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Calculation of free-free Gaunt factors in hot dense plasmas
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%e have obtained predictions for free-free Gaunt factors, using a full relativistic numeri-

cal partial-wave and multipole calculation of the bremsstrahlung process as a single electron

transition in a potential. %e study hot dense cesium plasmas, at various densities and tem-

peratures, using the finite-temperature and -density Thomas-Fermi potential. %e consider

incident electron energies in the range 1—50 keV. Our results show that use of isolated neu-

tral or ion Gaunt factors has only limited applicability in this environment, while use of the

Elwert-Horn approximation can lead to a factor-of-3 discrepancy for low incident electron

energies.

I. INTRODUCTION

The bremsstrahlung (free-frec) process is impor-
tant in transport problems involving hot dense plas-
mas. ' Bremsstrahlung emission by supcrthermal
electrons from laser irradiated targets is also a useful
diagnostic in laser-plasma interaction experiments.
Measurement of bremsstrahlung emission by less en-

ergetic electrons gives information on the tempera-
ture gradients in the critical region of laser fusion
plasmas.

Earlier calculations of free-free Gaunt factors (ra-
tio of the free-free cross sections to those predicted
by Kramers's classical evaluation) have been per-
formed within the Born approximation or nonrela-
tivistic dipole approximation, and for the pure
Coulomb, Dcbye-Huckcl, ' ion-sphere, Thomas-
Fermi, and average-atom potentials. Recently we
have reported a sample full relativistic calculation
for the process, considered as a single electron tran-
sition in the Thomas-Fermi potential, with partial
wave and multipole expansions, for incident electron
energy m= 1 keV, for a Cs plasma at kT = 1 keV, at
the density p=po (po ——1.9 g/cm =0.86& 10
atoms/cm is the normal density). In this work, we
extend our study to include the ranges a=1—50 keV
for a Cs plasma with kT=0. 1—1 keV, density

p/p, =l—100. This allows us to understand the
behavior of free-free Gaunt factors for some of the
presently important ranges in incident electron ener-

gy 6, plasma temperatures kT, and dcnsitics p.
We find that, as temperatures decrease or densi-

ties increase, the value of Gaunt factors decrease,

since electron density in the interior region of the
atom increases and the potential becomes more
screened. The characterization of the spectrum by
that of an isolated atom or ion can be misleading
near the soft-photon end, and it is also inappropriate
when densities become so high that the potential can
be even more screened than in the neutral-atom case.
Elwert-Born (EB) approximation is poor at low in-

cident electron energies (1 keV) where a factor-of-3
error can occur, awhile at higher energies (e.g., 50
keV) it gives satisfactory results.

In Sec. II we describe our method of calculation.
In Sec. III we present our average atom finite tem-
perature and density central potentials and compare
them with isolated free neutral-atom and ion poten-
tials. In Sec. IV we report the free-free Gaunt fac-
tors we obtain in various Cs plasmas and compare
them with isolated atom and ion predictions. %e
also discuss the validity of Born-Elwert approxima-
tion predictions. In Sec. V we give Gaunt factors
averaged over a thermal distribution of incident
electron kinetic energies, for a few sample cases.

In our fu11 relativistic numerical calculation' of
the bremsstrahlung process, we assume that the pro-
cess may be described as a single electron transition
in a self-consistent potential, with partial-wave ex-

pansions for the electron wave functions in the po-
tential and a multipole expansion for the radiated
photon. For isolated atom or ion cases, the relativis-

tic Hartree-Fock potentials with local Kohn-Sham
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exchange (HFS potentials) are used. However for
Cs, the difference between the zero-temperature iso-
lated atom Thomas-Fermi potential and the
Hartree-Fock neutral-atom potential is rather small
in the dominant region of the bremsstrahlung pro-
cess at these energies, hence the differences between
the two energy spectra are also small. For the cases
of hot dense plasmas, we describe an average atom
in the plasma with the Thomas-Fermi model. " The
Thomas-Fermi model provides a quantitative pre-
diction for heavy atoms in hot dense plasmas and
the numerical procedures are relatively simple. In
either situation, the reduced photon-energy spectrum
o =P;coZ dcr/dco is obtained by evaluating the re-
lativistic matrix element

