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Various expressions for antisymmetrized geminal-power (AGP) states are reviewed.
With the use of a simple relationship for creation and annihilation operators of BCS (Bar-
deen, Cooper, and Schrieffer)-type states, such operators are characterized for AGP and
GAGTP (generalized AGP) schemes. The effect of degeneracy in the first-order reduced

density matrix on these operators is displayed.

I. INTRODUCTION

Recent work on the problem of consistency of the
random-phase approximation [(RPA) (Refs. 1 and
2)] has lead to the consideration of generalized an-
tisymmetrized geminal-power (GAGP) states® as
proper vacuums for particle-hole excitations at this
level of approximation. Using suitably optimized
GAGEP states one can construct self-consistent po-
larization and one-particle-hole propagators that
can be associated with a model Hamiltonian.*>
This leads to an approximate physical picture that
emphasizes the linear-response aspects of the sys-
tem, the accuracy of which depends on the impor-
tance of one-body terms in the exact description.

This approach replaces the uncorrelated Fermi
sea, described by independent-particle states (IPS),
by a correlated one described by GAGP states as
the underlying entity on which one-particle excita-
tions act. The conceptual simplicity of one-particle
excitations that either annihilate or create new
states from the sea is not lost, as one can define
operators that have entirely analogous properties to
the conventional particle-hole operators. These
operators are described in Secs. III and IV. Such
operators have been mentioned previously by Rosi-
na® in the context of showing that the second-order
reduced density operator of an antisymmetrized
geminal-power (AGP) state is uniquely associated
with that state. These AGP states are special cases
of GAGHP states (see Sec. II).

Significantly, these operators are, in fact, not al-
ways well defined as the transformation defining
them becomes singular when the first-order reduced
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density operator associated with the GAGP vacuum
has eigenvalues that are more than doubly degen-
erate and a rank greater than N (the number of par-
ticles in the system) (Sec. V). This problem was al-
luded to in Ref. 6 but not studied there. However,
we show that in these cases one can replace the nor-
mal excitation operators by abnormal ones that are
well defined but whose adjoints do not annihilate
the vacuum. This has some interesting and pro-
found physical consequences which are discussed
elsewhere,” and is also reflected in an increased
symmetry of the GAGP vacuum.®

The AGP states have been extensively considered
in the realm of superconductivity’ where the degen-
eracy just described plays a key role.!® They have
also been considered as approximate states for
molecular systems.!! The AGP states are particle-
number projected Hartree-Fock-Bogolyubov (HFB)
states, which are themselves generalized Bardeen-
Cooper-Schrieffer states [(BCS) (Refs. 12 and 13)]
(BCS states have a fixed pairing assumed between
one-particle states while HFB states have a pairing
determined by a variational procedure). The HFB
states have been comprehensively used in nuclear
calculations; see, for instance, Ref. 14 for a recent
review. One can associate with such states particle
nonconserving quasiparticle excitation operators
whose adjoints annihilate the HFB vacuum.!? The
relationship between these various states is reviewed
in Sec. II.

The replacement of the IPS (uncorrelated)
description of the Fermi sea by the GAGP (corre-
lated) description is a true generalization as the
latter includes the former and reduces to it in the
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absence of interaction. The fact that the correlated
excitation operators can be of two types, normal
and abnormal—a phenomenon not seen in the un-
correlated case—has profound ramifications which
can lead to a particle-conserving theory of super-
phenomena’ (unlike BCS theory). The normal exci-
tation operators lead to a model based at a higher
level of approximation than the Hartree-Fock (HF)
model, for excitations between energy levels in
molecular and nuclear (especially light nuclei) sys-
tems that maintain particle-number symmetry.
This model retains many of the attractive features
of the HF approximation that have allowed the
ready development of qualitative pictures of physi-
cal systems, as the excited states can still be ex-
pressed in terms of one-particle operators acting on
the ground state.

In this article we extend and rederive some
known results that have appeared in less accessible
sources (e.g., Ref. 6). However, in contrast to these
earlier presentations we wish to emphasize the per-
tinence of these results for the properties of excited
states and excitation spectra.

Notational comments In this text |v) always
denotes a normalized vector, v denotes both normal-
ized and unnormalized vectors. Z signifies the com-
plex conjugate of the complex number z, other nota-
tion will be introduced in the course of this article.

II. FORMS OF AN AGP STATE

Pure fermion states are elements of an infinite-
dimensional exterior algebra!® based on a one-
particle Hilbert space #'. The exterior algebra
= N\(F") is itself a Hilbert space and is normally
called fermion-Fock space. & is defined to be the
direct sum of #”%, N-particle fermion space, for
N=0,1,...,00, with the inner product defined by the
sum of the individual inner products, i.e.,

= @ xV, 2.1
N=0

(ulv)=3 (uy|vndy, WVEX
N=0

o0
Uy, uN,vNE%N .

d
u= 3 uy, v=
N=0 N=0

(2.2)

For more details on the construction of # see, for
example, Ref. 16.
The algebraic product in # is “ A” the antisym-

metrized tensor product defined by
Uy /\02=%(01 ®Uz—l)2 ®U|)
V1,0, EX; (2.3)

® denotes normal tensor product.'’

