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We specialize the quantum-statistical theory of optical bistability developed in “Optical
Bistability. II” to a low-Q cavity. From a linearized Fokker-Planck equation derived in
the positive P representation, the steady-state correlation matrix and spectrum of fluctua-
tions are calculated. Expressions which normally assume a positive-definite diffusion ma-
trix are shown to be valid for nonpositive-definite diffusion. For absorptive bistability we
find agreement with results derived previously by quite different methods. More generally
we extend previously published results by including atomic and cavity detunings. We com-
pare the transmitted spectrum for dispersive bistability with that for absorptive bistability,
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Quantum theory of optical bistability. III. Atomic fluorescence in a low-Q cavity

and photon antibunching in dispersive bistability is discussed.

I. INTRODUCTION

In the preceding paper of this series' (hereafter
referred to as OBII), a quantum-statistical model
for optical bistability was developed. A system of
homogeneously broadened two-level atoms interact-
ing with a single driven cavity mode (mean-field
limit>®) was considered. Cavity and atomic detun-
ings were included to provide a treatment for both
absorptive and dispersive bistability. Radiative and
collisional damping of the atoms, and losses at the
cavity mirrors, were modeled by coupling the atoms
and cavity mode to thermal reservoirs, and a
Fokker-Planck equation was derived following
Haken’s treatment of the laser.* With the use of the
standard representation of laser theory the resulting
equation did not have positive-definite diffusion,
but it could be interpreted within the context of the
generalized representations introduced by Drum-
mond and Gardiner’ where positive-semidefinite
diffusion can be assured.

In OBII atomic variables were adiabatically elim-
inated via an Ito stochastic differential equation
equivalent to the Fokker-Planck equation, and a
theory for optical bistability in a high-Q cavity was
developed. In the present paper we treat the low-Q
limit where cavity field variables are eliminated.
From a linearized theory of fluctuations we calcu-
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late the incoherent intensity, spectrum, and second-
order correlation function for the transmitted light.

Quantum-statistical treatments of absorptive bis-
tability in a low-Q cavity have been published by
Agarwal et al.® and Lugiato.” Agarwal et al. begin
with a master equation with the cavity field elim-
inated and derive quantum Langevin equations for
atomic operators. They perform a system-size ex-
pansion to calculate steady-state correlations and
the transmitted spectrum. Their results are shown
to correspond to those obtained using the
quantum-regression theorem and a Gaussian decou-
pling approximation.® Lugiato’ arrives at the same
results from a linearized Fokker-Planck equation
derived in the Wigner (or Weyl) representation. His
formalism has also been used to calculate the
second-order correlation function® and to show that
photon antibunching'® occurs in absorptive bistabil-
ity.

A quantum-statistical treatment for a low-Q cavi-
ty including dispersion has been presented by
Agarwal and Tewari.!! They follow the method of
Agarwal et al.® after adding a term describing
atomic detuning to the master equation. They do
not, however, include a cavity detuning, and there-
fore do not give a full description for dispersive bis-
tability. The first objective of our paper is to com-
plement the existing literature by presenting a gen-
eral quantum-statistical theory for both absorptive

3112 ©1983 The American Physical Society



27 QUANTUM THEORY OF OPTICAL BISTABILITY. IIL ... 3113

and dispersive bistability in a low-Q cavity includ-
ing both atomic and cavity detunings.

In addition, this calculation provides an illustra-
tion of the use of the positive P representation’ in a
circumstance where more familiar techniques—
following Haken’s laser theory*—lead to a Fokker-
Planck equation with nonpositive-definite diffusion.
Haken uses a representation based on normally or-
dered operators to transform an operator master
equation into a c-number equation. Gronchi and
Lugiato'? and Agarwal et al.'* note that this
method leads to a Fokker-Planck equation with
nonpositive-definite diffusion and, moreover, that
the scaling argument used by Haken to drop the of-
fending terms does not work for optical bistability.
They circumvent this problem with a Fokker-
Planck equation based on symetric (or Weyl)
ordering—an equation for the Wigner (or Weyl) dis-
tribution function. This equation has positive-
definite diffusion.

Drummond and Gardiner have described a new
class of representations, closely associated to that
used by Haken, with the usual integration measure
extended from the real line into the complex plane.’
In particular, the positive P representation ensures a
positive  distribution function and positive-
semidefinite diffusion. For this it does impose a
cost: The distribution function is now defined in
twice as many dimensions. However, in a linearized
theory, steady-state moments and the spectrum of
fluctuations can be calculated in the original space
by a naive application of familiar formal expres-
sions to a Fokker-Planck equation with
nonpositive-definite diffusion. The positive P repre-
sentation merely justifies this procedure. For the
special case of absorptive bistability we show that
our results, obtained in this way, reduce to those of
Agarwal et al.® and Lugiato.’