M~; ~ 'a. e e '"'';d r,
where P; =u;/ct with ui and vi the incident and fi-
nal velocity and Ace the photon energy radiated. Re-
sults for the cross section o. are often expressed in
terms of the free-free Gaunt factor g(e, Ace), defined

as o./o. c~, where o.
c~ ——5.61 mb is Kramers's semi-

classical result.
The nonrelativistic Elwert-Born (EB) approxima-

tion is known to be valid for neutral atoms when the
incident electron energy -P; is high enough com-
pared with atomic-field-potential energies in this re-
gion of radiation but is not yet in the relativistic re-
gime. ' (Relativistic EB approximation is valid in
the relativistic domain, but only for light-Z ele-
ments. ) The Gaunt factor in nonrelativistic Born
approximation is

gs(e, fico) = f [2ir~V(q)] q dq, (2.1)
~Z~ &mtn

where V(q)=(2ir) f V(r)e'"''d r is the Fourier
transform of the potential V (r). Note that
V(q) ~q F(q) where the form factor F(q) is the
Fourier transform of the corresponding charge dis-
tribution. The quantities q;„and q,„are the
minimum and maximum momentum transfers to
the atom. When defined nonrelativistically by as-
suming energy conservation in radiation of a photon
of energy duo

g(Ace) =e G(Ace), (2.5)

so that g = 1 when the Kramers formula is used for
the basic spectrum. Note that for degenerate plas-
mas, we would have to replace the exponential in the
integral above by [exp[(e—p)/kT]+1] 'p(e, fico),
corresponding to the Fermi-Dirac distribution.

—20—
p/p — iO)

!Cs )

For the Coulomb case, at low energies EB
predicts a tip value o =6.2 mb, not too different
from Kramers's predictions; the logarithmic diver-

gence at the soft-photon end is also common to all
calculations. However, throughout most of the
spectrum EB gives a poor result in the classical re-

gime. For the neutral-atom case, in the classical re-

gime where EB is no longer valid, the EB form-
factor approximation also fails. Comparisons of EB
results with numerical neutral-atom and Coulomb
data were given by Lee et al. ' Their data show, for
example, that for Z=79 and a=5 keV, EB form
factor overestimates the neutral-atom value by a fac-
tor of 2 at the soft-photon end and 40% at the tip.
Our results for the dense plasma case (Sec. IV) indi-
cate a similar trend of error in EB form-factor pre-
dictions.

For many practical purposes, such as determina-
tions of emission and absorption coefficients, ' one
is interested not in cross sections but in rate coeffi-
cients, and particularly in the rate coefficients (ov ),
which are averaged over the energy distribution of
the free electron in the plasma at the temperature T.
In the case of a Maxwellian distribution these will

be expressed in terms of the dimensionless averaged
Gaunt factor

oo

G(~)= f g(e, fun)e '/kTde . (2.4)kT
Since G=e when g= 1 (Kramers value) this
factor is often removed in defining an average
Gaunt factor g related to G by

qmax
(2e)l/2+[2(e srico)]1/2

qmin J

(2.2)

—40—
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The Elwert-Born Gaunt factor is gEB(e,Ace)

=gs(e, fico)fF, where the Elwert factor fz is

—55

O. I IO

r (Eel
IOO 1000

Pi 1 —exp( 2irZa/Pi)—
Pi 1 —exp( —2irZa/Pi)

The simplified form fs —vi/v&
2irZa/P; &3 orif vi-vi.

(2.3)

is valid' if

FIG. 1. Comparison of TF potentials with isolated
atom or ion potentials for Cs (Z=55), for kT=1 keV,

p/po ——1, 10, 100. We plot rV, which goes to Z=55 for
r=0 and to 0 (neutral case) or the ionic charge for large
distances.
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FIG. 2. Same as Fig. 1, except for kT=0. 1 keV.