An AGP state ¢5gp associated with N particles is
a normalized N/2th-exterior power of a two-
particle fermion state, i.e.,

| pace)=|8""*)=c(g)lg A -+ Ag=c(gig™"?",

2.4)

where «c¢(g) is a normalization factor,
gEHXN*=N’%", and where the product is taken
N/2 times.

The definition (2.4) together with the term gemi-
nal'” for an element of #? justifies the name “an-
tisymmetrized geminal power” describing states of
this form.

Any element g € #?, can be expressed in canoni-
cal form'® as

s
g= 21 i | didr) 2.5)
i=
where 2s=r=dim(#"), {; Ec, {$;;1 <i <r} forms a
complete orthonormal basis (conb) of #' and
| 6:67) =(1/V2); Ny ;5.

Given any g € the form (2.5) can be found by
forming the orthogonal projector |g){g| onto the
state g and contracting it to obtain its reduced
first-order density operator'>?° D!(g), i.e.,

DYg)=Li(|g){g]|). (2.6)

(For a discussion of the notation L{ to describe
linear maps : #—#? called contractions see, for
example, Refs. 4, 19, and 21.) The projector
|g){g| can equivalently be described as a full
two-particle density operator.

The spectrum of D!(g) is completely discrete,
positive, and contains eigenvalues that are at least
doubly degenerate (this is due to the antisymmetry
of g). Using the spectral theorem we have

D'(g)= gni( |92 | + | Divs)(Diss|),

2.7

where {¢;,4;,;1<i<s} are orthonormal vectors
that span the eigenspaces associated with the doubly
degenerate eigenvalues {n;;i <i <s}.

The spin orbitals (elements of #°' are called such)
{¢;,1 <i <r} are the canonical ones for g, i.e., g has
a Fourier expansion with respect to the conb
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{1¢:i¢;),1<i <j<r} of #? given by (2.5). The oc-
cupation numbers [i.e., eigenvalues of D'(g)] deter-
mine the Fourier coefficients {¢;,1<j<s} upto a
phase factor, i.e.,

§j=njeiaj, IS_]SS . ) (2.8)

]

1g¥?)=c(g) >

Iij<-+ <iyp<s

The normalization factor c(g) can be expressed as
the inverse square root of the N/2th-degree sym-
metric function Sy,(n) of the -eigenvalues
{ni;1<j<s},ie,

c(g)=Syp(n)"172, (2.10)

2 n,~l e n,-Nn . (2.11)

I<ij<-- <i~,25s

Snn)=

Another way of writing an AGP utilizes the an-
tisymmetrizer .y, which is an orthogonal projec-
tor

AN Sy N =N, (212

where ® V! is the full n-fold tensor product of
" with itself and .y ® V#" a subspace of an-
tisymmetric tensors, which is isomorphic to the
space AV#'=9". The antisymmetrizer is de-
fined in terms of permutation operators P, that
form a representation of Sy the symmetric group of
degree N, defined by

Pal¢i,"'¢iN)= |¢ia”,"'¢'

Lot

),
I<iy, -+ ,iygr

0ESy, o:{l,...,N}—{o(l),...,a(N)}, (2.13)

and o is a permutation of the integers {1,..., N}
({1 i, - ¢,~N); 1<i;< -+ <iy<r} forms a conb
of ®¥#"' so P, is well defined). <y is then de-
fined as

Ay=(N)"' 3 (-D"p,, (2.14)

ocESy

where m(c) is the parity of the permutation o, i.e.,
the number of adjacent interchanges necessary to
obtain {o(1),...,0(N)} from {1,... ,N}. An
AGRP state can then be expressed as

|gV?)=c(g)yg® - - ®g, 2.15)

where the tensor product is performed N/2 times.
In the Schrédinger representations this expression

§i, et §iN,2 | ¢i,¢,"l '

where 0 < 6; < 2.

Using the canonical form (2.5) an AGP state can
be expressed in configurational form (decomposable
elements of #* are called n-particle configurations)
as

iy, 07, ) - 2.9)

ingn

T
translates to a more familiar form, i.e.,

(xq- xy |g¥7?)

=c(g)d~g(xlx2)‘"g(xNklxN), (2.16)

where g(y,;y,)=(y,y,|g) and the arguments are
space-spin coordinates.

We now introduce the “second quantization”
map a'( ) #'—B(H#) for fermions. B(%#) is the
set of bounded operators acting in &, also called
the Fermi-Fock algebra. This c-linear map is de-
fined by

alw) | w)=|vAw), vexr,
[lv]|=1,V |[w)EF (2.17)

where |u) denotes a normalized vector in the
direction of u. This map is easily extendable?! to an
algebraic map:#—B (%) and this extension is
essentially a normalized left regular representation
of the exterior algebra 7.