In Sec. II, we briefly review the model from OBII
and derive the linearized Fokker-Planck equation
for a low-Q cavity. Steady-state correlations and
the spectrum of the transmitted light are derived
and discussed in Secs. IIT and IV, respectively. For
absorptive bistability recent calculations by Carmi-
chael'* and Lugiato'® have shown that fluorescence
perpendicular to the cavity axis has the familiar
spectrum of single-atom resonance fluorescence.'®!”
In Sec. V, we briefly review the results of Ref. 14
and their generalization to dispersive bistability.
The second-order correlation function is derived in
Sec. VI and photon antibunching is found for a
wide range of atomic and cavity detunings. Our re-
sults and conclusions are summarized in Sec. VIIL.

II. MODEL AND LINEARIZED THEORY
OF FLUCTUATIONS

We consider a two-level homogeneously
broadened medium coupled to a single quantized
ring-cavity mode excited by a classical driving field.
The ring cavity has input and output mirrors
aligned in the z direction, each with a reflective
coefficient R, where phase changes ¢ and ¢y ac-
company transmission and reflection, respectively.
The remaining mirrors are perfect reflectors and de-
fine a cavity round-trip distance denoted L +L,
where L is the distance of propagation in the medi-
um. The driving (input) field

2 - ilwgt —koz)
E/(z,t)=€&e ° °

+c.c. (2.1)

—

with frequency wg, polarization €, and amplitude
&, excites a cavity mode with resonant frequency
.. The quantized cavity field is written

E(z,0) = i€(fin, /260Vp)"
x[a(ne™ " —aT(ne ™%, 2.2)
where a' and a are photon creation and annihilation
operators, ¥y is the quantization volume, and ¢ is
the vacuum permittivity (mks units are used
throughout). The medium comprises N two-level
atoms, with resonant frequency w, and dipole mo-
ment @(u="¢€-[), distributed with uniform density
at fixed positions z;, j =1,..,N, thr(/)\ughout an in-
teraction volume V;=VyL/(L +L). Collective

atomic operators are defined by

o getikczjoji ,
j=1
N (2.3)
Jz= zo'é ’
j=1
where o*’;_r and o) are pseudospin operators for the
jth  atom, satisfying commutation relations

[0,,0% 1=2018 and [o%,0%]= 70%.8);.

In OBII a Fokker-Planck equation has been de-
rived to describe the coupled system of atoms plus
cavity mode. Interactions with thermal reservoirs
model radiative and collisional atomic decay and
losses at the cavity mirrors. Using the positive P
representation® (generalized to include atomic
operators), the correspondence between ¢ numbers
and operators is

J1 J_

. J2 I

§= |z |« | |, 2.4)
ag a+
a, a



3114 CARMICHAEL, WALLS, DRUMMOND, AND HASSAN 27

where ji, ja, j3, @1, and a, are all independent
complex variables and the Fokker-Planck equation
reads'®

a

oP , -~ N
LEn=|-3-24, (5
ot < BE, M
+i—ﬁ—1) (&) |P(E,r) (2.5
2 95,08, Swév ’ )
with
Aj =—v,(14+i8)j, +2gj3a, ,
Aj,=—y1(1-i8)j,+2gj3a, , (2.6)
. N . .
Ajy==7) [/3+5 | —glUiaa+ja1),
Aa,=—K(1+i¢)a1+&i1+K—f§i,
_ 2.7)
Aa2=°K(1—i¢)a2+gi2+K$? ,
and
Dj].jlzzgilal ’
Diiy=280202 (2.8)
. N . .
Dy j,=vi |J3+5 | —8lhaz+iai),
. N
Djpiz=Dj2,jl=(2?’i—7’||) 13+7 ’

all remaining waiv are zero. Here y) and y, are
longitudinal and transverse atomic relaxation rates,

k=(1—R)e/(L+L) (2.9)

is the cavity relaxation rate,

g=(w.u*/2%e V)" (2.10)

is the atom-field coupling constant,

§=(w, —wo)/y. (2.11)
and

¢ =(0,—wo)/k (2.12)

are atomic and cavity detunings, and

&= —i2eVp/fiw,) %8, /(1_R)'? . (2.13)

Apart from the fact that j; is complex and j,,j,
and o a, are not complex-conjugate pairs, this for-
mulation follows Haken’s treatment for the laser.*
Classical averages in the space of ¢ numbers give
normally ordered quantum averages,

(P a%aty = [d*EP(E)jB j1 ) asal . (2.14)

Throughout quantum averages ( ) are taken with
respect to the rotating density operator

Prot D) = expliog(J; +aa)t]
X p(t)exp[ —iwo(J, +a W‘a)t] .