Here the factor p measures the availability of final
states:

exp [(e fico p—)/k T—]
exp[(e —trtco —)tc )/kT]+ l

The chemical potential p of the free electron is ob-
tained automatically in the Thomas-Fermi model
when the equations for the potential are solved.

kT =0.1 keV, p/po ——1, for r up to 20k,„the TF po-
tential is very close to that of a Cs, 4oZr-like ion.

However, we note that for very high densities, at
least for p/po&100, even at quite small distances
the TF potential is not like the potential of the cor-
responding isolated ion with Z' calculated as above,
but is closer to the shape of a potential for an isolat-
ed ion with a smaller degree of ionization. And,
more strikingly, when the density is high enough
and/or the temperature is low enough, the potential
is less attractive than in the neutral case. An illus-
tration of this situation is shown in Fig. 2 in the
case of a cesium plasma with kT=0. 1 keV and

p/po ——100. In other words, the atom has been pres-
sure rather than temperature ionized, and the con-
tinuum states are more confined, more completely
screening the nucleus, than in the isolated neutral-
atom case. %e will see a coresponding behavior for
Gaunt factors in the next section.

III. RESULTS FOR TEMPERATURE AND DENSITY
DEPENDENCE OF ATOMIC POTENTIALS

In Figs. 1 and 2, we show comparisons of
Thomas-Fermi potentials at various densities and
temperatures with isolated Cs neutral-atom and ion
potentials. The Thomas-Fermi (TF) potential van-
ishes at the atom boundary, at the radius r, for the
confined atom determined from the ion number den-
sity n; as r, =(3n;/4tr) '~ The de.gree of ioniza-
tion Z' at finite temperature and density has been
calculated in the TF model, using a standard identi-
fication of Z* with the ratio of free-electron densi-

ty at the atom boundary to the average electron den-

sity,

1.5

3

l.0
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Our Z' values agree with Rozsnyai's finite tempera-
ture full Hartree-Pock-Slater calculation within
10% for the temperature and density range con-
sidered here.

For small distances from the atomic nucleus, say
of the order of ten electron Compton wavelength,
the TF potentials for various temperatures and den-
sities are nearly the same as the potentials for isolat-
ed Cs ions with corresponding degrees of ionization
Z'. For example (see Figs. 1 and 2), for a Cs plas-
ma at a temperature kT=1 keV, density p/p, =1,
for r up to 1SA,„the TF potential is almost the same
as a Cs, iiwa-like ion. For a Cs plasma with

I l I I l
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FIG. 3. Free-free Gaunt factors obtamed by full rela-
tivistic calculation in TF potentials (g "), as a function of
Ace/e (ratio of photon energy radiated to incident electron
kinetic energy) for Cs plasmas at k T= 1 keV, p/po ——1, for
incident electron energies e= 1, 10, and 50 keV, compared
anth isolated neutral-atom or ion (Cs~+ is Na-like) re-
sults.
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FIG. 4. Same as Fig. 3, except for kT=0. 1 keV, and
compared with Cs "+ (Zr-like) ion results.

FIG. 5. Same as Fig. 3, except for kT=0. 1 keV, and
p/po ——100, compared with neutral-atom results.

IV. RESULTS FOR TEMPERATURE AND DENSITY
DEPENDENCE OF FREE-FREE SPECTRA

In Figs. 3 and 4 we show the Gaunt factors of
electron bremsstrahlung for Cs plasmas at density

p/po, temperatures 0.1 and 1 keV, compared with
isolated neutral-atom and ion results. %e see that
for p/po ——1, for a large portion of the spectrum
(fuule&0 5), g ".(Z, kTp) is very close to g(Z*),
the Gaunt factor of the isolated ion whose degree of
ionization Z' is determined from the Thomas-Fermi
model. The explanation of this result is that the
bremsstrahlung process is determined at relatively
small distances from the nucleus for these energies,
except near the soft-photon end and at low energies.
At these distances we have seen the similarity in the
shapes of TF and isolated ion potentials. Figure 3
shows that for p/po ——1, kT =1 keV, the curves for
g