The operators a'(v) with their adjoints a (v) alge-
braically generate all of B(5°) and satisfy the im-
portant canonical anticommutation relationships
(CAR):

[aT(v),aT(w)]+=0 ’
[a(v),a%(w)], =Re(v |w)I .

If {¢;, 1 <i <r} are the canonical spin orbitals of
a geminal g then this two-particle antisymmetric
function can be written as

g=3 tia'(4)a' (67| 6)

i=1

= i §iaiTa,-I [¢)

i=1

=G'|¢), (2.18)

where
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S
G'=3 gald],

i=1
af=a"(¢,), 1<i<r
and the vector |¢) is the normalized vacuum vec-

tor that spans #°. Using this representation of g
]

N2 N/2 -2 1 " t M
Ig )=K z (M) -7 2 cplhll’z"szlbhszzbhz q)g ..

M=0 PPy hyky

The h,,h, vary over the index set of the occupied
spin orbitals in ®5 and p;, p, over the unoccu-
pied,? e.g., if we take the reference configuration to
be IX] b 'XN) then

by=b"(X,), N+1<p<r
bh=b(Xh)’ IShSN'

(2.21)

The complex numbers {C, } are known as

1h1P2h,
correlation coefficients. If the reference configura-
tion is chosen to be a canonical (also called
natural)  configuration of |gN?), eg,
®p=|$14145" " $N/2PN/24s) and the operators
a, refer to natural spin orbitals (NSO’s) of g, then
the expression (2.20) assumes a simpler form (Ap-
pendix A), i.e.,

| gV”?)
N/2
=K 3 (M)?
M=0
tot M
ph
(2.22)
The “correlation” term
— 2 Cop4sh +sa;ahapf +50h 45
ph
can be factorized as
- Cpllp +sh +sa;aha;+sah +s
ph
= | S aja) s | [ Sflapan s | (2.23)
p h
so that
-Cphp +sh+s= (P A 77H)pp +shh +s - (2.24)

If the “hole” geminal Gy=23,7m5aya,.,; has
smaller rank than N/2, i.e., the number of nonzero

an AGP state can be expressed as
1g¥)=c(@(GNHV"2|¢) . (2.19)

A further form of |g"”?) can be obtained by
selecting a reference configuration ®5 from N,
then with a normalization constant K

(2.20)

—
coefficients is strictly less than N/2, then (2.22) ac-
tually defines a GAGP state gagp. These are the
states of the form

| ®ace)=| P AgYM7?), (2.25)

where ® is an M-particle independent-particle state
(IPS) which is strongly orthogonal to g¥/%, i.e., the
NSO’s of @ are orthogonal to those of gV/? or,
equivalently, g. The GAGP states can also be for-
mulated in terms of the zero-particle vacuum as

M
| Doace)= | [T a7 ](G*)‘” MV \g), (2.26)
i=1
where
s
G'= 3 gald,,. 2.27)
i=M+1

One can easily see that GAGP states can be used
to describe systems with an odd number of fermions
by letting M be odd and replacing M by M +1 in
(2.25) and (2.26).

The relationship between the forms (2.19) and
(2.22) is given by

Gl= 2 (mH )—]aifatf+s+ z nfaifai*+s
1<i<N/2 N/2+1gigs
= 2 Ciaifalf-ﬂ (2.28)
1gigs

when 7540, 1<i<N/2, and the normalization
constant K is given by

. 172
ny°c ANy

K=c(g)n; - ny,)\?=
&M N2 Snn)

(2.29)

It can be seen from (2.28) that an AGP state be-
comes a GAGP state when one or more of the coef-
ficients {&;;1<i<s} becomes infinite. The
behavior of the normalization constant K in this
case must be examined:
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. 1/2
nj nys

Sn(n)

1<ij< o <iyp<s

" where the prime in the summation denotes that the
term n, - - * ny/, has been omitted. Equation (2.30)
is also equal to

n e
1+ 2, 1 N/2—1
1<ij< - <i ny " "nNsp
1< <INp_yS$
~1/2
1 , iy """ My
+o- ) —
Vigij< s iy ggs M2 nN/2

(2.31)

(Here the prime denotes the absence of n, * - - ny /5.
Letting n,— o one finds that Eq. (2.31) yields

—-172
n o
1 N/2-1
I+ 3 P TT—
1<ii< o <iyp_gss M277 TN
. 172
_ 22N (2.32)
Sns2-1(n)

The behavior of K when n;— « for one or more
i€f{l,..., N} thus follows from (2.32).

Yet one more way of obtaining an expression for
an AGP state is furnished by HFB-type states ¢ygp,
which do not have a fixed number of particles and
are defined by

|¢'H1=B>’—'B(8)eaT o), (2.33)

where B(g) is a normalization factor and

S
G'=3 talal. (2.34)
i=1

Equation (2.33) is actually a generalization of the
states used in superconductivity theory which are
there translational invariant i and i being associated
to modes of opposite momentum and spin.*!? In
(2.33) any pairing of the degrees of freedom of the
system is possible. Equation (2.33) can be expanded
to give

| $urs) =B(g) i (N)~1gh, (2.35)
N=0

’ LR
1+ 2 nil n,-N/z

—12
/nyccnNp ’
(2.30)
T
—Bg) S (N)-1Sy()2|g") .
N=0
(2.36)
Hence
||| urs)|>= | B |* 3 (ND2Sy(n) .
N=0
2.37)

The series 3 5% _o(N)2Sy(n) can be shown to be
convergent,? thus leading to a finite value for B(g),
to give || | $urp)||=1.