It is shown in OBII that Eq. (2.5) is equivalent to
a Fokker-Planck equation with positive-semidefinite
diffusion. There, atomic variables were adiabatical-
ly eliminated from the corresponding Ito stochastic
differential equation. Here we follow the same
methods, but rather adiabatically eliminate the field
variables—in the “bad cavity” limit.!° We have

a;=(1+ig)"!

gi+4), ’ :

K
(2.15)
a,=(1—ig)~!

7L

and the resulting equations for j,, j,, and j; are

iljl—— (148)j
dt - yl ]l
2g . Zz &
dj, o
7=—‘}’1(1_18)12
28 . | 8.
+1—-i¢13 5fi+K.12 +T;,, (2.16)
ds_ | N[BT ]
dt Y |3 2 g 1—i¢Jl+1+i¢hJ
2
% .. .r
k(1442 2T i

where Fin’ I“]-z, and 1"j3 are Gaussian random vari-
ables with
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=— #+%j |8e—r
<Ff| F (t ) 1+¢ $,+K]1 ( ),
(T, (0T (1) = —L¢ gi+8); ] (t—t'),
(2.17)
N 2 w 2% ..
I; i.(t')= i3+ — |— - j 8(t—t'),
(T, ()= |y |Ja+ > |8 1_i¢11+ 1+i¢12] (140 2 (t—t')
(T; (00, (") =(T;, () (¢)) =2y, —v)) |js+ - |8t =11,
and all remaining correlations are zero. and
The steady-state mean-field theory for optical o 2id, s w2
bistability in a ring cavity?® follows from solutions e=I(1—id)e "X°/(1+8°+X7),
to Eqgs. (2.16) with the time derivatives and Gauss- F=(1—-D)X2/(1+8%+X?) (2.23)
ian noise sources set to zero. The basis for our ’
linearized theory of fluctuations is a Fokker-Planck g=2IX2/(1+82+X?).
equation corresponding to the Langevin equations
obtained after linearizing Eqgs. (2.16) about this At
steady state and substituting steady-state solutions C=y,/2y., (2.24)
iv, i3, and j§ into Egs. (2.17). We define a scaled
ji» J2, and J; tnto Bq C=Ng/2«cy,=aL /4(1—R) (2.25)

time 7=v,¢ and new variables

j1—Jt a/ajl
2 =N 2—i% | J "= 13/3],
3 j3—i% /3]

=2

i

SaSea

(2.18)
The Fokker-Planck equation reads

1] =T _ =

=2
- = + Dij |P(]
(JT) J AJ 2NJ i [P(j,T),

(2.19)
where

a 0 b
A= {0 a* b* |, (2.20)

~

e (2.21)

0

o]

I
O N o

*
n © O

with
_ 148 Xeiw,—qs,)
T 1+ip X ’
b=ivVITXe™* (2.22)

c=iVT/2Xe ™ |1— 1+l:8 2C
1+ip 1482+ x?

’

d=2I",

where a =Nu’w, /€y#iV;y, c is the resonant absorp-
tion coefficient and Y exp(i¢,) and X exp(i¢,) are
the dimensionless driving field and mean cavity
field amplitudes:

Yew’ =i2g?,—/(7”'yl )172
=(1-R)"%g, /%, , (2.26)
Xex=2g(a)/(yy,)'"?
=(1—R)"V2%%1g, /5

where &, =(#/2p)(y|7,)'/? is the saturation ampli-
tude and &, is the transmitted field amplitude. For
given C, §, ¢, and Y exp(ig,), the complex ampli-
tude X exp(id, ) satisfies the state equation?

Yo' — xo'™* [(1+i¢)

2C

(1—i8)
+ ! 14+8%2+x?

(2.27)

III. STEADY-STATE CORRELATIONS

In Eq. (2.19), j;, js, and j; are independent com-
Rlex varlablm It can be shown that the restrictions
j3=J%, ji=j3—as in Haken’s laser theory*—lead
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to a Fokker-Planck equation with nonpositive-
definite diffusion. Using the positive P representa-
tion, Eq. (2.19) is interpreted __Lwitgin a six-
qgnensional space where, defining j., j,, jx,and

jy by
7& '2
= +1 ,
P=Tai], 3.1)
=2, | = =2

i =70ix=i],),

it is shown to be equivalent to"’

oP = = T; T" Tx
(Jx’.ly"r) o A 2
ar iy iy
l =2 T =2
L Jx Allx
g
= =
XP(jys]jyT) (3.2)
with
N |aF =4
A=\ 4= |°
A=A+iA?, (3.3)
B*B*" B*B»"
D= T T ’
B’B*" BB’
D=(B*+iB’)(B*+iB”)T . (3.4)

This equation has an explicitly positive-semidefinite
diffusion.

