
PHYSICAL REVIEW A VOLUME 27, NUMBER 1 JANUARY 1983

Dynamic scattering function for high-temperature liquid lead
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Liquid lead at 1173 K has been studied by the thermal neutron scattering technique. The

symmetrized scattering function is obtained at constant momentum transfers from 1.8 to 7.1

A '. The highest observable energy transfer is 8 meV for the lowest momentum transfers

and 28 meV for the highest. The measurement is corrected for experimental effects and

special care has been given to the multiple-scattering corrections and subtraction of the con-

tainer background. The first two even moments of the scattering function are determined

and compared to an independent diffraction measurement and theoretical values, respective-

ly. The full width at half maximum of the symmetrized scattering function is determined

up to the ideal gas limit and compared with the corresponding quantity obtained at a lower

temperature.

I. INTRODUCTION

The neutron scattering technique is a powerful
method for investigating the dynamical structure of
condensed matter, since the neutron wavelength is of
the same order of magnitude as the interatomic
spacing, and the neutron energy is in the same range
of energy as the atomic motions. The liquid state
has extensively been studied with this experimental
method, and the obtained results have stimulated
theoretical efforts to explain the specific liquid
behavior. '2

Collective properties in liquids can advantageous-
ly be studied if the neutron cross section is fully
coherent. With a low melting point the temperature
dependence of various quantities can be observed.
Lead has a coherent cross section cd ——11.37 b and
the melting point is low (600 K). Therefore it has
been the subject of earlier measurements. '5 In Ref.
5 a complete list of references on neutron measure-
ments on liquid lead is given. One recent measure-
ment with cold neutrons at two temperatures shall
be added. The temperature dependence of coopera-
tive modes has also been studied earlier with cold
neutrons.

By the use of the conventional thermal neutron
scattering technique it is possible to cover large en-

ergy transfers (E values) for wave-vector transfers
(Q values) from the position of the first peak in the
structure factor (Qc) and upwards. The tempera-
ture dependence of the scattering function informs
about the influence of the kinetic energy on the
liquid structure. For very large Q values the dynam-
ics of free atoms is seen, while for lower values the
effect of various collision processes is observed.

In Sec. II some theoretical background is given.
The experiment is fully discussed in Sec. III, and in
Sec. IV the data reduction procedures are explained.
The results are presented in Sec. V and discussed in
Sec. VI. Finally, some conclusions are given in Sec.
VII.

II. THEORY

In a neutron experiment, with the time-of-flight
method, the double differential cross section is mea-
sured for different scattering angles and flight times.
By interpolation procedures this quantity can be ob-
tained for constant Q values and different energy
transfers. Textbooks in theory of thermal neutron
scattering ' give the relation

c
' 1/2

S(Q,E), (1)
dOdE 4'' Ep

where 0 is the solid angle, cr~ the bound-atom cross
section, Ep the incoming neutron energy, E the ener-

gy transferred to the scattering system, and S(Q,E)
the dynamic scattering function.

The symmetrized scattering function is defined by

S(Q,E)=e S(Q,E), (2)

where k~T is the temperature in energy units. The
experimental symmetrized scattering function can
be compared to the scattering function obtained
from classical theories of liquids. '

The zeroth moment of the coherent scattering
function is equal to the structure factor, which
means that an experimentally obtained scattering
function can be compared to an independently mea-
sured quantity. The first and second moments shall
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fulfil theoretically exact values. The quantity
E S(Q,E) represents the spectral function of the
current-current correlations and has its main interest

when determining the second moment.

Some models for the scattering function need the
frequency moments (ro" ) as input parameters. The
fourth moment in co~ = (co ) /(A@2) is approximately
given by

3
j qi 2

1
3 smx 6cosx 6sinx

coI 3(co ) +NE 1—
x x2 x3

Qo (2.2 A ' for liquid lead) the scattering function
is narrow, and the largest observable energy transfer
was 8 meV. For higher Q values the largest energy
transfer was 28 meV.