The relationship (2.28) can be further simplified
to give the well-known result

s
| ¢urs) =B(g) H(1+§,~a,-*a,1)|¢) . (2.38)
i=1
An AGP state associated with N fermions can be
simply formulated in terms of a HFB state as

|gV) =v(g) Py | durs) » (2.39)

where Py is the orthogonal projector onto the sub-
space #° of # associated with N fermions and

g)=B@) N /2!~ 'Sy ()72 .

III. EXCITATION OPERATORS ASSOCIATED
WITH AGP STATES

In this section we discuss two linearly indepen-
dent sets of operators both of which linearly span
one-particle operator space, i.e.,, any one-particle
operator can be expressed as linear combinations of
them. One of these sets—the set of normal excita-
tion operators—has been displayed previously® but
the other (abnormal excitation operators), to our
knowledge, has not. These sets of operators are im-
portant in the construction of self-consistent
particle-hole propagators at the random-phase level
of approximation.

If we redefine the index i to be —i, where
1< |i| <s, it is easy to derive the following rela-
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tionship from (2.33) (see Appendix B): aja;Py | $urs) = —CiPyajal | durs)
a; | $urs) =Sgn(i)§iai1 | $urs) , a;aiPN | rarn) =§iPNal:{aiI | $urs) » (3.2)
I<li|<s. (3.1 a}a,.—PN |¢HFB)=—§iPNaktaitl¢HFB) ,
This implies that ala;Py | urs) =C:Pyajal | durs) -

Using the anticommutation relationships and (3.1) on the (rhs) of (3.2) we obtain for §; 40

aja;Py |¢Hm)=sgn(k)§i/§ka;traEPN |¢urs) , 1< |i| <|k|<s (3.3)
which gives

[£xana; —sgn(ik)E;ataglgh?) =0, 1< |i| < |k|<s (3.4)
as | g"/?) is colinear with Py | ¢ypp). It is thus convenient to define the following operators:

q,k=§ka,:'a,—sgn(ik)§,~a,lak- , 1<il<|k]|<s. (3.5)
We can easily extend the definition (3.5) to the case when §; =0 by noting that

;iaiTaE |g""?) =§iaiIaE 1gV2) =Lialay |g"7?) =§ia.-1‘1k |g"?)=0. (3.6)
If §; =& =0 we trivially have that

aja |g¥?)=ala; |g""*) =0, (3.7

and it is also easy to see that

a,oTa,rlgN/z) =a,;ra; |gV7?) =(ala; -ai:'a,r) |g¥?)=0. (3.8)

The operators described above all annihilate | g¥/?), their adjoints produce states that have the following
norms (see Appendix C):
%Sy /241(0) 172

t -
lla 182 1=llafr | &%) 1=llajr | 8" |I=lai: 18" 2) || =Sn alm) " m;—my) an,om,
1

b

1<|k|<]|i]<s. (3.9)

The operators in (3.7) and (3.8) are closed under the adjoint operation, so they and their adjoints annihilate

N/2
|gThe ><;perator definitions (3.5) and their adjoints can be collected together in matrix form as
o & — afa;
i & 0 Sk ajar
at Gi Sk ala;
ql_i_ . Si =i . a,:[a,,,_ . (.10
w | =6k G alay |’ t<lkl<lil<s. .
i b & afax
9% & 0 & a ag
Wr) g &i afag

These transformations define a change of basis for the operator manifold

fri=Zlalaz1<|i|,|j] <s} (3.11)
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where .Z denotes linear span, described by

(a'a a'a, 0)—(g'q0), (3.12)

where
(da}=(alas1< il <|j] <5.670} ,
(e, }={la )"}, |
{g}={{aiTai9aiTaT9agai9a;aT;l.<_ [i] Ss}’{aifaj;lﬁ [i],]j|<s8=8;=0}},

the transformation T that produces this change of basis can be brought to block diagonal form with 88
blocks (3.10) on the diagonal that transform

(a'a .a'a,)—(g"g)

and a unit matrix that describes the identity {g}—{g].
The determinant | T | of this transformation is easily evaluated as

IZl= 1I

1<i<kgs

(ny—ng)* . (3.13)