The solution to Eq. (3.2) is a Gaussian in six di-
mensions and the steady-state correlation matrix

G*> G¥
=g G»

A

, G*=av(],] D, (5
satisfies the equation?!
A6 +6AT=15. (3.6

We use av( ) to denote classical steady-state aver-
ages. We are only interested in physical correla-
tions, however; namely, those corresponding to nor-
mally ordered quantum averages [Eq. (2.14)]. We
restrict our attention to the physical correlation ma-
trix

(G*—G?)+i(GP+G¥) .
(3.7

From Eqgs. (3.3)—(3.7) it can be shown that G satis-
fies the matrix equation

22T
G=av(j ] )=

r 1
= . 3.
AG +GA D (3.8)

This is precisely the equation we would obtain by
strictly following Haken’s treatment for the laser—
to Eq. (2.19) with j3=j;, j;=is—and naively
overlooking the fact that represents a
nonpositive-definite diffusior

To solve Eq. (3.8) we write

u w v
G=|w u* v*|, (3.9)
v v* oz
where
u =av(ﬂ_}:—] )ssz(f j )SS »
v—aV(13]1 _‘(JJ )ss ’

(3.10)
w=aV(jLil )ss= <J+J—- >SS ’
z=av(,73]73 )ssz(j;jz >ss
with

~+ —_'—L + - <J+ ) )

+ N + ss
_ (3.11)
Jz=_i Jz_<Jz)ss) .

Equation (3.8) then corresponds to the following set
of coupled matrix equations:

a 0 b 0 1 |e
0 a* Tlos* |[v* |T 2N [e* |’
c O a+d O v
0c*||u* 1o a*+d
¢t b ||w

+ c b* =0, (3.12)
b* b ||v a+a* 0f|w 1 2f
c c*|v* 0 df|z|"2N

Solving this set of equations is a straightforward ex-
ercise. We find

77y 1 e 2 2
(JLJ_ )= 2N(PR +QR)/(|P|*—|Q|D,

(3.13)
where
1 1
P=bc* -1,
a+a* + d ]
b*c* bc
=(a*+d) [1— — , 14
¢ +d) a'dJ a+a* B.14
*
R=Ses 2oy 2y,

a a-+a
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and

~ ~ 1 -~
(J_J_ )= 2N[e —b(2N(J,J_))1/a,  (3.15)

(T )
1 N (T T
=N Re[f —b*(2N(J,J_ ) )]/Rela) ,
(3.16)
- 1 -
(I, )= N Re[g —2c¢(2N(J,J_))]1/d .
(3.17)

For absorptive bistability (5=¢=0) we have
checked Egs. (3.13), (3.15), and (3.16) against
Lugiato’s results [Egs. (5.12a), (5.12b), and (5.12¢)
in Ref. 7] and find perfect agreement. For '=1—
purely radiative atomic damping—our results also
agree with those of Agarwal et al.® This agreement
provides explicit verification of our use of the posi-
tive P representation to justify Eq. (3.8) with its im-
plied neglect of a nonpositive-definite diffusion.

Amongst the various steady-state correlations the
result of most physical interest is that for
(J,J_)« This gives the incoherent transmitted
intensity. With the full transmitted intensity divid-
ed into coherent and incoherent contributions we
have

IP=Tgn+The ,
TS, /€X1—R)=X?, (3.18)

1
Tf;",c/?ff(l—R)'—-Yv—I:

_4c?
(1+¢2)

We have plotted the ratio NI'T5. /T, in Fig. 1
for C =20, §=1, ¢ =—2, and various values of T.
These parameters give bistability, and the behavior
for other parameters satisfying the bistability condi-
tions

4(C +8p—1P>27C(1+82)(1+4%),
2C>6¢4—1,

QNI T_)) .

(3.19)

are similar. The divergences in Fig. 1 occur at the
turning points, dY /dX =0, of the S-shaped bistabil-
ity curve (see Ref. 20) plotted from Eq. (2.27). Here
the linearization introduced in Sec. II breaks down;
the steady state is no longer locally stable. As I' de-
creases, corresponding to an increase in phase des-
troying atomic collisions, the divergences are nar-
rowed. Note that as I'—0, along the lower branch
[Fig. l(a)], NT'T5. /Ty develops a local minimum,

FIG. 1. The ratio of incoherent and coherent transmit-
ted intensities for C =20, 6 =1.0, and ¢ = —2.0. Turn-
ing points in the bistability curve are at X=1.71,
Y=23.3 and X=4.30, Y=21.2. (a) Lower branch with
(i) '=1.00, (ii) [ =0.80, (iii) I'=0.50, and (iv) I'=0.10.
(b) Upper branch with (i) I'=1.00, (ii) ['=0.10, and (iii)
I'=0.01. The dashed curves are for the limit -0 [Eq.
(3.20)].

and in the limit
NIUTS. /TS, =4C/[ (1+¢2)X?
+(1483)(14+42+2C)] .
(3.20)

This is a monotonically decreasing function of X;
the divergences now have zero width.