The energy resolution for elastically scattered neu-

trons was obtained from a vanadium measurement.
It varied from 1.7 to 3.5 meV over the observed Q
region. The Q resolution was nearly constant 0.1

A —1

IV. DATA REDUCTION

(3)

where x =QRe, and Ro is approximately the dis-

tance between the nearest neighbors. The quantity

co~ is the weight of a delta function placed at Rp,
and coE is of the same order of magnitude as the

maximum phonon frequency in the solid. '

III. EXPERIMENTAL DETAILS

The experiment was performed in the hybrid
time-of-flight spectrometer for thermal neutrons at
the reactor R2 in Studsvik. The instrument is fully
described elsewhere. "

When performing a high-temperature measure-
ment in a liquid metal, the requirements on the con-
tainer material are extremely high. The container
must, of course, be able to stand the temperature but
also to be uneffected by long-time exposition to the
corrosive metal. In this particular experiment silica
was chosen as container material. Nine tubes were
arranged vertically in a transmission geometry mak-

ing an angle of 45' to the incident beam. The outer
diameter of a single tube was 5 mm and the inner
one was 3.8 mm. The distance between the tube
centers was 5.4 mm. The container was heated elec-
trically by a resistance wire made of KANTHAL
wound around each tube. In order to decrease the
heat radiation losses and temperature gradients, the
whole container was wrapped with the silica cloth
REFRASIL.

The incoming neutron energy was 47.7 meV cor-
responding to a neutron wavelength of 1.31 A. The
detectors were placed at scattering angles from 18.0'
to 104.8', and the flight path was 1.67 m. This
detector arrangement implied that the accessible Q
range was from 1.5 to 7.6 A ' for elastically scat-
tered neutrons.

The kinematic region covered by the experiment
was limited by the difficulty of separating the sam-

ple intensity from the relatively high container
background at large energy transfers. Around

In general, the background intensity is subtracted
from the sample measurement directly in the raw
data form. The multiple scattering in the back-

ground itself is then also subtracted. The multiple-
scattering contribution is calculated by simulating
the whole experiment including a surrounding con-
tainer, which means that the multiple scattering in
the container is included. This quantity, however,
has already been removed from the data sets when

the background was subtracted. Consequently, with
this method of data correction, the multiple scatter-

ing in the container is corrected for twice. To over-
come this inadequate procedure, the background and
sample measurements shall be treated as two in-
dependent measurements, and the background is to
be removed at the end of the data reduction process.

A. Experimental effects

Both the sample and the background data sets
were corrected for well-known experimental effects.
Also, the influence of the detector wall on the detec-
tor efficiency was considered. ' The system of com-
puter programs is described elsewhere. ' The results
from this procedure were scattering functions nor-
malized to the vanadium cross section and given as
a function of the scattering angle and energy
transfer.

B. Multiple scattering

The multiple-scattering contribution was calculat-
ed by simulating the experiment by the Monte Carlo
Method. ' The program was modified so that the
multiple scattering in the container could be calcu-
lated separately.

The container was made of vitreous silica, the
structure of which was liquidlike and, thus, a struc-
ture factor could be defined. Following some initial
ideas of Pelizzari and Skold (private communica-
tion), the program was changed for this type of
scattering. The modification was made in the in-
coherent scattering mode with the structure factor
included. The normalization of the fluxes in the
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FIG. 1. Symmetrized scattering function for the
multiple-scattering contribution at a constant angle (in de-

grees) versus energy of the scattered neutron. The full
line is obtained with 15000 neutrons in the Monte Carlo
simulation and the dashed line with 3500. The statistical
error bars are also shown.

scattering geometry was also slightly modified. In a
calculation a scattering function is needed. Howev-
er, in the Q and E regions covered in this experi-
ment, no experimental results are available (Lead-
better and Wright, private communication). There-
fore the inelastic scattering function of sihcs was
approximated by s Gaussian function, the width of
which was Q dependent. The width was determined
by least-squares fits to the measured intensity distri-
butions. The total scattering function for silica
S (Q,E) was written as

S (Q,E)= e S(Q)5(E)

+(l —e ' )S(Q)fg(E),
where 2W is the Debye-Wailer factor, S(Q) the
structure factor, and f~(E) the normalized Gaussian
function mentioned above. The structure factor and
the Debye-%aller factor of silica at room tempera-
ture was measured earlier. '5

In order to determine whether the structure of the
silica tubes wss strictly amorphous and isotropic, an
independent diffraction experiment was performed

with different orientations of the tubes. The mea-
sured intensities gave no indication of anisotropy. It
wss also shown that the structure factor of Lorch'
could be used as a zeroth-order approximation.