This transformation is hence nonsingular only when n;5£n;, 1 <i <k <s. If n;=n; not only is T singular but

ok 18"y =ar18"") =l |g""*) =a]r1g"*) =0 . (3.14
If n; =n; we can replace the associated block of T by another transformation given by
uL & _¢ aza,
t - k t
Ur —&; Ex ara;
t - t
uf -Z G a0
ulz|=|E, 0 —& 0 ala; (3.15)
UIL’ &k Si aiTak
v,L.— Ex Si aiiak
”Ei Sk i aifak'
- . ¥
vz Ck b arag
T
with the determinant equal to (n; + n;)*. However QaAb)=(Qa)Ab+a AN(Qb)Va,bEF,
the adjoints of [u,f,-,u,:[,,u ,:[,.,u g7} do not annihilate
N/2 . 4.1)
|g"/*) nor do the adjoints of {vy;,v;vg,VE7} pro- where
duce nonzero states when acting on |g"/2). This
result, a consequence of degeneracy amongst n;’s, is Q=3 Q,-ja,)\a ;. (4.2)
a key feature in the excitation spectrum of systems I<ij<r
modeled by AGP states.’ Hence
g' (@ AgW—M72)_ (gt@) A g N —M)72
IV. EXCITATION OPERATORS ASSOCIATED t (N—M)2
WITH GAGP STATES +®A(g'g ) 4.3)
The above results can easily be extended to the and
GAGRP case, by using the derivation properly of one (N—M)/2y_ (N—M)/2
particle operators with respect to the product A, 9(®Ag )=(q®)Ag
ie., +® NA(ggN=M7) 4.4)



64 BRIAN WEINER AND OSVALDO GOSCINSKI 27

We consider first operators involving spin orbitals
in the geminal g, i.e.,

a'=dl.qlnal.al;

and n;50, n;%0 then q*<b=q<l>=0 and these
operators and their adjoints have the same proper-
ties as before. If n;=n;~0 then the corresponding
q',q operators can be replaced by the u',p operators
in exactly the same way as previously described.

When ny =0 but n;5£0 two situations can arise: Ei-
ther the spin orbitals ¢;,¢ are totally unoccupied,
in which case the operators qf,q referring to these
subscripts have the same properties as before, or ¢
and/or ¢ appears in P.

(i) ¢ and ¢r appear in ®. Then consider a,*a,,,,
1=iji, m=kk,

a]a,(® AgN—M72)—(aa, ®)NgN M7 & A (a]a,g N —M12)

=(alfam¢)Ag(N—M)/2=0

while
ala(® NgN—M72) (gl a,) \gN—M12
+® Alamag¥—4")=0.
(4.6)

The first term is zero as ¢; does not appear in @,
while the second term is zero by antisymmetry
as ¢, appears in every configuration of
ata,g™ —M/2 and is also present in ®.

(ii) If only ¢, appears in ® then afak, I =i,i have
the same properties as in (i) while a,*ak— and akta, act
in the manner of simple particle-hole operators with
a;ak- annihilating and a}a, creating. If ¢ appears
but ¢, does not the roles of k and k are just inter-
changed.

The only remaining case is when the operators refer
to spin orbitals that are either occupied or unoccu-
pied in ® but do not appear at all in gV —M/2, The
properties of these operators are, of course, the
same as simple particle-hole operators with respect
to an IPS vacuum.

V. EXCITED STATES DERIVED
FROM |g"72)
By excited states here we mean_the states pro-
duced by the operators {q,f,;k =i,i;] =j,j} acting

on |g¥”?). First we consider the action of these
operators on g, i.e.,

)8 =(¢;aa; —Efa}a,-)kz S | bde)
=1

=(nj—n;)| $:i¢5) , (5.1

4.5
! S
q9jg= (Ejaifaj"*'Zia }ar)kEle | i)
=(nj—n,)|¢j¢1> ’ (5.2)
q{'}g'—_(Zjan] +Zia}al )kE Sk | o)
=1
=(ny—n)) | $785) , (5.3)
aje =(Gjafa;—Ziafa; )kz Sk | budg)
=1
=(nj—n,)|¢j¢,-> ’ (5.4)

when n;=n; we can replace the q*’s by u"s as be-
fore and one obtains that

ujg =(n;+n) | did;) ,
ulg =(n;+n) | 4;8,) ,
ujg =(n;+n;) | $:97) ,
u,}g =(n;+n;)| did5) ,

which are the same set (up to norms) of two-particle
states as in (5.1) —(5.4).

We call the excitation operators
(ghsk =i T3l =j,j} normal and {u;k =i,7;1 =j,j}
abnormal. This distinction is of crucial importance
in our discussion of sum rules, ground-state degen-
eracy, and the existence of the effective Hamiltoni-
an associated with a self-consistent particle-hole
propagator (SCIPHP).’

