used to propagate the
Heisenberg operators, rather than being described in
the external-field approximation by parametric
time-dependent fields.

Recalling that the Heisenberg operators required
in (41) can be written as

N (=e "Z'Np, (42)

in terms of the Liouvillian .Z [see' Eq. (1.64)], one

can write (41) formally as

Pu)=—i 3 oA le L' FNw )AL .
X, A

(43)

<N w1 can be expanded in terms of an operator

A

basis {B, ], as in' (L.8):

FNey=[Np,Hl= 3 c(kKA|n)B, . (44)
Then
Pa)=—i 3 S wrc(KA | n){ A, (e —L'B,)A) ) |
KA n
45)

One has the contour integral representation
e ' =2mi)  Pdze Hz— ), (46)

where the contour encircles all eigenvalues of . in
the counterclockwise sense. Since these all lie on the
real axis, the contour is as shown in Fig. 4. Then

P(t)=—2m)" ' 3 T wrc(kA|n)

KA n
X P Ganl2)e ~#dz , (47)
where the Green’s functions g, are
Gun(2)= (A, [(z—2)'B,14) . (48)

For a macroscopic dissipative system, these are ex-
pected to have cuts along the real axis, as do the
simpler Green’s functions of the preceding paper.!
Then the integrals in (47) with the contour of Fig. 4
can be written in terms of the discontinuities across
the cut:

P, (t)=(2mi)

)13 S oxe(Kn|n)

KA n

——la) td(t)

X [ Yanle

Here v, is the cut discontinuity function

Van(@")=i[gan(@’+in)—Zan(0'—in)],  (50)

Imz
N

<

ORI HHHHHIHHHIHEHHD> Re z

FIG. 4. Contour for the integral (46).
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with n =0+.

A hierarchy of coupled Liouvillian Green’s-
function equations similar to Egs. (I.17) can be de-
rived from the identity

g(2)=g0(2)+g0(2)g,g0(2)
—*—yo(Z)f,go(Z)j'go(Z)‘*"
=9)(2)+ 9 (2).L" G (2), (51

with F(2)=(z—.Z)"! and Fy2)=(z—.Ly L
The decomposition of .# into unperturbed and per-
turbation parts, ., and .7, is defined by the
decomposition into diagonal and off-diagonal parts
with respect to the operator basis {B, }:

SB,=¢€,B,+ S'eln|m )B,, =B, +.<'B,
m

(52)

[see Eqgs. (I.8) and (L.14)]. Here e, =c(n |n). The
B, are eigenoperators of .¥’; with real eigenvalues
€n:

c-Z(}é\n__-ené\n . (53)
It is convenient to choose the basis such that
SB,=[B,,H]=LoB,+.2'8B, ,

gOBn:‘[Bn’HO]’ K’an[Bn’H,] ’

where the interaction Hamiltonian A’ includes the
matter-radiation interaction and any other interac-
tions contributing to the decay of the excitation «.
Since H, is diagonal with respect to (commutes
with) the photon occupation-number operators N ;,
one has

A

JON]?}L= ’ (55)

i.e., N 1 1s an eigenoperator of .Z’,; with eigenvalue
Zero.
Substitution of (53) into (51) yields

Y(2)B,=(z—e,) "B,

+(z—€) ' Seln|m)F(2)B,, (56)

and substitution into (48) then yields the hierarchy

AN

(2 — €, )8un(2)= (A, B,A))
+ X'cln

Note the similarity with Eqgs. (I.17).
The unperturbed Green’s functions are
=(0) (44B,44)

gan(2)=—*zT . (58)

| m)gom(2) . (57)

This suggests introduction of a self-energy function
3.n(z) by an ansatz similar to that of Eq. (I.19).
However, we shall see in Sec. IV that for the g,, oc-
curring in (47) in the case of the two-level model,
the initial values (A B A ) vanish identically, in-
validating the ansatz. More generally, they may be
very small in some cases, in which case an ansatz of
the form (I.19) leads to a poorly convergent expan-
sion for 2,,(z). This problem is easily circumvent-
ed by using an iterated expression, writing each g,
in (47) via (57) as

gan(Z):(Z —6,,)_1 <1‘i\a§n A;)

+ X cln | m)gym(2z)

(59)

Even if (4,8,4, ') vanishes or is very s small this
will not, in general be true of the {A,B,A, ) for
the relevant g,,,, and one may then use a self—energy
ansatz similar to (I.19) for them:

(4,B,4,)
Z—€p—2am(z)

8am(2)= (60)
For example, for the two-level model to be studied
in Sec. IV, the leading contributions to the sum over
m in (59) will be found to be those involving only
two m values, namely, B _N alra (occupation-
number operator for the atomic excitation) and
B —1 (unit operator). The Green’s function for the
case B =1 can be trivially evaluated in closed form,
and that for B =N has a well-defined self-energy
representation (60) In the general case (not restrict-
ed to two-level model) the corresponding gqp, in (57)
are those coupling g,, to those B,, which are bilin-
ear in the electric current.!” This is, again, physical-
ly satisfying in view of the prominence of current-
current = correlation  functions in  standard
theories!3>~ !¢ of spectral line shape, which we are
generalizing here.

The derivation of the explicit expressions for the
terms in the expansion

Sum @ =3D(2)+32(z) 4 - - - 61)

of the self-energy proceeds exactly as in the deriva-
tion of the corresponding expressions in the preced-
ing paper! for the different but closely related
Green’s functions defined therein. In fact, the ex-
pressions for the various terms in (61) are obtainable
from the previously given ones by merely changing
the notation appropriately. For the calculations we
have in mind, sufficiently accurate results are ob-
tained by terminating the expansion (61) with the
second-order term. The first-order term, obtained
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by adaptation of Eq. (1.42), is

c(m | {4, B4} )

2(1)(Z)= ~ A A~
mTE (AlBRAl)
AA /\T
c(m | (A, ,B;A, )
+(z—€m) X | e tel
167, (z—€){A.B,A,)

(62)

Here ., is the set of / values such that 1?1 is %

degenerate with ﬁm, i.e,, has the same .7 eigen-
|

value as does ﬁm; this corresponds to the previously
discussed! separation into ‘“resonant” and ‘“non-
resonant” contributions. Note that this is not the
same as the usual distinction between “rotating-
wave” and ‘“‘counterrotating” contributions; we
found in Sec. II and shall find in Sec. IV that
resonant contributions to the self-energy in our sense
contain both of the latter contributions. The expres-
sion for T2 is the analog of (1.55). Omitting the
pole term [analogous to first line of (I1.55)] which
vanishes for a macroscopic system by the same ar-
gument as given previously,! one has

) ctm [ De(l | p){A B, ALY  2¢(m|De(m |p)A,BA))(4,B,4))
zam(Z)z 2, 2 N AT AT - NN AT
1€F, pEF7,, (z—€,){AqBnAy) (z—€y){AgBpA,)?
c(m | De(l | p){A,B,A))

+ 3 3 At

Iefmpefm (Z _'6])<AaBmAa )
e S S c(m|De(l |p)<//1\a€pAfT> _clm|De(m |p)(AaBI::1aA) (il;,Bp o)

1€7, per, |(z2—€)z—€){4,B,A4,) (z—€)(z —€,)){Ag B Ay )?