IV. TRANSMITTED SPECTRUM

The argument used to justify Eq. (3.8) applies in
a similar fashion to a calculation of th(_ez spectrum of
fluctuations. In the six-dimensional (j, j,) space
we define

G*¥(t) G¥(r)
G*(t) G¥(7)

= =T
G*(1)=av( j (1) ], ) » 4.1)

Gir)=

)
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and the corresponding spectrum from Eq. (4.3) it can be shown that
C@)= f dre =G (r) 4.2) C(a‘»)=—1—f1d”““’fc(f)
is given by*! =-2——1V(A —ial;) " 'D(AT+izl;) ™!,
6(5)—2—]\7@4 —ialg) DA +ialg) ™", 4.5)
4.3) where I; is the 3X 3 identity matrix. This is again

) ] ) ) _ precisely the equatlon we would obtain from Eq.
where I is the 6 X6 identity matrix. We use @ to (2.19) if, with j;=J5*, j; =/, we naively overlook

indicate a dimensionless frequency complementary the fact that D represents a nonpositive-definite dif-
to the dimensionless time 7. Then, in like manner fusion.??

to the relationship between Egs. (3.6) and (3.8), with Corresponding to the separation of coherent and

= =T incoherent intensities in Eq. (3.18), the spectrum of
G(r)=av(j(1)] )= [G™(1)=G"(r)] the transmitted light is written
+i[G®(T)+G(1)], T (@)=T5p8(&)+ T F (&), 4.6)
(4.4) where’
|
F@) =T, T_)g" lﬂ ~ dre_"‘"(J (T _ )
T 7 -1 1 —i@T,
=(J, J_ Yal— - f dr e ~av(j5 (1)1 )ss
=(J,J_)5'C@)y, (4.7)
and from Eq. (4.5) we find
C(@)y=—— | Ali&) | ~*Re 2bc*e*[(a +id)(d +id)—be]
27N
+f[|(a+i@)d +i@)—bc |*+ | bc |*]+g | bla +id)|?} (4.8)
with
Ai&)=(a —id)a* —id)d —i&)—bc(a* —id)—b*c*(a —i@) . (4.9)

Here the spectrum is normalized with respect to the dimensionless frequency @,
ffjay*(a):l , f_: da Ty(&)=TS, + TS, .

As a function of the dimensioned optical frequency w, the normalized spectrum is given by y [ ' T (@) with
o=(o —-a)o)/‘}’l.

In principle, the incoherent spectrum (&) can be decomposed into the sum of three Lorentzian com-
ponents with

1 3 aylo—Im(A,)]+B,

C(@)y= ’
CHT 2N & (6 - Im() P+ [Re(h,) ]

(4.10)

where the A, are roots of the cubic equation A(A)=0, and a, and B, are real coefficients. For absorptive bis-
tability (6 = ¢ 0) we have obtained .7 (&) in this form and compared our results with the work of Lugiato,’

and, for =1, with the work of Agarwal et al.® Our results agree, a further explicit confirmation of our
methods. With nonzero atomic and cavity detunings this decomposition is generally not practicable. Howev-
er, it can be made for the weak-field limit X% << 1+8%
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2C . 2C
M=A=a= |14 +i|6—9¢ ,
e 1+¢° 1+¢* 4.11)
A;=d=2T,
and
1 x? _2
a=—a=—> 1 r'X?|a | ~*Re(a)/Im(a) ,
X 12 -2
146 (4.12)
1 Xx? 2 -2
=— 'X*|a Re(a) ,
h=5 1482 la |
a3=B3=0’
with
(T T e= [ do C@)y
L X (1_I)+TX%|a | ~*Re(@)]/Rela) . 4.13)
2N 1482

Note the two types of terms appearing in Eqs. (4.12)
and (4.13), terms in (1-TI)X%/(1+8% and
rX*/(1+6%. Both must be retained. For
(1—T)~1>>X? the former is of dominant order,
while for (1—T') <<X?<<1 the latter is of dom-
inant order [see feature 2(c) below]. We have
dropped terms in (1—T)X*/(1462%) which are al-
ways of second order.

For absorptive bistability there has been much in-
terest in collective features in the transmitted spec-
trum,®” %15 features such as (Fig. 2).

(1) Linewidth narrowing at the instabilities—
turning points dY /dX =0 in bistability curves Y vs
X.

(2) A spectral component with a broad coopera-
tive linewidth along the lower branch.

(3) Premature merging of the Stark sidebands'®
along the upper branch, with the sidebands becom-
ing higher than the central peak.

