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Dominance of ion motion over electron motion in some intensity-induced
~ave processes in a magnetized plasma

B. Bhattacharyya
Department ofMathematics, Jadavpur University, Calcutta 700032, India

(Received 30 July 1980; revised manuscript received 17 February 1982)

Intensity-induced frequency shift and precessional frequency of two strong circularly polarized
waves are derived in a magnetized plasma. An unexpected feature in the low-frequency limit of
a magnetohydrodynamic Alfven wave is that the ion velocity is comparable to the velocity of
light in the presence. of a static magnetic field. This process may be useful in the astrophysical
energy-transfer studies and in the experiment with ion —laser-induced plasma.

I. INTRODUCTION

In this paper we report the investigation of the
nonlinear interactions of two circularly polarized
waves propagating parallel to the direction of a uni-
form and static magnetic field in a homogeneous and
cold plasma, , taking into consideration the motion of
both electrons and ions. We have evaluated (i) the
intensity-dependent frequency shift and precessional
frequency of the resultant waves as nonlinear correc-
tions, and (ii} the values of these nonlinear interac-
tions in the limit of low-frequency Alfven waves.
Stenflo and Tsintsadze' have recently shown that for
small-amplitude electromagnetic ion waves, in the
presence of an external magnetic field, the motion of
ions are most important and its relativistic nonlinear
effects dominate over those of electrons. This fact
should be important in the study of continuous im-
pinging on a plasma by ion-laser beam, in the
energy-transfer processes which occur in many astro-
physical bodies, for large amplitude wave propaga-
tion in plasmas, and for laboratory experiments
where strong laser radiation interacts with a high-
density target. Our findings also support the conten-
tion of Stenflo and Tsintsadze' and, moreover, bring
a new dimension to those studies by the simultane-
ous evaluation of the complementary effect of pre-
cessional rotation and its consequences on low-
frequency nonlinear effects.

The major intent of this Brief Report is not only the
demonstration that relativistic ion effects can be im-
portant in the propagation of strong waves, but also
the demonstration that the magnitude of the
intensity-induced precessional rotation of the waves
from ion motion is about 1.26 x 10"times greater
than that from electron motion. The precessional ro-
tation4~ of the waves modifies the synchrotron radia-
tion4 ~ from them, and also the induced magnetiza-
tion (the inverse Faraday effect}.' '0 This effect
should be thoroughly worked out in the near future
in the low-frequency limit to see properly the depen-

dence of the magnitude of the modifications on the
ion motion. Stenflo and Tsintsadze' or others do not
initiate anything about the dependence of the non-
linearly induced precessional rotation of the waves on
the motion. Certainly ours is the first report on the
dependence on ion motion of self-generating rota-
tions from strong low-frequency waves in a plasma.

II. BASIC ASSUMPTIONS AND FIELD EQUATIONS

In general, all the self-action effects occur simul-
taneously. But which one will dominate depends on
the experimental conditions (e.g. , long pulse or short
excitation) and power of the laser beam. So, follow-
ing Whitmar and Barrett" and others, we have in-
troduced some physically possible conditions: (i) Ini-
tially the fluids exist in the Lorentz frame, and then
perturbed by the strong applied electromagnetic radia-
tion which is sinusoidal, i.e., the perturbation of the
field variables are harmonic in nature. (ii) The in-
cident electromagnetic radiation is strong so that the
motion of electrons and ions becomes relativistic; but
the power of the radiation does not exceed the
threshold power limit for the appearance of self-
focusing and the self-trapping mechanism", also, the
difference between the velocities of electrons and
ions is much less than the velocity of light, so that
instabilities of the system can be minimized. (iii)
There is no first-harmonic density fluctuation due to
the interaction of waves with plasma, but nonlinearly
excited second-harmonic density fluctuation exists
and its effect on stimulated Brillouin and Raman
scattering will be visible in orders of approximation
higher than three and so are neglected in our con-
sideration'; the self-action effects arising from pon-
dermotive forces and thermal instabilities are neglect-
ed because pressure variation and thermal velocity in
plasmas are insignificant. ~ (iv) The problem of non-
linear propagation of an intense wave has to be
solved in a closed form where the wave processes
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remain quasimonochromatic. '
Under the above set of assumptions, the fluid

motion is given by

and

nr, = 1 —(x, +x, )/(1+y, )(1—y;)

e(v, x A)—+(v, 0) p, -—eE—
at

e(v; x H)—+(v; V} p;=eE+
at C

where

x, , -a)~,/cu, y, ,- 0,,;/cu,2 2.

nR L = KR, t, c/u

and the field equations of Maxwell reduce to

9 x V x E= —— + (N, v—, —N&V&)
$2E 4~&

C2 Qt2 C2

$2H 4~e'72H =—
2 2

+ 0 x (N, v, —N;v;)
C2 t2 C

where the subscripts e and i represent electrons and
ions, respectively; p, v, N, m, E, H, and c stand
for relativistic momentum, velocity, density, mass,
electric field, magnetic field, and velocity of light,
respectively. For work relativistic effects e (( c
and so p = m v(1 —v2/2c ).