Let us conclude this section by considering the
problem of the power spectrum of the radiation, i.e.,
the spectral line shape. This is not expressible
directly in terms of the time-dependent radiated
power P,(t). It is, of course, well known that the
Michelson-Lorentz'® line shape corresponds with the
approximation

P, (t) ~const X sin*(wgyt)e ~2"*

characteristic of a damped classical radiating dipole;
however, there is no simple, general relation between
P,(t) and the line shape. Note, for example, that
the line shape is peaked about w ~w,, whereas the
Fourier transform of the above classical approxima-
tion to P,(t) is peaked about w ~2w, the power be-
ing quadratic in the field. It seems to us that any
correct derivation of a general expression for line
shape cannot avoid the measurement problem, i.e., it
is necessary to have some qualitatively correct
model of how the line shape is to be measured. Ac-
tual detectors capable of spectral analysis do so by
measuring the variation of the degree of resonant ex-
citation of the detector as its resonance frequency

(63)

T

is varied.' A simple and rather natural model of
such a detector is a two-level atom coupled to the
electric field in the same way as that of Sec. II, but
with an adjustable transition frequency w. We plan
to carry out a detailed analysis of such a model in a
future publication. Here, however, we merely wish
to point out that one could formally define a line-
shape function F,(w) by

Fylow)=Regla,w+in |a), (64)

where g(a,z |a) is the Green’s function defined in
the preceding paper,! on which the calculation of
line shift and broadening is based in Sec. II of this

paper:
glaz |a)=([(z —£)"14,14])

(A,A))
=220 (65)
z—2,(z)
The self-energy 2,(z), is likewise, that previously
defined,! which forms the basis of the evaluation of
the line shift and broadening in Sec. II of this paper.

IV. RADIATED POWER FOR THE TWO-LEVEL MODEL

In the case of the two-level model of Sec. II, ;1\2 is the atomic raising operator @ Jr, which is a Fermi creation
operator in the representation used in Eq. (1). Putting a =1 to denote the atomic excited state (upper level) as
in Sec. II, one has for the instantaneous radiated power at time ¢ [see Egs. (41), (49), and (50)]
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= o (d3,N¢,(na")
XA

=)' 3 SaoreKr|n) [T ¢l do’ (66)

K,A n

where v, is the cut discontinuity function
Yinlo)=i[gilo'+in)—gi,(0'—in)] . (67)

The c(kA|n) and B, are determined from the
operator-basis expansion

A

f}\?m:[ﬁm,ﬁ] [Ne,H']
=iMp, (b, —be G—ah) (68)

which implies, with (1), the following operator-basis
elements, coefficients, and transition energies:

1?,,:5\%,»{1\: c(fk]n)ziMrA, €, =wo—wy ,
ﬁ,,:(iflﬁ;—u: c(an)-szA, €, =Wy —ayg ,
A . (69)
n=b,@: c(kA|n)=—iMy,, €,=wo+oy ,
Anzé\TB\%k: c(EMn):—iMT;K, €p=—0)—0k .
Since
a@a—aha'=o, (70)

it follows that (4B,&") vanishes identically (in-
dependently of which ensemble is used to evaluate
the average) for all the B occurring in (66). This is
the situation discussed in Sec. III, where the g,
must first be expressed in terms of g,,, via Eq. (59)
before applying the self-energy representation (60).

In the present case Eq. (59) reads
|

B,=by,a: g1,(2)=(z ——coo—a)k)_liM;'Agvla(z)—(z ——wo—a)k)_liMT('Az‘

B,=a"0%: g1n(2) = (2 +00+0k) iMp,814(2) — (2 + 0o +ap) " iM 2

(2 =z —wo+wr) " iM£,814(2) ,

=aq TS gln(Z)z(Z — W +w0)“1iM;>A§10(z) ,

[
Ein2)=(z—€,)" ' S'c(n|m)g,(2) . (71)

The c¢(n|m) and corresponding B, are to be
evaluated by taking the commutator of each of the
B, of (69) with H', as in the similar calculations in
Sec. II. For example,

[6%.a,8"]
—2 c(b%,8|m)B,,

= —i 2 My bl (B +6% ,)(1—2R)

+iM¢, N, (72)

with N=4"6. The terms in the summation over
(k’,A’) all have vanishing expectation values in the
state @' LO> (unperturbed atomic excited state),
whereas N has expectation value unity. One there-
fore expects the terms in the summation ZT{', , to
give contributions to g;, which are of higher order
in the interaction than the contribution from the
term proportional to N, so we shall only retain the
latter. 20 The same argument applles to the case
B, —abel and also to by w2d and @'bp,, except
that in the latter two cases there are contributions
proportional to the unit operator 1 which must be
retained as well as those from N. One thus obtains
the following leading-order expressions for the g,
of Egs. (66), (67), and (71):

Here g, is the Green’s function for the atomic excitation occupation-number operator N ,

Fia(2)=(a[(z—£)"'N1aT) ,

and the corresponding Green’s function for the unit operator is

z—Yaa')

=z~ (1—(N))

(alz—=)"M1aTy =

. 73
1—(N)), 73)
“1—(N)).
(74)
(75)

in which (N') may be interpreted as the excitation probability of the atom in the given ensemble, which
vanishes in the unperturbed vacuum and hence arises only from the radiative interaction (vacuum
fluctuations) and environmental effects. Equations (66), (67), (69), and (73) imply
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Pl(t)z(Zﬂ)—lz a)kMzi»K fw do'e —i@'"
KA —

1 1
X | gl +in) | —— —— -
§la K 0 —wotor+in o —op+oy+in
1 4 1
o' —wog—or+in  o'twqtor+in
+81(@’—in) 1 + 1
§1a K o' —wotor—Iin o' —op+oy—in
_ 1 B 1
o' —wo—wr—in 0 twgtor—in
1= 1 1
o'+in o' —wyg—or+in  o'4+wgtor+in
1—(N) 1 1
+ P ; - ; : . (76)
o —Iin O —yg— W —1N O +wot+owr—IN

We assume (and shall presently verify) that the discontinuity of g7,(z) across its cut on the real axis consists
of a change of sign of its imaginary part, the real part remaining continuous. Then

Fal0'tin) =g (0" ) Fig (@), (77)
where g, and g1, are real. Inserting this into (76) along with the standard relation
L _»liimsn, (78)
xtin X

one finds that the expression reduces to

0 .,
PiOmi D oxM%y [ do'e "
— — o0
k,A

X | 1@ 80 —wo+wr)+8(0'—wr +wg)

— 8o —wy—owr)—8(w'+wo+wi)]

' 1 1
—1n ’ ‘@
+7 7 gal0”) [@ PO o o +o
B
W —Wo—a0g o +owgt+og
(AP L [8(0" —wo—wp)+8(e' +wo+ap)] | -
© (79)

The integrations over o’ can be easily carried out explicitly. Those involving the 8 functions are trivial:
f_: do'e g (080 —wo+wr)+ 80 —wp —wo) —8(0' —wy—wr)—8(w' +wo+wy )]
= —2ig1,(wg—oi)sin[(wg—ay )t]+2ig 1, (0o +wp )sin[(wg +wi )] (80)

and
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[° doe1—(A) 2

Here we have assumed that g7, is an odd function.
We shall show presently that this is the case, and
that g, is even:

g;a( —w)= _glla(a)) ’
” ~n (82)
gl —w)=g,(w) .