For various sets of parameters satisfying the bi-
stability conditions [Egs. (3.19)] # (&) is plotted
throughout the bistable region in Figs. 2—7. Here,
corresponding collective features are illustrated for
dispersive bistability.

(1) It may be shown that

|a |%d —2Re(bca*)

QU

Y r (14824 X146~ . (414)

R4
X

.

lThen the linewidth of one spectral component van-
ishes at each turning point, since, with dY /dX =0,
the cubic equation A(A)=0 [Eq. (4.9)] has a root
A=0. We find linewidth narrowing occurs as in ab-
sorptive bistability; Figs. 2—5 illustrate this on both
the upper and lower branches. Only the beginning
of the process is shown. In each example a close
enough approach to the instability concentrates the
entire spectral density in a single central peak with
narrowing linewidth.

(2) A broad spectral component is present along
the lower branch in dispersive bistability (Figs.
2—5). However various new features distinguish
this case.

(a) The cooperative linewidth is modified by the
cavity detuning in the manner indicated by Egs.
(4.11). The factor (1+¢?2)~! expresses the effect of
cavity detuning on the enhancement of the collec-
tive radiation reaction field by the cavity. It ori-
ginates in the terms (1+i¢)~'(g/k )j1,2 in Egs.
(2.15), which contribute to the decay of fluctuations
in the collective polarization via nonlinear terms in
Eqgs. (2.16).

(b) The broad component along the lower branch
is generally a doublet associated with complex-con-
jugate roots to the cubic equation A(A)=0; A,, and
A, in Eqgs. (4.11). This is well illustrated in Figs.
3(a) and 5(a), while in Fig. 4(a) the doublet is not
resolved, as the splitting is less than the broadened
linewidth. For ¢ =0 in Egs. (4.11) the splitting by
+8 corresponds to that in ordinary resonance
fluorescence with a detuned driving field.” The
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021

018
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012

009 F

0.06
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(b)

FIG. 2. The incoherent part of the transmitted spectrum for C=20, § =0.0, ¢ =0.0, and '=1.00. Turning points in
the bistability curve are at X =1.05, Y=21.0 and X=6.07, Y=12.5. (a) Lower branch, (b) upper branch.

contribution proportional to ¢ is due to the detun-
ing between the collective polarization and the cavi-
ty, and the corresponding phase shift in the collec-
tive radiation reaction field [Eqgs. (2.15) and (2.16)].
Note that in Figs. 3, 4, and 5 the broad spectral

021
(a)
0.18

0.15

01 F

0.09

component remains as a doublet along the entire
lower branch. At each turning point the cubic
A(A)=0 has one root A;=0, as note above, and two
further roots

0.24
0.20
0.16

012

0.08

FIG. 3. The incoherent part of the transmitted spectrum ror C=20, § =1.0, ¢=3.0,and I'=1.00. Turning points in
the bistability curve are at X=1.34, Y=18.5 and X =3.82, Y=13.2. (a) Lower branch, (b) upper branch.
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FIG. 4. The incoherent part of the transmitted spectrum for C=20 and 8§ =¢ =1.0. Turning points in the bistability
curve are at X=1.43, Y=20.1 and X=5.99, Y=12.3. (a) Lower branch, I'=1.00; (b) lower branch, I'=0.99; (c) lower
branch, I'=0.10; (d) upper branch I"=1.00; (e) upper branch, I'=0. 10, where for clarity we use  =¢ = —1.0.
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FIG. 5. The incoherent part of the transmitted spectrum for C =20, § =1.0, an
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d ¢ = —2.0. Turning points in the bi-

stability curve are at X=1.71, Y=23.3 and X=4.30, Y=21.2. (a) Lower branch, I'=1.00; (b) lower branch, I’ =0.99;

(c) lower branch, I'=0.10; (d) upper branch, I'=1.00; (e) upper branch, I'=0.10, where for clarity we use § = — 1.0,

¢ =2.0.
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At the turning point along the lower branch in Figs.
3(a), 4(a), and 5(a) we find A,,=4.113i4.70,
11.903i7.98, and 5.25+i 8.89, respectively.

(c) The broad doublet shows a sensitive depen-
dence on dephasing atomic collisions. For purely
radiative atomic decay (I'=1), Figs. 3(a), 4(a), and
5(a) are symmetric about @ =0. With a 1% change
in I' a dramatic asymmetry is introduced in Figs.
4(b) and 5(b). At weak fields this asymmetry is lit-
tle changed in Figs. 4(c) and 5(c) where I" has been
reduced by 90%. This behavior can be understood
from Eqgs. (4.12); B, differs from B, by a term
(1—T)X%/(1482). This term vanishes identically
when I'=1, but it dominates the spectrum when
(1—F)>>%I‘X2|a | ~2Re(a). In Figs. 4 and 5,
|a| ~*Re(a)=0.026 and 0.024, respectively. It is
clear from Fig. 5(b) that the asymmetry is reduced
as X? increases, while for the larger value of (1—T")
in Fig. 5(c) X? is never large enough to significantly
reduce the asymmetry. Note that this effect must
also appear in the spectrum for ordinary resonance
fluorescence—obtained by setting C =0 in the
above results. There |a | ?Re(a)=(1+8%)"" and
the  asymmetry should be seen  for
X2 <<2(14+8%)(1-T)/T.