Using the relationship (4.1) the effect of qT (or

u') operators on g¥/2 is easily obtained:

(5.5)

N/2

N _
ajg"*=qlg A -+ Ng =~ (ajg) Ag/1

(5.6
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where the product is taken N /2 times (using the
commutativity of two-particle functions with
respect to A)

ajg" =Lin,—n) 48P Ag" 5
Similarly,

afg" =T n—n) | 4y9) AN,

4,’;8”/2=i:‘(nj—n.‘)|¢r¢;> Agh2-1 ] (58)

afg" 1= n—n) | 4,67) AgN"

As the spin orbitals {¢;,47,4;,4;} appear in g, (5.7)

and (5.8) can be reexpressed in GAGP form, e.g.,
N ~N/2—
qi}gN/z=‘2_(”j—”i) | ¢id7) NGV,

where

s
g= 2 Cxlowdp) - (5.9)
k£ j
The u’ operators give rise to the same excited states
except that they are multiplied by a factor (n; +n;)
instead of (n; —n;).
The excited states obtained from a GAGP state
are easily analyzed in the same way.
“Doubly” excited states can be of the following

type:

1

e P S R R (5.10)
qugig”? . '

After some algebra these states can be shown to be of the form (except for constant factors)
(Gj | dibr) —Ci | ;87 NV~ + | dihrd i) NN 22 (5.11)
|6k01) N~ + | hibrdids) NV~ kALLLE, 10T (5.12)
| bibs0d0) A&V~ iAp kK LL =Kk, LT, kLT

and
(&i | $id7)—E; | ¢j¢f))/\g~/2—2’ |kI) NgN2=1 k=£LT . (5.13)

V1. DISCUSSION

We have shown that one can associate dressed an-
nihilators and creators with GAGP states in analo-
gy with IPS and associated particle-hole and hole-
particle operators. Furthermore, the excited states
produced by these creators also have GAGP form.
The creators depend explicitly on the canonical ex-
pansion coefficients of the geminal, while the norms
of the excited states produced by each of these crea-
tors are proportional to differences of the occupa-
tion numbers of the one matrix of the geminal. De-
generacies of this matrix have two consequences:
the ordinarily valid prescription for constructing ex-
citation operators has to be changed and the new
one leads to creators whose adjoints are not annihi-
lators. Significant ramifications of this are seen in
the linear-response properties of the GAGP model,
as well as increased degeneracy of the vacuum and
hence implied symmetry breaking. We discuss this
elsewhere.”?*

|
APPENDIX A

The form of a state consistent with one-particle
excitation and annihilation operators is

N
=3 (m)2

m=0

C bl by blb, | ®
P1h1P2hy 7P 7k P37k B>

x| -2
I<h,<hy<N
N+1g<p,<py<r

(A1)
where
@ Pp=|X;- - Xp),
(i) Cp hypyhy =Sp,pyChohys
(iid) gl’;ﬂ’z: —g:;zh’ gflhz = _g’l'iz"n'

Thus
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-2 G
1<h)<hy<N;N+1<p <py <7

t t
1th2"2bP1b"1bsz"2

=GlGy, (A2)

where
G; = 2 §f .pzbz;rl bz:rz
N+1<p <py<r
and
Gu= X &k nbnbs, -

1<hy<hy<N

By considering the antisymmetric states

Gldd=53 3 &Gnl¥X,) (A3
N+1<py.py<r

and

Ghle)=5 3 ThmlXaXs) (A4
1<h,hy <N

we can find unitary transformations

U -4, (AS)
where 7} is the Hilbert space spanned by the occu-
pied spin orbitals and

VHy—Hy (A6)

where 2!’,', is the Hilbert space spanned by the unoc-
cupied spin orbitals such that

G; l ¢) =% 2 ngmz l ¢P1¢Pz)

N+1<p,py <7

= 2

N+1<p<[r—N1/2

775p +v | ¢p¢p +v> ’

(A7)
where
v=[r—N]/2
and
[K]= K if K' is e\fen
K —1 if K is odd
Gi$Y=—% 3 Tnn,|ondn)
1<hy,hy<N
= 2 Tliih +V|¢h¢h+v> ’ (As)

1<h<[N1/2

where in this case v=[N]/2. (It should be noted
that r =2s, i.e., is always even due to the spin of
electrons.) The change of basis (AS5) and (A6) can

be written as
éh =£h(_] ’ (A9)
$=X, V. (A10)

(We have assumed that the set {¢;;1<i<r} is a
conb for #'.) Hence from Egs. (A3) and (A7) and
Egs. (A4) and (A8) we have

1 P
2 2 §P|P2 |xP|XP2>

N+1<py,py<r

S

P
Mp3py VP|P3 VP2P4 I XPIXPZ ) ’

N+1<p.p,<r
N+1<p3,pa<r
(A11)
-z 3 [ XnXn,)
N+1<p,.p,<r
=—5 X Thn,Unn,Unps, | Xa X)) »
1<hy,hy<N
1<hy,hy <N
(A12)
so that
ZP=ynfr (A13)
and
g=un'u'. (A14)
As
v'y=ww'=1,_y (A15)
and
uvtu=uvut=1y . (A16)
We obtain from (A 13) and (A 14) that
yvigPv=yF (A17)
and
U T=g"-U'tiU =" (A18)

and the matrices 7°,7" have the following struc-
ture:

P
ﬂP1P2=ﬂ;1P|+15P1P2—‘V’ V'_‘[r —N]/2
P P (A19)
Moo, = —Mpp» N+1<p1<p2<r
W n, =0k h, 40,4, v=IN1/2
(A20)

N hy=—Nhon, 1<hi<h <N .