The integrals involving the principal-part functions
can be evaluated by contour integration. Recalling
that £ >0, one can close the contour in the lower
half-plane, as shown in Fig. 5. The indentations

avoid the singularities at o' '=wqtw; amdJ

;lT[S(w'—coo—wk)—FS(w'-f-wk+wk)]= 21— R )7

1 1

1

sin[(wo+wg )] .
W+ wg

(81)

[
~

o'=—wotwy;. We shall find later that g,(w’) has
poles at w’'==iI", where I is a real quantity which
will be evaluated later to leading order in the radia-
tive interaction. The contour encircles (in the nega-
tive sense) the pole at w’'= —iT, but there are no
other singularities within the contour, and |gy, | is
of order |w'| ! for |@’'| — . Then the semicir-
cle at infinity contributes nothing, whereas the in-
tegral along the indented real axis is the sum of the
desired principal-value integral and half of the pole
contributions from o' =w¢tw; and 0'= —wotwg.
In this way one finds

1 B 1

_'@ d I —iw'tz "
f_ @e &1 a( K a)'—a)o—i-o)k

=—2ie TR (—iT)2i

o' —wp+og

o' —wyg—w, o' +twitog

1 1
(Wo—wp)*+T?  (wo+wg)?+T?

—2ig 1 (wo— g )cos[(wo —wy )]+ 28 15 (wo +wg )cos[ (wo +wg )],  (83)

where #{,(—iT') is the residue of g1,(w’) at its pole ®'=

(82) of g1,.

—II". Use has been made of the symmetry property

The sum over (k A) in (79) can be reduced, in the infinite-system limit, to an integral over w =y according

to
a)od
21

7T

2 O)kM—*Af((l)k

2
A " 02 (0)do ,

(84)

as in the derivation of Eq. (14). The high-frequency cutoff at @ =mc? has been introduced as in the derivation
of the Lamb-shift expression (15). Insertion of the results (80), (81), and (83) for the w’ integrals yields

1617' (Uod

C

Pi(t)=

+2ile T2 (—iT")

f”'c {gla wo—o)sin[(wg—o)t]—Fla(wo+ o )sin[(w¢+o )]

1 1
(wo—w)2+F2 (0)0—+-a))2+F2

+81s(wg—w)cos[(wg— )t] —F1a(@wo+@ )cos[(wg+ )t]

+(1—(N)Z

I sin[(wy+w)t] |do
1)

(85)

o

The term proport10na1 to A ,( —zF) can be evaluated to leading order by contour integration, assuming
wg<<mc? and ¥V << w,, where y %W is the natural line width (14). Then, as shown in Appendix C, the dom-
inant contribution comes from the pole at ® =w+iT, yielding

1 3 1

~2miofe TR, (—il) .
(@o—@ ) +T?  (wo+w)+T? ? e

2
[ dow?|2iTe TR {,(—iT)

(86)

The last integral in (85) is expressible in terms of the sine integral?! and trigonometric functions:
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fmcz
0

, sin[(@g +o)t me +"’o

[O23) +ow

= f Ct)o)
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sin(w’t ,
2-(*—)da)

= w3[Si((mc?4+wg)t) —Silwot)]+2wet ~[cos((me? 4 wg)t) —cos(wot)]

+1 2 sin((me? 4 wo)t) — (mc?+wg)tcos((me? +wg)t)

—Sin(wot)+a)0tcos(a)ot)] . (87)

In order to analyze the contributions of the other
terms in (85) it is necessary to evaluate the leading
contributions to the functions g1,(w’) and g1 (w").
First write the Green’s function g,,(z) of Eq. (74) in
the form (60) exhibiting the self-energy =,,(z):

gl,,(z):z—l_iziiv(—i) , (88)
use having been made of the identities
(aNa'y=((@a")?)
=((1-N)*)=(1-N)=1-(N) .
(89)

Decomposing the self-energy of the real axis in anal-
ogy with (77),

S 1al@ Tin)=3,(0)FiZ (w) (90)

with 2, and = {, real, one finds with (88) and (77)
(1— (N ) —Z4(0)]
[0 —316(@)P+[Z ()]’
(1—(N)Z (@)
[0 —21(@)P+[Z ()]
3 14> and hence =7, and 2 |}, can be evaluated up to
second order in the radiative interaction from the
expressions (62) and (63) for the case B =N,A, =a.

The expression (62) for the first—order self—energy
specializes in the present case to

E’la(w):
(91)

gla(w =

Wo- Wyl W
X X

FIG. 5. Contour for the integral (83).

/

c(a|n){aB,a")

SG(2= 3

n€s, <aN >
cla|n){aB,a")
ngr,  (aGNG")

where % is the set of n such that B are . degen-
erate with N i.e., such B that have f 0 elgenvalues
zero.”* The coefficients (c-matrix elements) c(a | n)
and corresponding operator-basis elements B, are
read off from the identity

[ﬁrﬁ]:[ﬁ,ﬁ,]ZEC(a|n)§n
=—12M A(l;m+bkk)(a+a) (93)

analogous to (68), use having been made of the expli-
cit expression (1) for the Hamiltonian. One has in
comparison with (69)

—iMy,, €e,=0w¢—wg ,

i -
n=a by, cla|n)=—iMyp,, €=0r—wq,
(94)
N A A .
n=07y)a aln)=—iMy,, €=wo+oy,
Py /\T .
B,,:c’i*b;»k: claln)=—iMy,, €,=—wo—wy .

As in the case considered in Sec. II, . is a “set of
measure zero” with the consequence that the first
line of the expression for 3% vanishes in the macro-
scopic limit - o [see the discussion before Eq.
(8)]. The second line of (92) vanishes indentically in
view of an identity differing from (70) only in the
sign between @ and @ "'.

Next consider the second-order self-energy, Eq.
(63) with B =N and A =a. The terms from the
first double summation are negligible [O(Q ~!)] as
were those in the first line of (108) for the same
reason. Those from the last double summation in
(63) are negligible for a different reason, namely,
their prefactor?® z. Since the two c-matrix elements
imply that these terms are of second order in the in-
teraction (second order in the M, ), it follows that
these terms will be smaller than the term z in the
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denominator of (88) by a small factor of order
a=e?/#ic. This argument does not apply to the
terms from the middle double summation in (63),
which contain no prefactor z. It follows that these
terms will dominate when |z| <a. But it is pre-
cisely such small values of z that are important for
the long-time behavior of the radiated power, since
the large-t behavior of a Fourier transform is deter-
mined by the low-frequency behavior of its in-
tegrand.

