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Possible use of motional magnetic fields to flip spina in a Penning trap
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The most precise determination of the magnetic moments of the electron and positron
come from the University of Washington g —2 experiments. A small distortion in the mag-
netic field is introduced in these experiments so as to provide a mechanism to flip and mea-
sure the spin. The experiments would be substantially improved if this inhomogeneous part
of the magnetic field were removed. Driving the end caps produces an electric field at the
frequency mq which is parallel to the magnetic field. The cyclotron motion of the electron
at frequency e, transforms this electric field into a magnetic field which is perpendicular to
the main magnetic field and which alternates at frequency m, +md in the particle's rest
frame. One might think that such an alternating magnetic field would flip the spin, thereby
removing the need for the field inhomogeneity. There are, however, subtle relativistic
corrections to the spin motion. These nearly cancel the motional magnetic field effect and
rule out this scheme of spin Aipping.

I. INTRODUCTION AND SUMMARY

The magnetic Inoments of the electron and posi-
tron have been measured with marvelous precision. '

These experiments employ a Penning trap which
consists of a weak electric quadrupole field together
with a strong uniform magnetic field. In order to
fhp the spin and detect the g-2 resonance, a small
nonuniformity is introduced in the magnetic field.
This inhomogeneous part of the magnetic field, cou-
pled with thermal vibrations of the particle, pro-
duces a linewidth' which limits the accuracy of the
experiments. They would be improved substantially
if some other method were devised to flip the spin in
a uniform magnetic field.

Motional magnetic fields might appear to provide
an alternative mechanism to flip the spin. The con-
stant electric quadrupole field is produced by two
end-cap electrodes at a common potential which are
aligned along the magnetic field and a ring electrode
at a different potential which circles the magnetic
axis. Suppose that in addition an alternating voltage
is applied between the end caps. This gives an addi-
tional electric field 8'(t)= 8'pcosNdt. In general„
the electric field will be spatially varying with both
radial and axial components. Near the center of the
trap, which is the desired operating point, the radial
fields become negligible and 8 p can bc taken to bc a
constant vector along the magnetic field B. The
main motion of the particle for our purposes is
about a cyclotron circle at the angular frequency
u, =e8/mc, where m is the electron mass. Thus
there is small alternating magnetic field
bz(t)=c 'v(t))& 8'(t) in the particle's rest frame

which is perpendicular to the large constant magnet-
ic field. This alternating field has a frequency com-
ponent at ~, +rod and so a spin-flipping resonance

l
occurs at m, +~~ ——cu, = —,geo, or when the drive
frequency equals the anomaly frequency

l

~~ ———,(g —2)co, =aco, . Gn resonance, the rate y.t
which the flipping proceeds is given by

1

Oz ———,(eg/2mc)(U/c) 8'p. In the g —2 experiments
the particle is in a low-lying Landau state
—,mu =fuu, with m, /2~=100 GHz, which gives
U =10 cm/sec. Since 2m' /e=10 V, we see that
to obtain a usable rate, Qz/2m= 1 Hz requires a
rather strong electric field 8'p-6 V/cm.

The scenario we have just presented is, unfor-
tunately, not the whole story. Other effects conspire
to reduce the spin-flip rate to an unacceptable value.

(i) The constant electric quadrupole potential also
acts on the particle. If this field is strong, the parti-
cle is bound to a point where the total electric field
vanishes, and the motional magnetic field disap-
pears. That is, the total oscillating electric field is
given by E2z(t)+ 8'(t), where E& is the amplitude of
the quadrupole field and the z axis is taken to be
along the magnetic field. In the limit where E2 is
large,

z(&) = —&(t) /E2

and the total field vanishes. In general, this effect
produces an overall factor of cod(cod —co, )

' in Q&„
where co, is the axial oscillation frequency.

(ii) Relativistic corrections are more important.
They arise both from the kinematic Thomas preces-
sion and from relativistic velocity-dependent
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torques. These are subtle effects which have no sim-
ple physical explanation. The mathematics is
described in detail in the following section. The re-
sult is that the relativistic corrections largely cancel
the simple motional field effect and replace the
overall g factor with the anomaly a= —,(g —2) in

the formula for 0&. Since a =10, this reduces the
spin-Aip rate to an unusable value.

(iii) The axial alternating field 8'(t) produces, via
the Maxwell displacement current, a perpendicular
alternating magnetic field. This magnetic field also
causes spin flips at a rate comparable to that given

by the relativistically corrected motional field effect,
with the rate involving an overall factor of the
anomaly a.

The net result of all of these various effects is to
produce a spin rotation (Rabi) frequency given by

(g+4)E k
2 II

Here EII is the total electric field which acts on the
particle along the direction of the magnetic field de-
noted by k. Expressing the quadrupole part of this
axial electric field EII in terms of the natural fre-
quency of the axial oscillation cu, gives

EII ~,z(t)+ K(t) .
e

The axial coordinate of the particle z(t) obeys the
equation of motion

Pl z= —eEII
dt

(We use the charge of the electron —e.) The general
solution is the superposition of a free oscillation plus
a driven motion. If the drive is applied for a suffi-
ciently long time, the free oscillations will be
damped by mechanisms oInitted in Eq. (3). With a
sinusoidal driving field

8'(t) = 8'0com~t,

(which in turn must be near the anomaly frequency
mo, ). Ho~ever, this adjustment also increases the
amplitude of the axial oscillation z(t) of the particle,
and this amplitude must be kept reasonably small so
as to avoid field nonlinearities.