The operators U and ¥, that have matrix represen-
tation U and ¥V with respect to the bases
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[X,,,1<h <N} and {(X,;N+1<p<r} of &) and vivt= v, A27
5, have representations over Fock space given by P N +1§p, ol 7P (A27)
U=expli 3 M ,,zb,,lb,l2 R (A21) we can see that
l<h ,hy <N 1- 1 P .1
= GP =7 2 gplpszlbpz
N+1<py,py<r
V=exp|i 3 Mpblb, , , (A2 -+ 3 w,elal, (A28)
N+1<p.py<r N+1gpy,py<r
where and
U=e™, y=e*", Gir= _-;_ 2 _g-:lthb;IbJZ
- - 1<h,hy<N
Ao =A oy Aph =Aih s A23
O A == 3 AR (A29)
and we have used U and V to denote the operators I<hyhy <N
defined both over ¥} ,Z"‘,, and Fock space 7. Gy =+ e by b
H= hyh,Oh,On
Letting [a,-ir ;1<i <r} be the field operators asso- 2 15;.2;.25 N 7 2
ciated with the basis {$;,1 <i <r} we can see that .
; bt =7 2 nh]hzah,ahz ' (A30)
ap=Ub,U’, 1<h<N (A24) 1<hy,hy<N
and Noting that as U is a unitary map : 5%, —7
=)V, N+1<p<r. (A25) O, =Udy=|(UX)A - AUXy))
As =e@|X A AXy)
Ub:U*= bl’(_]h'h (A26) =y as a state, a€[0,27] . (A31)
Lhi<N The state ¥ can be written in a rather simple form
and as
|
(N2 2 - Hot, t
=3 (m) UGGy "®, = 2 (m)~? S nMiapazanay "o, , (A32)
m=0 n+1<p<[r—N]1/2
1<h<[N1/2
r
where where
ﬁ=p+[r—N]/2 =I¢I"'¢V>
and and

h=h+[N]/2.

If the number of nonzero 7 is less than [N]/2 the
spin orbitals corresponding to the zero coefficient
will be in all the configurations produced from ®,.
So ¥ will have the form :

V= |DdAgM?), (A33)

v=([N]—-M)/2; M=2X

where X represents the number of nonzero coeffi-
cients. The spin orbitals {¢;;1<i<r} are easily
seen to be the NSO’s of W as the configurations pro-
duced in (A32) are at least different in two positions
from each other.

APPENDIX B

We have the following:

s

GEII(1+§.0. ,)I¢>-‘

i=1 =1,ik

(1+&afahagtralag | 6)
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= —. H (l+§,-a,-fag)§ka£ak-a,} l ¢>

i=1,isk
=— p k(1+§ia,-*a,.1)§,tk(1—a;a5>|¢>
i=1,iz~
=— II (+&alahial|e)
i=1,is£k
= 3 (+&alahiial(1+6ialad)|4)
i=1,isk

tr t t
=—Gar[[(1+iaiar) | ¢)
i=1
(as [a,-taii,a}‘a}]_ =0 and [aE,a,-fa,.—t]_ =0 if i~k ) similarly,

a10+&ala) |6)= [I (+&aefeiatialal|s)
i=1 i=1,isk

= I (+&alaheeal) )
i=1,isk

s

= [I (+&alahéeali+&ealal)|¢)
i=1,isk

=&af[I(1+&iafal) | ¢) .

i=1

APPENDIX C
We have the following:
—¢.al t
q,-j—é'jajai+§iaraj ’ <
1<i<j<s
qﬁ=§ja}ai'_§jaifa]' NN
Qij=§ja}ar—§t¢l§a], 1<ij<s . (C2)

There are six types of overlap integrals between the excited states to be considered. As 97 =45 1<i<j<s
we need only consider (C1) and (C2) as follows.

Type I:
(gN/Z | qij_q;rrgzv/z)
=(g""|(¢;afa;+ Giala; N Exatar + Eiafar )8V ) (C3)
=850 (8" )jedu+816;D @™ )18 +Ex&i D NN Mrgb + il D gV )8
—Ci5;i D8V e — 16 D8N g —Eii DV D)y gy —E1E: DHEN D 5 (C4)
=818 + 88 L (mymyj +mm1 ) — G §; D@ )7, g — L1, DX N Wgir