Using the scattering function given in Eq. (4), a
multiple-scattering calculation was made with 2500
neutrons. The number density was slightly in-
creased in order to include influences from the sur-
rounding silica cloth. For one single scattering an-
gle (65.7') an extended calculation was made with
15000 neutrons. The result showed very weak in-
elastic peaks, which were nearly invisible with 2500
neutrons.

In order to describe the scattering function at
1173 K for lead, the model of Ailawadi, Rahmsn,
and Zwanzig' was used. The input parameters
were the structure factor' and the fourth moment
from Eq. (3). The parameter Ro was chosen to the
position of the first maximum of the pair distribu-
tion function' and ~E to the maximum frequency
of the "dispersion relation" at 623 K' with account
taken to the temperature difference. The values
used were R~ ——3.5 A and coE ——10' s '. The calcu-
lation was made with 3500 neutrons. Here also an
extended calculation was made with 15000 neutrons
for the same scattering angle as above (i.e., 65.7').
The results sre presented in Fig. 1. It is seen that in-
elastic peaks appear in the extended calculation al-
though the statistical error bars decreased very slow-

ly with the number of neutrons used.
The multiple scattering in the vanadium slab used

for the normalization run was also calculated' '
snd found to be about 10%. The calculated
multiple-scattering contributions described above
were subtracted from the two measurements, and
the corrections for self-shielding were finally ap-
plied.

C. Subtraction of background

The background measurement was subtracted
from the sample measurement, and the screening of
the background by the sample was taken into ac-
count. However, after this procedure and subtrac-
tion of the computed multiple scattering there
remained some inelastic peaks in the data. They
were less clearly seen for the one angle (65.7 ) for
which extended multiple-scattering calculations
were carried out (see Sec. IVB). The peaks did not
disappear completely for this angle, because even
with 15000 neutrons the statistical error bars in the
simulated results were not negligible (cf. Fig. 2).
Since the computation time for such calculations
was very long, they could be performed for this one
angle only. It is most probable, however, that the
same effect would be observed with extended calcu-
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1.8 2.2
were calculated. The same procedure was applied to
the background.

The resolution function is included in the final re-

sults because there is no reliable method of deconvo-

lution even if some recent attempts have been

made. A promising method is not directly ap-

plicable to this case since it needs some modifica-

tions, which are under way.

V. RESULTS
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The symmetrized scattering function as a func-

tion of energy transfers for some Q values is shown

in Fig. 2. The same quantity is shown in Fig. 3 but

now as a function of Q for different energy

transfers. The spectral function of the longitudinal

current-current correlations is presented in Fig. 4.
In all figures the model of Ailawadi, Rahman, and

Zwanzig, ' folded with a Gaussian resolution func-

tion of constant energy width, is included. The
structure factor used in the model is the zeroth mo-

ment of the obtained scattering function. The

parameters in the fourth moment are the same as

those discussed in Sec. IVB above. It is to be ern-

phasized that the model is shown in the figures sole-

ly because it was used in the multiple-scattering cal-

culation. No physical significance will be given to
the model, and it will not be discussed any further.
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FIG. 2. Syrnmetrized scattering function for different

energies and constant Q values (in A '). The dots with

the error bars are from this experiment. The full line is

the model in Ref. 16 folded with the resolution function.

The dashed line is the multiple-scattering contribution

from the sample with the container.
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lations for all angles. Therefore the remaining in-

elastic peaks were removed by hand.

D. Conversion to constant Q
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The data sets of the sample, corrected for multiple

scattering and background effects, were converted to
constant Q values. '3 The first two even moments

FIG. 3. Symmetrized scattering function for different

Q values and constant energy transfers (in meV). The no-

tations are the same as in Fig. 2.
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zeroth moment is shown in Fig. 8 together with an

independently measured structure factor. ' The
second moment is about 40% higher than the ex-

pected theoretical values.