II. CALCULATION

Including terms of order U /e, the electron (or
positron) spin S obeys the equation of motion

—S=ngs,
dt

where

2

0 = g ——8—(1+2a)v &(E/c
2VTC

—a(v 8)—
C2

This result follows from the covariant equation of
motion for the spin four-vector s" by using an in-
stantaneous Lorentz boost to write s" in terms of the
spin variable S which is defined in the particle's rest
frame. The result also follows from performing a
Foldy-Wouthuysen transformation on the Dirac
Hamiltonian. We shall take the magnetic field 8 to
be constant and to point along the positive z axis
specified by the unit vector k. The electric field E
has a time-independent part E~ derived from the
electric quadrupole potential plus a spatially uni-
form but time-dependent part 8'(t) which is aligned
along k. We shall decompose vectors into their
parts which are parallel (~ ~) and perpendicular (l) to
the magnetic field direction k. For example,

v =UIIk+ vg,
(9)+

E=EIIk+Eg,

the long-term motion is given by Q(t) =-a), (t)k+Qi(t) . (10)

1 ez(t)=—
2 2

—&(t) .
COd —N&

In this case the spin rotation frequency reads

2
ea(g+4)

2
8'ky v

4EBc 6)d —kP

a(g+4)
Ndzk )( v

4c

As is usual in discussing spin resonance, it proves
convenient to pass to a coordinate system which ro-
tates about the magnetic field axis k with the time-
dependent angular frequency mz(t). In this new
coordinate frame the spin is rotated only in perpen-
dicular directions with

Clearly, the rate is increased if the axial frequency
~, is adjusted to lie near the drive frequency cod where
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e A
[(l+2a)(U((k X~K+ ~vXkE(()/c+av)(8~v/c'] .

2mc (12)

Here we have underlined vectors to indicate that
they are referred to the axes of the rotating frame.

The spin resonance occurs when the frequency of
8'(t) is adjusted to make some piece of A&time in-
dependent. Thus we can neglect terms in Qi which
are total time derivatives as they do not give rise to
a persistent, secular perturbation. Vhth this in
mind, we note that vi obeys the equation of motion

d e 8vi= —
Apeak g vi — Ei+ vip

C

—
p = —ci)gk xQ+ vt .

dt
(20)

In the original laboratory frame, p executes an epi-
cyclic motion which is the sum of a slow magnetron
motion plus a fast cyclotron motion. The slow labo-
ratory magnetron motion appears as a fast oscilla-
tion in the rotating frame so it does not contribute
to the spin resonance. Thus we have, effectively,

coqk XQ= vt (21)

arid

=—are, k g vi ——
~E

m
—p= —avi.
dt

(22)

To obtain the second equality we have neglected the
relativistic corrections and used

%riting ull
——(d/dt)z and omitting another total

time derivative now gives the replacement
1

Q7g ———gN =(a+ 1)62

where

(14) eg ~ eg
ullk )(Ei +

&
zk g Ei

2mc 2mc

is the cyclotron frequency. This approximation is
permissible since it will be employed in a term that
is itself a small relativistic correction. Using the ax-
ial equation of motion

This puts Eq. (14) in the form

ea m
Qi —— g—~,z+4EII k )& v

mc
(24)

d e

we now obtain

which exhibits an overall factor of the anomaly a.
There remains one final effect which is of the

same order as are the terms in Eq. (24}. The alter-
nating electric field 8'(t) must be accompanied by a
magnetic field in order to satisfy the Maxwell equa-
tion

with

2mc
gullk XEi+2a viykEII } ' (18)

1 BEVXB=-
c Bt

Since 8'(t} is spatially uniform, the solution of this
Maxwell equation is given by

The total time derivative in Eq. (17}can be neglect-
ed. Note that the 1/c relativistic correction in Eq.
(12) has canceled the major part of the motional
magnetic field effect involving vip kEll /c, leaving
a coefficient involving a factor of the anomaly a.

The field Ei arises from the electric quadrupole
potential, and it may be expressed as

Here )o is the particle's perpendicular position whose
components are measured in the rotating frame.
Hence

n, = g'u
2mc

(27}

to the spin rotation frequency. Passing to the rotat-
ing frame and neglecting a total time derivative we
have

g dp
4mc

&(p, t)= ——p X —'(t) .
1 d-

2c dt

This alternating magnetic field gives a contribution
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In view of Eq. (22), this may be expressed as This is the result quoted in Eq. (].).

The total spin rotation frequency is given by

ea
(g+4)E(~ k g v,

4m'

where E is the total electric field

Ei~ ———co,z(t)+ 8'(t) .

(30)

(31)
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2
Q)z

2'~
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