~ k6D M ge—Ei6i D@ Mgr] (C5)

where 7,;’s are eigenvalues of D'(g¥/2). [The first-order reduced density matrix of the AGP state |gV?),
and D*g"”?) is the corresponding second-order one.] If k = j and i =1 but k=4i (— j1), then (C5) is equal
to
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My +'7:"11i—ﬂjdz(gmz)i,.7-§151D2(8N/2)1;. =6 DX D, 7— D@ iy s (C6)
—n SN zaSN/z 1725 SN 95N/ 7’21, 1 aZSN/Z —nm a SN/2+1 e a Sn+1
SV, el N v an, M N/z———a 3 inj N/z——amam
_ aSN/z
- ﬂjSN/lz amian, (&)
_ SN2 SN2 %Sy, 3Snp . Snptl
=S7L In? 2 _: . (C8)
N2\ gy, T g, T MW aman, T amiem, T omide;
Now
Sy /2 ;
BSnp _ R (C9)
anj I1<jy<-- <iysp_1S$ ! N7l
aSN/Z i
—_—_— Ni, " M ’ (Clo)
ani Igij< " <iyp_ 1SS ! N2t
3’Sn 2
p My Mgy (C11)

a"’ia"lj 1gij< " <iyp_2<s

3*Sn /241 ; :
ulind \FL o & N jj .o

= i Niyp_y (C12)
317:3’71 I<ij< " <iyp_ 188 ! N2t

where 3¥°"* denotes the omission of the k,/,. . . terms from the sum. Therefore (C8) gives

SN )2 "712 A M " "7'1v/z_|+"7"2 3 Miy """ Migypy
1<ji< " <iyp_1Ss igij< - <iyp_1ss
—NiM; 3y Miy """ Miy T 37 Wiy """ Miypy_y
1gij< " <iyp_2$s Igij<  c <iyp_<s
+2 2 Miy """ Miysy_y l ’ (C13)
Iij< " <iyp_ 1S5
=SIV/12 77}"71' EU M, n"N/z..z-*_nfz Ej Miy " Mgy
1gij< " <iyp_2<S Igij< - <iyp_ySs
+17i2"11 37 My, niN/z__2+77i2 b Mi, """ Miy sy
lSi|<"’<iN/2_253 * 15i1<'” <l.N/2--I5"
— (i +m;) Zij Mt mN/z—l—ani zij Miy" " Miypy_y |
1gij < <iyp_1<8 I<iy< - <iyp_,<s
(C14)
—Sel (m—m 2 DX e, c15
N/2\Ni —7j i, Minjp_y* . (C15)

I<iy< - <iyp_1<8

If k =i and | =j but k%j (—iz£l), Eq. (C5) equals
MM +7M; =Ei§jD2(g /z)jjtl "IJDZ(gN/Z)mj —n;D (gN/z)ju r—§j§zD (g’ )ﬁ‘jj' ’ (C16)
and we can see that Eq. (C16) equals Eq. (C6). Hence



70 BRIAN WEINER AND OSVALDO GOSCINSKI 27

(ajg"” | are"?y =(Budy +8ub)Sifolm—m;?  ZY mymy, (€17
1ij<*+ <iy;p_ <8
Type 2:
(gV”? | ‘Iiiqglng)
=(g""| (;0]a; +Eiafa) Eralar+Gialap) gV ?) (C18)
=(g"?|(=¢ jzka}altaiak =4 jflallat:[aial —&iCkatajaja—ECialalasa g ) (C19)
Equation (C19) equals zero, as there are no nonzero elements of the form D*(g"/? )apys: Therefore
(q,.}g”/2|q,:f,g”/2)=0, 1<i<j<s, 1<k<lI<s. (C20)
Type 3:
(8" | azake™") =(e"| (¢jafa +Liafa) Exafar—Lialar g ) (c21)
=" -¢ jZkaanItaiak'_ngIajI(alk —afap)ar
—§,-Ekai-*a;rajak —§,~E,a,1(8jk —a;:raj )a;1gV’?) . (C22)

Equation (C22) equals zero as no nonzero elements of the forms D%*(g"’ 2)5375, D*gN’ z)am, and
D(gh”? )ap, a4 €Xist. Therefore

(gfe""|afg"?)=0, 1<i<j<s, 1<k <I<s.

Type 4:

(g ‘I."ﬂl}lg N2y =(gN?| (gja}ai +§iaitaj )(é_kalar+ §1¢11T ag)g N2y, | (C23)
= §;8kD&" " )bu+£,5:D (@n )itk +8iCk D (8™ 2)ucdy
+6:6iD"' (8" )b — ;5 D*e" ) 1 —E,5:DXg N2 ki
—6i6k DN i ;- 6ED @Y gy - (C24)
By noting that D'(g"/%);; =D'(g"/?)y, and DXg""?);505 =D*g""?) 55 we see that (C24) has the same
value as (C5):
(q,.-;g N7 | ql}lg N72) =(8 51;' +5i15kj )517/12(77.' —MNj )? 2"" My """ Miypy_y
1Siy <+ <iyp_1<s
1<i<j<s, 1<k<l<s. (C25)

By the same algebra as the preceding, we get the final two types.
Type 5:
(a1,8"" | afig"*)=0, 1<i<j<s, 1<k <I<s.

Type 6:

(ajg"”|alig" ) =8uduSipni—n? IV oy -emy,, . 1<i<jss, l<k<l<s.
I<iy<---<iyp_ s

It is interesting to note that

2‘} 7,“ . 77‘,”/2_1=”§N/2—l”2 , (C26)
I<ij< - <iyp_ss
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where

g= 3 Crldwde) -

1<k <s,k#i,j

(C27)
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