VI. DISCUSSION
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As mentioned above and also presented in Fig. 1,
the extended multiple-scattering calculation for the

sample showed peaks in the inelastic part of the calam

culated spectra. These peaks are originating from

scattering processes involving an inelastic event in

lead and an elastic event in silica, which has a pro-

nounced structure. The same effect was also ob-

served in bare silica but much less clearly since the
inelastic scattering as a whole was small. During

the Monte Carlo simulation these particular scatter-

ing processes, however, occurred rather seldom im-

plying a large statistical error in the result. In Sec.
IVC it was discussed why the extended multiple-

scattering calculations could be performed only in a
limited region. The inelastic peaks were seen for all

scattering angles above 40' both in the intensity

from the sample measurement and, though less

clearly, in the background. A general observation is

that the peaks were more pronounced in the experi-

ments than in the simulations. The explanation is

FIG. 4. Spectral function of current-current correlasm

tions for different energies and constant Q values (in

A '). The notations are the same as in Fig. 2.

In Fig. 5 the zeroth moment of the scattering func-

tion is compared to an independent diffraction mea-

surement. ' The second moment is compared to the
exact theoretical values in Fig. 6. In Fig. 7 the full
width at half maximum (FsiyHM) of the sym-

metrized scattering function at two temperatures,
1173 and 623 K, is given. The experimental resolusm

tion function was removed by assuming a Gaussian
resolution function and a Lorentzian shaped scatter-

ing function. For comparison the FWHM of the in-

coherent scattering function, describing a diffusive
motion, is included. The full curve close to the mea-

surement at 623 K refers to a self-diffusion constant
measured earlier. The self-diffusion constant at
1173 K was calculated with a hard-sphere model
with back scattering effects included. ' The pack-
ing fraction was obtained from Ref. 17. Also, this
full curve is included in Fig. 7. The dashed line is
the width function of an ideal gas of Pb atoms at
1173K.

As a by-product of this experiment, the scattering
function for silica at 1173 K was obtained. The
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FIG. 5. Structure factor of liquid lead. The dots with

error bars are from the experimental scattering function

integrated over E for every Q value, and the crosses are

from an independent diffraction measurement in Ref. 17.
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FIG. 6. Second moment of the experimental scattering
function compared to the exact theoretical value ~ith the
zeroth moment from Fig. 5.
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FIG. 8. Stucture factor for silica at 1173 K. The dots
with error bars refer to this measurement. The crosses
are from an independent neutron-diffraction measurement
in Ref. 15 measured at room temperature.
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FIG. 7. FTHM of the symmetrized scattering func-
tion. The dots with error bars are from the obtained ex-
perimental natural @widths at 1173 K. The crosses are the
same quantity at 623 K. The correction for the resolution
is treated in the text. The two parabolas correspond to
the diffusion constants at the t~o temperatures, respec-
tively. The dashed line represents an ideal gas model at
1173 K.

that in the former cases the statistical accuracies are
considerably better. In this context it should be no-
ticed that the scattering processes discussed here al-
ways are present and that the effect is by no means
unique for this particular experiment. Furthermore,
for a tube container in general, there is a high proba-
bility for an clastic scattering event in the wall com-
bined with an inelastic process in the sample, espe-
ciaBy when the ratio of the inner diamater to the
neutron mean free path is small. However, usually
the container scattering is low and a tube geometry
can be avoided. The inelastic peaks are then hidden
in statistical uncertainties. In this experiment it was
necessary to use tubes, whose scattering power was
of the same order of magnitude as that of the sam-
ple.

The models used in the multiple-scattering calcu-
lations are, at least for silica, to be regarded as
zeroth-order approximations. However, it has been
shown that considerably different structure factors
have inAuence only on the simulated results for very
small Q values. The calculated multiple-scattering
contributions mere subtracted from the experimental
values and mere therefore not very sensitive to the
model used. ' Furthermore, the multiple scattering
as a whole was fairly smaB as can be seen in Fig. 2.
Regarding these aspects, no iterative calculations
were performed with the obtained scattering func-
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tions as input kernel. The accuracy of the multiple-
scattering corrections is completely determined by
the obtained statistical errors, which in turn depend
on the number of neutrons used.