We conclude, then, that the self-energy =,

reduces, through second order, to
|

a|n)e(n|m)aB,a")

(z —€,)(GNGT)

214(2)= 2 2

ng S mes,
(95)

The c(a |n) and B, are given in (94) and the
c(n|m) and B are determined by taking the com-
mutator of each of these B with A, Eq. (1), as in
the derivation of Egs. (11) and (16). The resultant
B with m €.%, are N, the unit operator 1, the
N 71 and the products Ny AN The derivation
parallels that in Sec. II, so we shall only give the re-
sult

1 1
Su2)= 3 M%
12(2) % kA z —wo+wy Z—wp+wg
1 1 1 1 (N (1—N))
+ 3 M, £ (96)
A Z—wo+wr  Z—wp+wy Z—0o—w0r Z+Oo+og (1—N)

In obtaining this result identities like (89), which follow from the fact that 4 and &' are Fermi operators, have

been used.

The first summation is independent of the environment (independent of the ensemble?*) as was the general-
ized Weisskopf-Wigner line shift and width expression of Eq. (11). This contribution is directly related to the
spontaneous emlssmn, and will therefore be denoted herein by ={£°". The second summation in (96) is an en-
vironmental®® contribution similar to the environmental line shift and width expression (1b), and will therefore

be denoted by £¢3". Thus
21,(2)=2"2)+23(z) .

97)

Changing 27" to an integral in accordance with (84) and making use of (78) as in Egs. (11) and (14), one

finds?¢
2
wod 2
I o tin)= 87| o (wog—w) | Hwyg—w <0)In +1
3¢3 | 2m 0 —wg
2 mc? 2 mc?
+ 3 0<wy—w <mc*)ln —1 |+Hwy—w >mc*)In |1 —
wog—o wo—
mc?
—(wo+w) | Howg+o <0)ln +1
—wy—o
5 mc?
+3(0<wy+w <mec?)n —1

wo+w

2

+ Hog+w >me?)n [1— me ,
wo+w
2
. 8 wod ) . 5
LR ye N [(0o—0)¥(0<wo—w <mc?)+(wo+0 )0 <wo+w <mc?)], (98)
c

where the ¥ function of an inequality is defined to be unity if the inequality is satisfied, and otherwise zero.

env

Let us consider first the case in which the environmental contribution =% in (97) is negligible compared to
the spontaneous decay contribution 235°". This is the case, for example, in thermal equilibrium at zero tem-
perature. When 21" is evaluated, we shall find that at zero temperature it reduces to a vacuum field fluctua-

tion contribution which is very small compared to 3

due to the smallness of the virtual vacuum photon
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spon

distribution function.?> Then putting =, =3 3%°", one can determine g}, and g1, from (90), (91), and (94). The
integrals over g7, and g, in (85) have to be subdivided into integrals over various ranges of w, due to the 6

functions in (98). In the range 0 < w < @ one has

2
wod 2
Eia(w)=8—ﬂ; 9 (wg—w)ln me g
3¢ 21 wWy—w
2
wod
21”(;((0)=—813 9 2rg=21,(0), O<w <wy -
3c 27

One sees that X,(w) vanishes as o —0, and for
o >>wid?/c? it is negligible compared to @. One
may therefore drop 2, in Eq. (91) in this range and
write
(1— (N Mo
o’ +[2 0]
(1—(N)Z{,(0)
@ +[2 0]’

’g"lla(w)z
(100)

~n

gulo)=

<w <y .

Note that g1, becomes large of order [={,(0)]~! for
o 21,(0), and g}, is large of the same order for
o ~2{,(0), although it vanishes as w—0. Note
also, from (99), that = {,(0)=2y "V, so the width of
the frequency region in which g; and g, become
large is of the order of the natural line width. Then
the corresponding range of photon energies for
which g,(0wy—w) and §1,(wo—w) become large is
of width ~yWW centered on w ~wy, as expected
physically. This suggests that the dominant contri-
butions to (85) comes from these terms, in the range
| —wo | <y™", and we shall presently verify this
expectation. Note also that it follows from (100)
that the quantity I' in (83), (85), and (86) is just

—(wo~+w)n

mc? 1 ] }
wo+w ’
(99)

|
3 12(0)=27"W to leading order, and that the corre-
sponding residue Z{,(—iT) is (1/2)i(1—{N )).

Arguments similar to those leading to (100) can
be applied in the other subintervals of w, leading to
the following expressions for g7, and g, in these
various subintervals:

~ (1—(N))

gul@)=—"",

(1—(N)Z (o)

~

gl(l(a))z 2 ’
15}

2 (101)

DY (w)—g—ﬂ- w_od m(wo+w)
la - 3(,'3 27 0 ’
Wy <w <mC2—CL)0 N
and ~
_~ " 1_ —_~"
g~ 1= o (o)=0,
o>mci—wy,. (102)

In determining the boundaries of the subdivisions, it

has been assumed that wy<(1/2)mc? One can

then write the integrals in (85) involving g}, as

mcz
fo 02{814(wo—w)sin[(wg—©)t] —g14(wo+@)sin[(wo+)t]}dw

o wy—w)
@o—@ P+ [Z1{,(0)]?
me2 @ sin[(wy— )t] p

A~ 20,
~(1—(8) [, °(

+(1—(N)) 2o —
o—

sin[(wg—w )t ]do

2 0 %sin[(wo+)t]

o—(1—(N) [ do (103)

o +w

where use has been made of the symmetry properties (82), which follow from (17), (91), and (98). One finds

similarly that the integrals involing g1, are

~n

ch
[ 0*&lal@o—0)cos[(@o—0)t] —Fialwo +a cos[(wo+@ )t ] de

205 @2cos[(wy—w)t]

~(1—(N Nz, [

2

0 (wo—wP+[ELOP

[0}

(104)

~. 87 |wod me? @3cos[(wy—w)t]
(1—(N))—%
+ ( ) 3c3 2 2w, (CU()—CO)2
2 ) 5
~. 87 | ®od me*—20, @ *(2w¢+w )cos[(wo+w )t ]
—(— (V)75 [ I,

(CL)() +0))2
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The last integral in (103) cancels the last one in (85) so the contribution (87) is not actually present in the ex-
pression for P(¢). The second integral in (103) differs from (87) only in the upper limit of integration:

’

mc2wzsin[(w0—a))t]dw_f'”cz—"’o(w, ° )Sin(w't)dw
20 wWo—@ @9 0 '

=wj[Si(tme? —wy)t)—Siwot)] +2wet ~[cos((me2—wy)t) —cos(wot)]
+1 7 2[sin((mc? —wo)t) —(mc?—wg)t cos((me? —wq)t)

—sin(wgt) +wgt cos(wpt)] . (105)

The last two integrals in (104) can be combined and expressed in terms of the cosine integral?! and the sine.
However, the result will not be exhibited since these contributions to (85) are smaller than the contributions
(105) by factors of order ("W |wy) << 1. Here use has been made of the connection between = {,(0) and the
spontaneous linewidth ¥y V"W, namely, = 1,(0)=2y%W; see Eqgs. (99) and (14). The first integrals in (103) and
(104) can be expressed in terms of explicitly evaluable contour integrals and integrals like (105) apart from
terms negligible compared to those retained. This is done in Appendix C; the resultant expressions are

fz“’o oY wy—)sin[(wy—w)t]

5 - s—dow
Y (0)0—(0) +[21a(0)]

WW,

zﬂw%{e =2 2 T [Silwet) —7 /2] +27 " Hwot) T [sin(wot ) — wot cos(wot)]}  (106)

and

fZ“’o w*cos[(wg—w)t]
0 (a)o—w)2+[2{,¢1(0)]2
The only approximations made in evaluation of the integrals (106) and (107) consist of neglect of terms of or-
der (y VWV | wo) << 1 relative to those retained.