Let the resultant of two circularly polarized waves
of electric field be elliptically polarized, so it has the
form [Krall and Trivelpiece, '4 Eq. (4.10.6)]

E- (m, +m, )cpu

it~ -i' „„-Itg t OL(y+ii)(ae "+Pe ~)+(y —ii)(ae "+Pe t)
28

III. SECULAR-FREE SOLUTIONS

For evaluating the secular-free closed-form non-
linear solutions of the field equations correct up to
the third order of approximation, ' the field vari-
ables are written in the series form

Q ~QO+CQ]+6 Q2+6 Q3+'

and a process of successive approximation'
is adopted; where uo is the equilibrium state value of
u, ui is the linearized first harmonic approximation,
u, is the n th ordered approximation and is given by a
linear combination of the n th harmonics of u, and
the expansion parameter e is only a mathematical ar-
tifice, allowing us to group terms of comparable de-
gree of approximation in a mathematical and con-
venient fashion. Evidently, the following values for
the frequency shift and the precessional rate of rota-
tion are obtained:

where x, y", i are the unit vectors; H~L, =K~L,x
—rut;i = v —1, a, P are the dimensionless amplitudes
of the two waves; R, L represent the right- and left-
handed circularly polarized waves propagating in the
x direction with dispersion relations

(1' D —r 8) + (1' D —r 8)
AD —BC

(r tw —r tc) + (T2A r2C)

AD —BC

(9)

(10)

n Rl —(x, +x, )/(1 —y, }(1+y,} (6) provided AD W BC, where

[A, C] = —[2(x,+x) +2e, +e, + (nR't 2)(e,&+e, }],
[B,D) =+[a e(~(nR~ 2) +eI~PRL, ~+eg~PR, r, ~)

[rt. &i] = [e +{2xnn. c +PR2. ;e e+nn, t +PRr. ;e e -nRL-)--
+e& {—2x,nR, L, +PR I,+e, nn, r, +PR.I. &+Re+nr..R)](p, a )/2,

[r2. r2) =+[e,~PI R;,~{PrR;,~(/3', a')+2PRL e (a', 0'))+ei Pin i~{PrR I (P a )+2PRt j-g(a

where also

&I+= 1 +y&', & = 1 +y

PRL;iy PRL -yi(nRL-1) PRL;c~ PRL +y. (nR2 —2)

PR.2, =n„L 2 +x, +x&', nR c(a ~ p ) =.nna and nr. p

I

and also the square-bracket notation implies different
sets of values, viz. , if [r, 1']- f4~ (say), then
r -+4 and I'- —4~, etc.

The first term of (9) and (10}are the sum of the
drift forces, Lorentz forces, and plasma currents of
electrons and ions, and the last term of the same
equations are the resultant contribution of relativistic
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masses of electrons and ions.
Numerically, p arid Bate, for the interaction of

nonresonant strong radiation {power flux (&}
= 1023 ergscm 2sec ', wavelength (A.) = 1.06 pm,
frequency (ru) = 1.78 x 10"sec ', with magnetized
plasma [magnetic field (Hs) ] = 1.58 x 10' G,
number density (No) = 1.5 && 10'2 cm i) are not very
large. But these effects would be enhanced, even
detectable, in laboratory experiments and would have
significant impact on nonlinear distortion of atoms'
in the case of resonant or near-resonant interaction,
or even phase-matching interaction of waves with

plasm as.'

IV. RESULTS FOR LO%-FREQUENCY %AVES

nq (- kq c/cu) - 1 (12}

This is the well-known dispersion relation of Alfven
waves. For this limit

4
'

38~ yic yi y, 2———(a' —p')
4ZeZ~Cg

4 3

+x,y, —+ I (ai+P'), (13)

In the low-frequency limit the right and left circular
polarizations have the same dispersion rates and an
electromagnetic wave reduces to an Alfven wave
(Alfven and Falthammar)'L then Eqs. (6) and (7)
reduce to

n'-1+ (x, +xi}/y,yi- I +c'/c„',

where cd 4rrp/H$; and p =Ns/(m, +mi). Since
c& (& c, we get

From these two equations, the following properties
can be observed. (1) The magnitude of the frequen-
cy shift (Br'/ru} is yi times greater than the magni-
tude of the precessional frequency (P/ai). (2) The
last two terms of the square bracket come from the
nonlinear nonrelativistic effects of charged particles
(electrons and ions) which are mainly from the plas-
ma currents of them because the other nonrelativistic
effects of these particles are seen to be comparatively
small. In the nonrelativistic contributions, the non-
linear correction for ions is approximately 1.8 & 10'
times greater than that of electrons. (3) The first
two terms come from the nonlinear relativistic effects
of electrons and ions for the limit leading to Alfven
waves. It is evident that the magnitude of the non-
linear corrections of ions is approximately 1.26 x 10'
times greater than that of electrons, in spite of the
fact that electrons are much lighter than ions; this
fact supports the contention of Stenflo and
Tsintsadze that the particle (ion) velocity is compar-
able to the velocity of light in the presence of static
magnetic field for low-frequency waves. Moreover,
the nOnlinear COrreCtianS Of (Bru/ai) and (S'/ru) haVe

two terms, one of which exists in the nonlinear mag-
netohydrodynamic (MHD) equations, but the other
term comes from the relativistic masses of electrons
and ions, and is exclusively an electromagnetic source
which filters out of the MHD equations because of
the imposition of the MHD approximation. (4) If
only the ions are not relativistic, but mobile, then (i)
shift is approaching towards red, (ii) rotational direc-
tion will be changed, (iii) nonrelativistic contributions
of charged particles will dominate over the relativistic
contribution because z,y,' is greater than y&, in gen-
eral.

and

c yl. y4 3

4 3
———(~ —p)

4ZeZi&g ye y'L

+x,yi —+1 (a2+ p2) (14)
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