In the observed Q region no structure is observed
in the scattering function when displayed for con-
stant Q values. For constant energy transfers the
structure is more apparent (Figs. 2 and 3). This was
also observed at 623 K. The spectral function of
the current-current correlations is shown here only
to demonstrate the difficulty to determine the
second moment because of limited observable E
range and large error bars (Fig. 4). The irregularity
of both the experimental values and the model
around Qo is a resolution effect. 5 The zeroth mo-
ment differs from the structure factor, especially
around 2.5 and 5 A ' (Fig. 5). For these Q values
the silica structure factor has peaks, and consequent-
ly, the background is more difficult to subtract (Fig.
8}. The depression of the second moment around Qo
is due to truncations of the spectra (Fig. 6). At
larger Q values the second moment is, on the aver-
age, about 30%%uo too high, which with regard to the
difficulties involved in this type of experiment is sa-
tisfactory.

The incoherent scattering function describes the
self-motion of atoms. For simple diffusion it is, for
small Q values, given by a Lorentzian with a width
function quadratic in Q, determined by the self-
diffusion constant. For an ideal gas the scattering
function is a Gaussian with a width function linear
in Q. The FWHM curves for the coherent scatterers
argon and lead near the melting point both oscillate
around the diffusion parabola even for large Q
values, but they are still far away from the ideal gas
behavior. ' ' For liquid rubidium (also a coherent
scatterer) the FWHM curve is quite different as the
oscillations do not occur around the diffusion para-
bola. The experimental values nearly reach the ideal
gas line for large Q values. 9

To investigate if the FWHM curve for lead at
1173 K follows a parabola, it was plotted against
Q . It was found that a least-squares fit could be
done with a straight line through the origin. The
obtained value of the slope was very near the calcu-
lated value of the self-diffusion constant at this tem-
perature mentioned in Sec. V above. This value is
about a factor of 2 less than the results from dif-
fusion experiments for slightly lower temperatures.
For large Q values the FWHM curve reaches the
curve that is determined by the ideal gas model.

The zeroth moment of the scattering function for
silica differs from the values obtained from a dif-
fraction measurement. ' The discrepancies are large
around the peaks at 3 and 5 A '. A possible ex-
planation is that the silica qualities are not the same

in the two experiments. However, the diffraction
experiment mentioned in Sec. IVB above, looking
for orientational effects, indicated that the structure
factor in our case is closer to the obtained zeroth
moment. Both this diffraction experiment and the
measurements by Lorch' were performed at room
temperatures, while the zeroth moment was deter-
mined at 1173 K.

VII. CONCLUSIONS

In a liquid metal near the melting point the atoms
are arranged in a fairly well-developed structure, be-
cause the potential energy is high. When the tem-
perature increases, the kinetic energy grows large,
and the structure is less pronounced. This
smearing-out effect is mainly seen in the structure
factors but also in the scattering functions presented
for constant energy transfers.

Kinetic theories ' ' have shown that the self-
motion is important for the shape of the coherent
scattering function at all experimentally accessible Q
values. Recently, the FWHM curves of the in-
coherent scattering functions for argon and rubidi-
um have been calculated and compared with the
ones assuming self-diffusion. For argon the differ-
ence between the two curves was at most 20%%uo and
for rubidium 60%%uo. This observation may explain
why the FWHM of the coherent scattering function
fluctuates around the self-diffusion parabola for ar-
gon, while for rubidium it deviates clearly. The
measured FWHM for lead at 623 K is similar to
that of argon, which then indicates that the self-
motion in lead is more diffusionlike than in rubidi-
um. As discussed above this is even more pro-
nounced when the temperature is increased, and the
effect maintains up to the ideal gas limit.

Collective excitations have been observed in liquid
lead close to the melting point. Criteria for their ex-
istance have been formulated, and a temperature
study at small Q values would give important infor-
mation on the possibility for a liquid metal to sus-
tain these modes of motion. For instance, the role
played by the structure factor would be made clear.
However, such an experiment has extremely high re-
quirements on its performance, among other things
the choice of container material and available pri-
mary neutron flux.
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