" lie higher than those for the isolated neutral
atom, more significantly at low energies. However,
Fig. 4 shows that for p/po ——1, T=0.1 keV, the
neutral-atom results, although not quite as good as
the isolated ion (Cs' +) results for fico/e & 0.5, give a
satisfactory prediction for g ", throughout the stud-
ied range of kinetic energy e, for the whole spectrum
(i.e., for ihe soft- as well as the hard-photon por-
tions). These features can be understood in terms of
the behaviors of the corresponding potentials.

Figure 5 shows the Gaunt factors for p/po ——100,
kT=0. 1 and 1 keV, compared with neutral-atoms
results. We see that at this high density the spec-
trum exhibits different features. g

" for kT=0. 1

keV generally lies below the neutral Cs curve, owing
to the fact that the corresponding potential is more
screened than in the neutral case. Another striking
feature is the shape resonance observed for m=1
keV case, near the hard-photon end at Lo/kT=0. 9.
This corresponds to a continuum electron energy of
around 100 eV in the x= —3 channel. For isolated
neutral-atom cases, pronounced shape resonances'
usually do not occur except for final electron ener-
gies in the eV range. However, for very compressed
atoms, the potentials cut off more steeply than in
the neutral-atom cases, so that the shape resonance
phenomenum can occur at higher final electron en-
ergies. Such a shape resonance is exposed when the
incident electron energy is low, because then higher
partial waves in the final state contribute to the
spectrum. %e also notice that the @=1 keV curve
for kT = I keV, at this density, exhibits a great cur-
vature, which has not been seen in neutral-atom or
ion cases. This results from a reduced normaliza-
tion (small-distance magnitude) of low-energy con-
tinuum waves which do not penetrate through the
more compact screening into the interior attractive
nuclear charge. This drop is also seen in the @=1
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FIG. 6. g
" compared with results obtained from EB

approximation (gEa), for kT= 1 keV, plpo ——l.
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FIG. 8. Same as Fig. 6, except for kT=0. 1 keV, and
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keV spectrum at kT=0. 1 keV for this density (Fig.
5), beginning at about ~/@=0.8, but then the shape
resonance is superimposed. (For the less compact
isolated neutral atom case, only in the last tens of-eV
will the spectrum start dropping as low-energy
screened continuum normalizations begin to differ
substantially from Coulomb. )

In Figs. 6—9 we again show these partial wave re-

sults for the bremsstrahlung Gaunt factors, for
kT=0. 1 and 1 keV and densities plpo ——1 and 100,
for incident electron energies a=1, 10, and 50 keV,
now in comparison with the results from Elwert-
Born approximation. Generally speaking, indepen-
dent of temperature and density through these
ranges„ for Z=55 EB approximation is valid for
a=50 keV, accurate within 30% for @=10keV, and
becomes inaccurate for e= 1 keV where a factor-of-3
error can occur. It is clear that, as in the neutral

case, use of EB approximation becomes inappropri-
ate at low energies.

I i I I l

0 Q. P 0.4 0.6 0.8 1.0 V. THERMAL ELECTRON DISTRIBUTION
AVERAGED GAUNT FACTORS

FIG. 7. Same as Fig. 6, except for kT=1 keV, and

p/po ——100.