(3) As in absorptive bistability, far above the in-
stability on the upper branch the incoherent spec-
trum tends to the Stark triplet of ordinary reso-
nance fluorescence!® [Figs. 6(a) and 7(a)]. As the
instability is approached the sidebands migrate to-
wards the central peak, again following a different
course to that in resonance fluorescence.”> Various
behaviors are possible for the same atomic detuning,
as evidenced by Figs. 3(b), 4(d), and 5(d). Two
features characterize the differences between these
examples.

(a) In absorptive bistability the Stark sidebands
merge with the central peak before the instability is
reached. In dispersive bistability this may or may
not be the case. Equation (4.15) gives the
linewidths and splitting in the linewidth narrowing
region for the spectral components other than the

172

B _(»1+zs2 2C
1+¢% 1487 +X?

2
] . (4.15)

1o_ 2%
1

«5 0.16

(a)

FIG. 6. The incoherent part of the transmitted spec-
trum along the upper branch showing Rabi sidebands
growing relative to the central peak as the instability is
approached, C=20 and (a) §=1.0, ¢ =1.0, I'=1.00; (b)
6=—1.0,¢=—1.0,I'=0.10.
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FIG. 7. The incoherent part of the transmitted spec-
trum along the upper branch showing Rabi sidebands
shrinking relative to the central peak as the instability is
approached, C=20 and (a) §=1.0, ¢ =—2.0, ['=1.00;
(b) 6=—1.0,4=2.0, =0.10.

dominant peak. Corresponding to Fig. 4(d),
A1=4.06, A,=3.06—the sidebands have merged
with the central peak. Corresponding to Figs. 3(b)
and 5(d), A;,=2.48+i1.78 and A, ,=2.78+i7.78,

(b) In absorptive bistability the sidebands become
larger than the central peak immediately before
linewidth narrowing sets in [Fig. 2(b)]. Agarwal
and Tewari!! noted that this did not occur when
they included dispersion (640,¢ =0). Figures 3(b),
4(d), and 5(d) indicate that, in fact, two different
behaviors are possible in dispersive bistability. As
the instability is approached along the upper
branch, before the region of linewidth narrowing,
either the sidebands grow at the expense of the cen-
tral peak or the central peak grows at the expense of
the sidebands. This distinction is clearly illustrated
in Figs. 6(a) and 7(a). The change in relative peak
heights is accomplished to varying degrees before
linewidth narrowing sets in. In Fig. 3(b) the side-
bands have grown, but not quite to the height of the
central peak. In Figs. 2(b) and 4(d) they become
higher that the central peak.

Note that along the upper branch the incoherent
spectrum is not sensitive to small changes in I" as it
is along the lower branch. However, larger changes
introduce an asymmetry, as illustrated in Figs. 4(e),
5(e), 6(b), and 7(b).

V. FLUORESCENT SPECTRUM

For absorptive bistability it has recently been
shown that the spectrum of the fluorescent light—
emitted perpendicular to the direction of
propagation—does not exhibit collective features
similar to the transmitted spectrum.'*'> To first
order the fluorescent spectrum is just the spectrum
of ordinary resonance fluorescence for atoms driven
by the mean cavity field. This result may be gen-
eralized to dispersive bistability: With the use of
the arguments of Ref. 14, and beginning with Egs.
(2.16) (setting I"jl=l‘j2=Fj3=0) to replace Egs.
(11) and (12) in Ref. 14, only the matrices A and B
and steady-state correlations y,’[v (Ref. 14) are now
altered. Again, collective effects will enter only as
corrections of order 1/N to the spectrum of normal
resonance fluorescence, now in a detuned driving
field. Including atomic and cavity detunings, the
fluorescent spectrum detected at a position T,
summed over atoms at positions T; in an observa-
tion volume v—|7—T;| =R;, T—T;=R;R;— is
given by