Combining the various results (100), (103)—(107), (86) and (87) and substituting into (85), one finds the fol-
lowing expression for the radiated power:

PP (1) =2y WV (1— (N )){e =2

do ~5mod(y¥V) e —2r"Ve (107)

Ww,

+7 1 [Si((mc? —wg)t)+Si(wot) — 7]

+2(mrwot) " cos((me? —wg)t) —cos(wot)]

47 Hawot) "2 [sin((mc?—wq)t) —(mc?—wo)t cos((me?—wg)t)

+sin(wot) —wot cos(wot)]} - (108)
l
The superscript “spon” is a reminder that we are quence of (43) in the case of the two-level model,
considering here the case in which the environmen- which implies with (68)

tal contribution to the self-energy is negligible com-

. A /\_’ A /\1’
pared with the spontaneous decay contribution [see P,(0)=i _,2 o (@[Nyy,H]a")

Egs. (96) and (97)]. The expression (108) has rather kA

different behaviors in various different regimes of = oMy, (&b ma_gfg a 3@ty =0

time. Consider first its initial (z =0) value. Using XA

the limiting behavior of the sine integral®! one finds

that (110)
P$(0)=0 . (109) independently of the above statistical ensemble aver-

age indicated by angular brackets, since 42 and (&")?
In fact, this can be shown to be a rigorous conse- vanish identically; see also Eq. (70) and the follow-
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For t~(mc?)~! the expression (109) oscillates ex-
tremely rapidly [frequency (mc?—wq)~mc?] with
very large amplitude of order

ing discussion. The result (109) can be regarded as a
check on the derivation of (108). Next consider the
behavior for small but nonzero time. The terms
with argument (mc?—wg)t cause PP(¢) to in-
crease extremely rapidly initially [rise time v YWaoo(me?/wy)?,
~w}/(mc?)3], the behavior for t << (mc?)~! being?’

PP (1) =~ 2y YV /3mw0)(me )X (1— (N )t

t<<(me?)~'.  (111)

taking on both positive and negative instantaneous
values. These oscillations decay like ¢—!, the

behavior for ¢ >>(mc?)~! being
|

mc2

@o

1 2 cos((me?—wg)t)

A

PP (1) =2y WV (1—(N))

, (me) 't <! . (112)

mmct

The dominant osci]latory term?® in this regime of time is the one involving cos((mc?—wg)t) in the last line of
(108); those from Si((mc?—wq)t) and the other sine and cosine terms with the same argument are smaller by
factors of order w,/mc?. Note that the oscillation is still very violent [amplitude >>(mc?/wq)>>1], of very
large amplitude compared to the term % in (112). Note also that PP still does not remain instantaneously
positive in this time interval in v1ew of this large amphtude of oscxllatlon However, the average of (112) over
a time Iarge compared with (mc?)~! is positive, and (mc?)~ 'ewwq'is an extremely short time interval. For
t~wg ! the oscillatory terms with argument wyt also become important. In fact, all terms in (108) are impor-
tant in this range of time; the functlon Si(wgt) is only given numerically in this range. The oscillations take

place about a mean value e~ 2" L1, The amplitude of oscﬂlatlon of the cosine term in (112) is still large

compared to the terms with frequency wq for t ~wg
gible and

2cos((mcz—coo)t)

! For t>>wq ' the terms will frequency w, become negli-

, t>wg ! . (113)

. 2
Pi()=2y"Vaoo(1—(N)) [e—2r"™Mt_ | 1€
@o

The exponential decays away for ¢ >>("V"W)~! (na-

tural lifetime), leaving the oscillatory nonexponen-
tial tail.

We turn now to the question of the physical inter-
pretation of this very complicated behavior of the
instantaneous radiated power. Note first that the
nonexponential tail at large times and nonexponen-
tial behavior at very small times are in agreement
with the well-known fact?® that pure exponential de-
cay is impossible in Hamiltonian quantum mechan-
ics for both very small and very large values of the
time. The nonexponential oscillatory terms average
to zero over time intervals large compared to

0 <<(yWV)~1. The time integral of the exponen-

tial term is

[ dt 2y WWoo(1— (8 )e =™ =0p(1— ()
(114)

which is, in leading order,* just the transition ener-
gy of the two-level atom. This is in agreement with
the fact that the total radiated energy must equal the
transition energy in order that energy conservation
hold. The oscillatory terms with frequency w, are
very short-lived transients which are expected on
general grounds.”’ The terms with frequency
mc?—w, are more difficult to interpret. Two possi-

amet

T

bilities suggest themselves: (a) These terms are ar-
tifacts of the sharp frequency cutoff at mc?, or (b)
they are related to a real physical effect connected
with the relativistic Zitterbewegung. Only a rela-
tivistic calculation can decide between these alterna-
tives; we hope to investigate this in the future. If
such very high-frequency terms are real, their de-
tailed forms would almost certainly be changed by a
relativistic calculation. Finally, note that there is no
sign in (108) of a sin*(wq?) modulation of the ex-
ponential decay, in contrast with the situation for a
classical radiating dipole.’® The behavior of the
quantum system over very short-time intervals is
very different from that of the classical system.
However, if one averages the radiated power of both
over a time interval >>wg ' but << (y¥W)~! (the ra-
diative lifetime), then one obtains the same exponen-
tial decay law for both. We are not aware of any
other published results for the time-dependent radi-
ated power for this model, valid over the whole time
range 0 <t < oo, with which we can compare our re-
sult (108). There are, however, several published
treatments of this model based on solution of
Heisenberg equations of motion,*>33 which are close
in spirit to our Liouville-space treatment. (See note
added in proof.) The results of these other treat-
ments agree with ours insofar as the exponentially
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decaying term 1is concerned; they also find no
sin%(wo?) modulation.

