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In this report the order-0. correction to the lowest-order orthopositronium decay rate due to
the two outer-vertex graphs is obtained in analytic form.

Orthopositronium decays electromagnetically to
three photons. The lowest-order decay rate, due to
Ore and Powell, ' is

I'Lo = (m —9) ma
9m

Order-n corrections to this rate have been computed
numerically by Pascual and de Rafael; Stroscio and
Holt4; Caswell, Lepage, and Sapirstein', and the au-
thor. Recently Stroscio' has obtained an exact ana-
lytic value for the O(a) correction due to the self-
energy graphs [shown in Fig. 1(b)]. In this report I
give an analytic evaluation of the O(a) correction
due to the outer-vertex graphs.

The orthopositronium decay rate (in the center of
mass frame) is8

(Qjsq ks), 6s

k2 = (M2, k2) 62

k, = (~&, k& ), E&

(0)

(b)

&m

tl flI'=, , J, dx J, „dr —,~M~ (2)

where x, = co, /m is the normalized energy of photon i,
and ~M)' is the invariant matrix element squared,
summed over final polarizations, and averaged over
the three orthopositronium spins. The invariant ma-
trix element has contributions from each of the
graphs in Fig. l: (c)

M =MLo+2MsE+2Mov+

(the two self-energy graphs contribute equally, as do
the two outer-vertex graphs). The lowest-order in-
variant matrix element is

FIG. 1. Orthopositronium decay graphs. Graph (a) is the
lowest-order graph. Graphs (b) are the self-energy (SE)
correction graphs, and graphs (c) are the outer-vertex (OV)
correction graphs. The object to the right in each graph is
the orthopositronium wave function.
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3
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The sum is over the 3! permutations of the final pho-
tons. The four-vectors ~1 62 and ~3 are photon po-
larizations, and ~ is the orthopositronium spin three-
vector. The R 's are dimensionless momentum vec-
tors: R;=N —K, with N = (1,0) and K,
= (cu, /m, k;/m).

The invariant matrix element Mov for the outer-
vertex graph is obtained from (4) by the replacement
ya &li ~A(x il&) a il&, where

A"(xi) = [ y~f (2x;) + (yR; —1)y g (2x;)
4m

+(yR; —1)N"h(2x;) +N"j(2')]

h(2x) =—1 2 —10x+8x2 ln(2x) — +—g(x)2 —2x 1

x (1 —2x) ' 1 —2x x

t

j(2x) = 1+ ln(2x)
1 —2x 1 —2x

(6c)

(6d)

The factor q(x) contains a dilogarithm9

=m'
v)(x) = —L12(1 —2x)

6
(7)

The vertex function was calculated in Feynman gauge
in d =2' dimensions, and

with

(S) D = —yE+1 (n4m)
1

2 —M
(8)

f(2x) =D+ In(2x) +—g(x)
1 —2x X

g(2x) = ln(2x)2
1 —2x

(6a)

(6b)

There is no infrared divergence.
Order-n corrections to the decay rate come from

cross terms in the square of the invariant matrix ele-
ment. The O(a) correction due to the outer-vertex
graphs is

1 1I'pv= „dx]„I, dx2 X —$—,(2)2 Re[(MLp)'Mpv) (9)

There is no need to symmetrize in both (MLp) and Mpv, so the vertex correction can be taken to act on photon
1 only. Performing the polarization sums, the spin sum, and the resulting trace (using REDUcE'0) one obtains

I'pv= —J dx —[PLp(x) f(2x) +Psp(x)( —2x)g(2x) +PvA(x)( 2x)h(2x) +P—va(x)j(2x)]
6m m o x2

The P factors are

p1
PLp(x) =

I dx, (—x '+4x 0 —Sx3'+7x" —8x3 +9x"—14x2'+4x20+4x")
(2 3)'
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2 —x
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where x = (xq) "(x'};x =xi, and xq =2 —x —x2 by conservation of energy.
Integration of Eq. (10) yields

1

f'ov=I Lo D+
2

[ 26 +1112+ g(2) + ((3) + ln2$(2) R]4(~'-9)

where g(n) is the Riemann g function: ((2) =m2/6
and ~(3) =1.2020569032. Note that

dx—2Pgo(x) =1 (13)

This integral is related to the lowest-order rate. " The
quantity

R=Jl dx
I' ln(1 —x) w' —Li2(1 —2x)

2 —x 6
(14)

has the value R =—1.7430338(4), so the outer-vertex
contribution to the orthopositronium decay rate is'

I ov = I Lo—[D+2.971 1385(4)] . (15)

f(2x) D —4—

2 —4x —2x2—2+3x+ ln(2x)
1 —2x 1 —2x

g(2x) 1 — ln(2x)1 2 —6x
1 -2x 1 —2x

(16a)

(16b)

I

direct integration of Eq. (10), using the adaptive
Monte Carlo integration routine vEGAs, yields
2.9712(2).

The contribution of the self-energy graphs to the
orthopositronium decay rate (in Feynman gauge) is
obtained from Eq. (10) by the replacements

The number in (15) can be compared with 2.9707(7),
obtained numerically in Ref. 6. The two numbers are
consistent. Unfortunately Stroscio and Holt4 and
Caswell, Lepage, and Sapirstein' do not list the con-
tribution of the outer-vertex graphs separately. A

a(2x) -0,
j(2x) 0 .

The resulting integral has the value

(16c)

(16d)

I'sp =I'Lo D 4+ [ 7+ lil2+ ((2) f(3) ln2$(2)] (17)

If this result is renormalized by subtracting

r«—[-D -4-2 In(X'/m') ] (18)

where A. is an unphysical photon mass, ' one obtains
the result of Stroscio. '

The outer-vertex graphs are the second set of

I

O(aI'Lo} orthopositronium decay graphs to be
evaluated analytically. Hopefully the rest will follow.
Especially important would be an analytic result for
the binding (or ladder) graph, which is the most diffi-
cult graph to evaluate numerically.
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