%'e have estimated the frequency dependence of
thermal electron distribution averaged Gaunt factors
for several sample cases for ~=1 and 5 keV, at
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FIG. 9. Same as Fig. 6, except for kT=0. 1 keV, and

p/po ——100.

density p/po ——1, for kT=0. 1 and 1 keV. Under
these conditions, we can assuIne the electrons in the
plasma have a Maxwellian distribution. Owing to
the factor exp( ElkT) i—n Eq. (2.4) when fico) kT
the contribution to g(fm) comes mostly from

g (e,flu) with e-flu. The tip region of the spectrum
thus plays a dominant role in the average, and gen-
erally g(Bar, %au) is an estimate (and an underesti-
mate) of g(%co), as shown in Table I, Hence the
bremsstrahlung spectrum can be characterized by
the corresponding isolated ion spectra, when they
are similar away from the soft-photon end as in
Figs. 3 and 4. In these circumstances we use the
simple parametrization of bremsstrahlung spectra
for isolated atoms and ions, developed recently by

Feng and Pratt, to generate values of Gaunt fac-
tors for the corresponding ion, at many different
values of incident electron energies for a given pho-
ton energy Re, and then perform the thermal distri-
bution average. We have checked values for Gaunt
factors obtained with this parametrization g
against our available numerical data g ", and we
find that in the worst case the agreement is within
20% (e.g., for p/po ——1, kT=0. 1 keV, Ace=1 keV,
and @=1 keV we have g "=0.35, and g =0.28).
This parametrization method can be applied even
near the soft-photon end, where the (flat) high-Tp
behavior differs from the ln divergence of the isolat-
ed ion, since the parametrization underestimates the
isolated ion Gaunt factors and still agrees quite well
with g ". We believe the overall error in this esti-
mate of averaged Gaunt factors should be less than
15%, and this is supported by a consideration of
direct estimates of g by interpolation from the very
limited g

T" data,
Karzas and Latter (KL) have calculated tempera-

ture averaged free-free Gaunt factors g
"within the

nonrelativistic dipole (Coulomb) approximation,
covering a wide range of temperatures and photon
energies fuu. In Table I we compare our estimated g
with those presented by Karzas and Latter, under
the assumption that the nuclear charge Z is used in
their expression. At these temperatures and photon
energies, g "is of the order unity. However our re-
sults show that g is significantly smaller than g
especially for cases where the potential is more
screened and/or for smaller photon energies where
the contribution comes mainly from low-energy in-
cident electrons.

For fun & 10 keV and at not too high a density, g
should have a value approaching unity, as the
scrccnlng cffcct bcco1Tlcs less important, while BQIl-

relativistic dipole approximation remains valid for
the spectrum and over most of the spectrum the
Kramers formula is a good approximation to the
Sommerfeld formula. Green has calculated
g(e, fico) for a gold plasma, using nonrelativistic di-

pole approximation in the TF potential, and noted

TABLE I. Comparison of temperature averaged free-free Gaunt factors g calculated from
the parametrized g of Ref. 12 with results obtained by Karzas and Latter, g"". To show that
for these cases the tip region of the spectrum plays a dominant role in the averaged free-free
Gaunt factors g, we also present in the table the values of g (~,Ace}.

Z =44, kT=l keV, p/po ——1

g g g (fico, Ace}

(keV}

Z*=15, kT =0.1 keV, p/po ——1

g g g ~(~,fuu}

(keV}

0.80
0.98

1.15
1.12

0.69
0.93

0.30
0.77

1.07
1.07

0.28
0.76



CALCULATION OF FREE-FREE GAUNT FACTORS IN HOT. . . 3215

that for e-kT, g (e,fico)=(Z*IZ) over most of the
spectrum. If this argument is valid, then we would
expect g (Z*/Z) fnr Ace-kT. This is in agree-
ment with our result for g at p/po ——1, Aco=kT=1
keV [g=0.80 and g (Z*/Z) 2=0.74].

For %co/kT «1, g in the Coulomb case diverges
logarithmically (as a function of Acu/kT for a given
kT), since the contribution is mainly from electron
energies e/kT & 1, at the soft-photon end of the re-
sulting spectra, which in the Coulomb case diverge
logarithmically. ' For the screened case, we would
expect that g decreases as Ac@ decreases. A nonrela-
tivistic dipole calculation in the screened TF (rather
than Coulomb) potential is required to show this
behavior of g.
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