We have thus far limited ourselves to the case
where the environmental contribution to the self-
energy (97) is negligible. Suppose now that it is not.
Then the general form of the environmental®> con-
tribution to the self-energy [second term in (96)] is
not difficult to find, and we shall evaluate it here.
However, it follows from (91) that the environmen-
tal and spontaneous contributions to g, and gi,,
hence to the radiated power, are not additive. We
shall therefore defer the detailed analysis of such
cases to later publications. The situation simplifiesI

P 1

again when the spontaneous contributions become
negligible compared with the environmental ones,
i.e., when the environmental effects dominate the
decay. Here we shall, however, limit ourselves to
the determination of the general form of the expres-
sion for ={3’. We assume that the ensemble is such

that the mean value in (96) factorizes,**
(Npr (=N =(Ng, Y (1=N)=fp,(1—-N)
(115)
as in (18), (19), and (29). Then

1 P 1

env . 2
la(@tin)= > M3,
A ©—0y— 0

w—w0+a)k

—
W +wy— g W+ 0o+ o k4

Fim __2 M2, [8(0 —0o—or)+8(0 —wo+0r)+8(w +wo—wr)+8(w +oo+or)lf 2 s
KA

(116)

where f7, is the photon distribution function ( N w2 ?- In the thermal-equilibrium case (19), it is straightfor-
ward to reduce (116) to integrals of the same type occurring in Egs. (20). We shall omit the derivation, which

proceeds as in Sec. 11, and only state the results:
2

(118)

’ 8w CU()d
Zlaen(@)=775 |5 | [0—@l(Blo—oo )+ (@ +aol(B|o+wo])] (117)
and
ST ()= 472 | wod 2 (@ —wo)sinh[B(w —wy)] (0 4+wgo)sinh[B(w +w,)]
la,env 3c3 27 Sinhz[%[)’(w —wg)] Sinhz[‘;‘ﬁ(a)-i—wo)]

where 2, .,y and 2 |, ., are defined in terms of the
real and imaginary parts of =" as in (90). The in-
tegral I(y) is defined in Eq. (22) and expressed in
terms of the digamma function in Appendix A.
Note that 2, ., and 2 [, .,, are, respectively, odd
and even functions of w.

The expressions (117) and (118) are rather similar
to some that were obtained in a study of thermal ef-
fects on the absorption spectrum of a two-level sys-
tem coupled to a crystal lattice, by Huber and Van
Vleck.*> The similarity is not surprising, in view of
the similarity of the models. Their treatment em-
ployed standard equilibrium thermal Green’s func-
tions, whereas our Liouville-space approach is
equally applicable to nonequilbrium ensembles, al-
though the specific expressions (117) and (118) are
for the special case of equilibrium.

The asymptotic behavior of the functions I and f,
given in Eqgs. (23) and (24), implies that the environ-
mental contributions (117) and (118) to the self-
energy are negligible compared to the spontaneous
ones for kpT <<w,, but become important for
kT >wq. The latter situation can occur, e.g., for

r
Rydberg states of atoms.” We shall not carry the
analysis further herein, but hope to come back to it
in subsequent publications. Nonequilibrium situa-
tions of the sort considered in Sec. II can be
analyzed by choosing appropriate nonequilibrium
photon distributions f¢, in (116).

Note added in proof. Since submission of this pa-
per we have become aware of a Liouville-space treat-
ment of the three-level model: R. Kornblith and J.
H. Eberly, J. Phys. B 11, 1545 (1978). We thank
Professor Eberly for bringing this work to our atten-
tion.

7
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APPENDIX A: EVALUATION OF THE INTEGRAL I(y)

The integral I(y) defined by Eq. (22), which occurs in the expression for the environmental line shift of the
two-level atom interacting with thermal radiation, is expressible in terms of the digamma (i) function

Y(z)=d InIl'(z)/dz ,

where I'(z) is the gamma function. Using the formula (I.59) one has

© 1 1 x
== d
I(y)=Re [ T —x  Trmax |1
o x dx
=—2Re [(1+in)
e (1) ] [x2—(14in)?] (e —1)

where n =0+. Let

yx=2mt, z=—i(14+in)y/2m)=(—i+n)y/2m) .

Then

f°° x dx :fw tdt
0 [x2—(14in)*]J(e¥™*—1) 0 (£24z%)(e®™—1)

Then by a standard formula*®
I(y)=Re{(1+i)[Y(z)—Inz+5z"']} . (A5
One has with (A3)
Inz=In|z | +i argz

— Inly 27)—iw /2,
n—0+

z — —iy/2m, z7!' — 2w/y. (A6)
n—0+ 7n—0+

It follows from*® NBS Egs. (6.3.10), (6.3.11),
(6.3.17), and (6.3.19) that ¥(z) remains finite as
n—0+, so that the prefactor in in (A5) may be
dropped. Then

I(y)=Rey(—iy/2m)—In(y /27) . (A7)

Then by NBS Egs. (6.3.10), (6.3.17), and (6.3.19) one
has for small y

Ty)=—In(y 27)+1—y —[14+(y /27)*] !

+ 3 (=1 HE@r + D=1y /20",

n=1
y<4m (AS8)
for all y
I(y)=—In(y 27)—y

F /207 S nn2 4202t

n=1

(A9)
and for large y

(A1)

(A2)

(A3)

(A4)

‘ 1

< (—l)n_an 2n
I(y)~n§1 (2w /y)
=5 Q7 /y)+ o5 (27 /y)*

55 2m/p)e e (A10)

Here y is Euler’s constant 0.57721. .., the B,, are
Bernoulli numbers [NBS (Ref. 36) Chap. 23], and
the {(2n 4+ 1) are Riemann zeta functions (NBS edi-
tion,>® Chap. 23). The small-y expansion (A8) still
converges rather rapidly at y =27; see NBS3¢ p. 811
for the necessary £(2n +1). The series (A9) con-
verges fairly rapidly for all y, the rate of conver-
gence increasing slowly with increasing y. The
asymptotic series (A 10) is useful only for y >>27. A
numerical table for Re ¥(1+iy) is given at the bot-
tom of NBS* p. 288. Note the function needed in
Eq. (A7) is related to Rey(1+iy) by [NBS*® Eq.
(6.3.10)]

Rey(—iy)=Rey(1+ip) . (A11)

In Eq. (20), the shift A® comes from the real
part of the expression in curly brackets in (A5),
whereas the width y°" comes from the imaginary
part:

352
Im[¢(z)—Inz+5z""']. (A12)

env _
v _

3mc?

By (A6), (A7), and NBS (Refs. 36) Eq. (6.3.11) one
has
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T
e?—1

Substitution into (A 12) yields an expression in agree-
ment with the second Eq. (20) when one notes
y=pPwq and Eq. (21). This is a check of the deriva-
tion of (AS).

As mentioned in the text, in the paper by Farley
and Wing,” an integral similar to Eq. (22) is found
to describe the dependence of the dynamic Stark
shift on the blackbody spectral distribution. They
compute the integral

Im[¢(z)—Inz+ 5z~ ']=— (A13)

3

X 1 1

+
y+x y—x

F(y)= [ "dx (A14)

e*—1

numerically; however, it is possible to derive an ana-
lytic expression for F(y), analagous to the derivation
(A7). First note that F(—y)= —F(y). We shall as-
sume that for y positive in (Al4), y is really
lim, o (y —in), the in coming from boundary con-
ditions implicit in the problem. We then make the
substitution u =x? to reexpress

F(y)=—y “ du .
fo (e‘/;—l)[u +(iy)*]

We next use the property of Stieltjes transforms®’ to
rewrite this as

Fly)= yf

Uu

(A15)

3
—y . (A16)
f 1)( —y?)
We are interested in the real part of (A16); note that
the second integral is essentially Eq. (22) when reex-
pressed in terms of x =V'u. The first integral gives
m2/3 and we have

2
F(y)=— #Ty—y3ln(y/27r)
+y Re(—iy /27) . (A17)

Using the same expansions as before we have for
y <4,

2
F(y)m — X 3y /27)

3
3
+y31—y)—
Y 1+y
+ i (—1)+ly2nH3[e2n +1)—1];
n=1

(A18)

for all y,

2
F(y)= _va —y3In(y /27)

_,yy3+y5 2 nnl(n2+y2)—l ; (A19)
n=1

and for large y,

2 o (_1)'1—13"
F(y)~~—7T3y+2 :

“ 2ny2n—3
204 167°
=15 T 63 (A20)

Equations (A18) and (A20) agree with the expres-
sions given by Farley and Wing for the small- and
large-y behavior of F(y), while (A19) corresponds to
the results given in their Fig. 1.

APPENDIX B: STANDARD THERMODYNAMIC
GREEN’S-FUNCTION FORMALISM APPLIED
TO TWO-LEVEL MODEL

In the case of thermal equilibrium we may,
with one important modification, apply standard
temperature-time Green’s function techniques'>*® to
verify the results derived in the text. The interac-
tion Hamiltonian A ' in Eq. (1) is linear in the Fermi
operators @ and & 2% Such a linear Fermi term in a
Hamiltonian is usually considered unphysical; how-
ever, here it occurs as a result of the two-level ap-
proximation where we use the transition operators &,
@', Standard Green’s-functions methods are not ap-
plicable to Hamiltonians linear in Fermi operators
since the definition of time ordering cannot be ap-
plied consistently.>® As shown below, this problem
can be circumvented by applying a canonical trans-
formation such that, to each order in a perturbation
expansion, the resulting canonically transformed
Hamiltonian is bilinear in Fermi operators. Let

H=Ho+AV, O=c¢", w=w",
H'=eWHe="=Hy+ V",

where ﬁo is as in Eq. (1) while )»V is H in Eq. (1)
and A indicates M ¢, . Expand W and 7’ perturba-
tively as

(B1)

A

W= 3w, V=3 AP, (B2)
n= n=1
We have
A\ A\ A\ N '2 A A AN
H'=H0+i[W,H0]+L2,—[W,[W,Ho]]+"‘
A |P+i[W, V]+ [W[W i+ -
(B3)
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which give both the density matrix and the operator which we
A, A A ~ are taking the expectation value of:
Vl:l[Wl’H0]+V’ A g /I\) PR 1 T A 1T

~ 2 (0)=Tr(pO)=Tr[(e"pe ") (¥ De ~")]

sz:i[Wz,Ho]+’2T[W1s[W1,Ho]]

=Tr(p'0")
+i[W,, 7). (B4) =Tr(p'0)+iATr{p'[W,0]}
Since ¥ is odd in Fermi andAI/foA even, choose W, ——;—szr{ﬁ’[ Wl,[l//l\/l,é\]]}
odd such that V| =0 and [W,Hy]=iV. We then
have to second order (which is all we need) +0(A3),
Vy=ilWy,Hol+3 [ W, [Wi,Holl where
=5i[W, V], for W,=0, (BS5) PO VR il (B6)
N —BA ’ - _Bﬁ ,
and H ' is now strictly bilinear in Fermi operators. Tre Tre
In order to calculate equilibrium expectation For the two-level model, some tedious algebra
values using this transformation we must transformI gives the following:
Mg, A~ ~ My o~ N
}\.W1=— T(Z}" m(a E’A—i—a b?}\.)+ Z)_O—:_w_k(a ?}‘,+a b kl) N (B7)
AW AP ]=—i 3 S MM'[—(Q, +Q )bb' +6T6T) +@, —_ )bb' +b" 5 —280,
+2Q,4+Q_)aTa bbb +b6T BT +5TE + bV b +8)1, (B8)

where a condensed notation is used:
Q) =(0o+»)7!, Q_=(wo—0)7!, =87 .6 »

and the unprimed 5 ("’s and M have (K,A) indices while the primed have (k ’,A’) as indices. In order to calcu-
late the self-energy for the two-level atom we need to compute { T,(4(7)4 (")) ), where T, is the usual time-
ordering operator. From (B6) we need the following:

[(W,é6l=— 3 M[Q,bTeaa—1+a_boata—1],
[(WLIWLall=3 3 MM [ Q' (2ab 6" +as -2 676" 10 0_(286"6—2a156T)
+0°0, b 6T 2566 +a_a 256" 6+a5 21661, (B9

.’.

The corresponding expressions for & are easily related to the above by conjugation. Using these expressions

we have correct to O (M?):
Tr{p'T,[A(r)a (1]} = 3 {—M*Q% + Q2 ) coth(wB/2) D (r—7")
+M[tanh(woB/2)[Q% F(r—7)4+Q% F(+'—7)]
—AMQ%L L (7 —1) D (1 —7)D (7' —7)
+Q% L (1 =D (r—1)D (v —7)]}
+ EMzcoth(wB/Z)(Q+ +Q_) fOBdTlg(T—Tl YD (1—71') . (B10)

The first term (enclosed in curly brackets) comes from the terms (B9) while the second term is the O (A?) term
in the expansion of (Tre —AH ")~ !

[# (1 —7) (K, K ") =(Tre ~#H0)~1 Tr{e“BHOTT[I’AO?A(T)bAoI"A'(T')]} ’

D(r—7")=(Tre 710~ 1Tre o1 [a0(ma §(+1) |
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. —BH, . A A~ . . .
where ay(7)=e f °a(0)eB % and the same for b, (& and .% are just the usual noninteracting temperature
Green’s functions). The terms in (B10) are all connected; the disconnected terms in the numerator are can-

celled as usual by similar terms in (Tre —BHo)=1 The expression (B10) is easily evaluated using standard
finite-temperature Fourier expansions*® and we shall just list the results:

M2 coth(wf /2)

gc@i ’
(iwg —wo) wi—w?)
Q2 Q2
& M*[tanh(woB/2)]? coth(wfB /2) | — — |,
lw, +w lw, —w
(B11)
(05 0%
FLDD: M?*coth(wf/2)[1 —tanhXweB/2)] | - - ,
lw, +w o, —o
D: —M?coth(wfB/2)(Q% +Q%).
The total equals
h 2 1 1
2 sz(’x C(.)t ((0/3/ 2) : . (B12)
—l:,k (zwa ——a)o) o, +w lwg —o
We therefore have for the self-energy
1 1
S w,)= 3 M%, coth[w(k)B/2 , B13
(wa) % klco [6()( )B/ ] lCl)a+CO(k) +lCl)a—C0(k) ( )
|
where For such a Lorentzian, the excitation energy is
D(0,)=DA0)+D%0,)3(0,) D (0,) . v=wo+3Sr(v) =0+ (wo)
Let* and the damping is
ER(X)+izI(x)EE(wa)liwa=x—i17 , (B14) as -1
R
Then e 3 (v)~2Pwg) .
v
D(w,)= f * d_x_&(_x_)_ , The result (B13) therefore gives exactly the same
—® 27 iwg—X level shift and width as derived in the text [Egs. (14)
where and (20)]
23,(x)
(x)= (B15)
P e Sr )P+ 2 2(x)
and Y(w,) is the full finite-temperature Green’s T A
function for the two-level model. In (B15) expand x mws
about x =v where v —wy—2g(v)=0. Assume that |
(0Z/(0x),—~, is small so that p(x) can be approxi- 5
mated as a Lorentzian Himc?
(#+i)mc?
221('\’)
p(x) ~ 2 .
2 02k 2
(x —v)* [1— +[Z/(v)] X
ox v 0 meZ T Re w

(B16) FIG. 6. Contour for the integral (86).
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APPENDIX C: EVALUATION OF INTEGRALS FOR THE RADIATED POWER

Consider first the integral of Eq. (86). This can be related to the integral around the square contour shown
in Fig. 6. The x indicates the pole at w =wy+iI". Application of the residue theorem yields

2 ! 1
fomc deo o 2 1

2iTe Tt (—il") —
e (0o—@ )*+T?  (wg+w)?+ T2

=2mie V'R (—iT N wo+iT)?

—2iTe MR {,(—iTl) fo (iy)* 1 — L idy
“ mc? (@Wo—iy)*+T?  (wo+ip)*+T?
fnc2 1 1
+ (mc?+iy)? — id
fo Y (mc?—wo+iy)>?+T? (mc*+wo+iy)?+TI? 7
0 1 1
+ (x +imc?)? - dx
fmc2 (x —wo+imc?)*+T? (x +wo+imc?)?+TI?

(Cc1n

We shall find later that T is of order yVWV <<w,. Then I' << |wo*iy | and one may, in leading order, drop I'?
in all of the denominators on the right-hand side of (C1), yielding for the expression in large brackets

me? 4oy’ diwo(mc?+iy)? dwo(y +imc?)

fo |- 53 2.2 212 N NET) (C2)
¥ +wj) [(mc*+iy)*—wq] [(y +imc®) " —wq]

This integral is of order wo In(mc?/w,). Then the ratio of its contribution to (C2) to the leading (pole) contri-
bution is of order (YW /wg)In(mc?/wy) << 1, assuming that y"V «<w, and that the logarithm is not >>1.
Here we have used the fact that T is of order y¥V. Under the same assumption one has (@ +i I'?~w3. Then
the integral (C1) reduces, in leading order, to the pole contribution (86).

Let us next evaluate the integrals in Eqs. (103) and (104). Consider first the one in Eq. (103):

’

fz% o wy—w)sin[(wy—)t]do B J-wo (@' +w¢) 0’ sin(w't)
0 (@o—@2+[E(0 Y72 (0")?+Q2yWW)?
o't __

e —iw't)

9 (0'+wo) 0'(e
=5 e o, ©

(wl)2+(2,yWW)2

use having been made of the relationship = {,(0)=2y "V, since we wish to eventually relate the decay rate of
the radiated power to ¥ ", the spontaneous decay linewidth [see Egs. (14) and (115)]. The integral (C3) will be
evaluated as the difference of the two integrals I 4 :
1 o, (a)r+w0)2wleiiw't
Iy=— do' . C4
+ 21 f_wo (w;)2+(2yWW)2 (0] ( )
In the case of I, close the contour in the upper half-plane, as shown in Fig. 7. The x’s indicate the poles at
o'=1+2iy"W. The contour is closed at the top by the horizontal line at w’=x +i o (x real), which contributes
nothing to the integral. By the residue theorem

0 (2a)0+iy)2(co0+iy)e Bk ie—iwotfoo (iy)2(~wo+iJ’)e B
0

dy — dy =2mi #Q2iyVV) ,
(@o iyt 2y VW32 ¥ (—wot+ip)+ 2y VW2 Y 4

211, +ie" ™ [

(C5)
where the residue at o’ =2iy VVis
WW,

R2iyWV) =2 (wo+2iy VWV )2e ¥

1 YA A
z—z—a)ée 2y ! (C6)
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and we have assumed ¥ <<w,. For the same reason
2yWW < |wotiy |, (7
so one may write for the sum of the two integrals along the vertical legs, apart from a negligible correction,
) :\2, —ty ) . _
iem)otfw (2(00+ly). e dy_ie—xmotf‘” (zy)ze ty d
0 wo+iy 0 —wo+iy

iwyt —iwyt
0 0
—e

e [4a)(3)eiw°t+wo(3e )y2—2y3sin(wgt)]e =¥
=i f d

'y
y +aob

—iw3[4e ' (wot) — (3™ —e ~“*)g"(wot)— 2 sin(wot)g (o] - (C8)

Here?!
0 e_x.y )
fx)= fo 3 1dyzCi(x)sinx—[Sl(x)——7r/2]cosx ,
v (C9)
e, o N
x)= fo 1 dy = —Ci(x) cosx —[Si(x)— /2] sinx ,

g’ and g"’ are the first and second derivatives of g, and x > 0. Then with (C5) and (C6)

Ly~ 3mode "™ Joil4e ™ f (0o — (3¢ —e T )g (0or) — 2sin(wotlg "(@on)] , (C10)

the only approximation being those of Egs. (C6) and (C7). A similar derivation, but with the contour closed in
the lower half-plane, yields

iwgt —-iwot twot

I_~—mole " 't odl4e  “flwy)—(3e )g'(@ot) —2sin(wot)g" (wot)] - (C11)

Then the integral (C3) is

(o’ +a> 20" sin(w't)
f w o) da)’zmu(z,e‘ZVWW’—4co(2)cos(a)0t)f(coot)
—%o

@0 (' P+ 2y V¥

+(2yWW)2
+2w] cos(wot)g (wot)+2w3 sin(wot)g " (wot)
=rol{e~" 121 ~[Si(wyt)—m /2]
+27 " Nwot) " sin(wgt) —wot cos(wot)]} , (C12)
Im oy the final expression being obtained with the aid of
A (C9) and the definitions?! of the sine and cosine in-
| tegrals.
i The first integral in Eq. (104) can be evaluated in
! the same way. One has
|
| 20y  w?cos[(wg—w)t
I f 0 [2 0 - ]2da)=J+—|—J_,
E 0 (wp—w)+[Z,(0)]
X
n > , » (C13)
| o

FIG. 7. Contour for the integral I, . Proceeding as in the evaluation of I, one has
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1 2
Jy z;ﬂwo(‘}’

_ Ljpo! f » (200+iy)e™?
2 0 (wo+ip)?

1. —iwgt o (ip)e”?
+gie " [ iV (C14)

wWwW
wwW)—1, -2y W™t

The integrals in (C14) need not be evaluated, since
they are of order (yWW/w() << 1 relative to the pole
contribution. The integral J_ is the complex conju-

gate of J . Hence

Jy+I_m~ymod(yVW)—le—2rWVt (C15)
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