respectively —the sidebands have not merged with F (@)=F3;8(@)+F5. 7' (@), (5.1
the central peak.
| where
1 kb ’
= —(EXR)XR; | $T(1+82)X>/(1+8+X?)?, (5.2)
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2 2
1 ko oo o= 148
Fire= —(EXR;)XR; —I———— |X*/(14+ 8+ X? 5.3)
inc _,Eg 4re, Rj Hu J J 1+82+X2 (14+6°+X%), (
and
?’(5):51-—f’“’|A’(ia'))|_22Re(A’(ia')){ (b *e'—b'f')+(a'+id)[(d' +i@)f b *¢']}) , (5.4)
o
A'id)=(a'—id)a' *—id)d'—i®)—b'c'(a’ *—id)—b" *' *(a'—id) , (5.9
with VI. PHOTON ANTIBUNCHING
a’'=1+i8, One of the most interesting results coming from
b’ =iV 2T Xe' , the study of ordinary resonance fluorescence has
: ¢ . (5.6) been the prediction®* and observation®® of photon
=iV I‘/2Xe_'¢", antibunching in the fluorescence from a single
J'=ar atom. Casagrande and Lugiato have looked for

photon antibunching in absorptive bistability.” Us-
and ing the quantum-statistical theory developed by
Gronchi and Lugiato,”!? for purely radiative atom-

o' = %r 1“’:8 ic decay (I"'=1) they find antibunching along the
1+i8 lower branch in both the “good cavity” and “bad
cavity” limits. For the “bad cavity” limit we may
ezmx X148 /(14824 X272, ?;w extend this investigation to dispersive bistabili-
, The normalized second-order correlation function

f’=% Il _FTI;'__?__)_(_Z X2 /(14+8+X2), 5.7) for the transmitted light is given by

g (0)=(a"a?)/(a"a )i,
g'=—itVT/2(1—i8)e™ X3 /(1462 + X2)2 . =av(alad)y/aviasa;) 6.1)
Note that the only dependence on the cavity detun- and after adiabatic elimination of the field variables
ing ¢ is in the determination of the mean cavity [Egs. (2.15)], and linearization about the steady
field intensity X? via Eq. (2.27). state [Eq. (2.18)]

22(0)—1=(1/NT)8CX1+¢2)~" | 2N(F, T_ )/ X2— Re | ~=28 o "5 )N (T Ty /X?

1T (6.2)

In the derlvatlon of Eq. (6 2) odd moments—e.g., av(j,j 3)—vanish since the j# are Gaussian distributed, and
the term av(j %/ 1) =(J 3 +J )< has been dropped as it is of order 1/N*. 2
Usmg Eq. (6.2) and the results for (J,J_) and (J_J_) calculated in Sec. IIl, we may evaluate
{2)(0)—1 for arbitrary atomic and cavity detunings. For absorptive bistability (8 =¢ =0) we recover the re-
sult published by Casagrande and Lugiato.” A typical example of results showing photon antibunching—
g¥'(0)—1 <0—for nonzero atomic and cavity detunings is given in Fig. 8. As Casagrande and Lugiato ob-
served, photon antibunching occurs along the lower branch for I'=1, and is reduced and eventually eliminated
as I decreases. In the limit I’ —0,

NT[g2(0)—1]=8C*/[(14+¢D)X>+(1+8})(1+4*+20)], (6.3)

which is just twice the expression for NT'T5,. /Tey, in this limit [Eq. (3.20)]. We have not plotted g2(0)—1

along the upper branch, as there photon antibunching does not occur and the behavior is similar to that in Fig.
1(b).
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Antibunching appears to be strongest at X 2—0 and it is useful to view the general result for g'2/(0)—1 in
the weak-field limit X? << 1482,

2C
14+¢2

(1—82)(1—¢?)—48¢ +2C(1—-8¢)

g2(0)—1=(1/NT)8CX(1+8%)"(1+4¢%)~! [(1_r) 1+ —T(1+¢2)!

(6.4)
[142C/ (14612 +[8 —42C/(1+¢H)]?
For 6 = — ¢ (including absorptive bistability, § =¢ =0) this reduces to
2w |7
g(0)—1=(1/NT)8CX1-2T) |1+ E ] (6.5)

and photon antibunching occurs for 0.5 <" < 1. More generally, the appearance, or not, of photon antibunch-
ing is determined by competition between the terms in Eq. (6.4) with coefficients (1—T") and I'. The former is
always positive, and hence, for any C, 8, and ¢ the largest effect occurs for I'=1, as observed in Fig. 8. How-
ever, photon antibunching may not occur, even for I'=1, depending on the sign of the term with coefficient
I'. For each C and T, setting g'2’(0)—1=0 gives a quadratic in 8 whose roots szr (¢) define a boundary in
(8,9 ) space separating regions of photon antibunching and no photon antibunching—for I'=1,

87T (9)=(1—¢) " {—(C+2)p +[(1+D)(14+624+2C)+4>C*]"/?} . (6.6)
—

Figure 9(a) illustrates this subdivision of (8,4) 4(C +2)/(C+4)><0.5 and photon antibunching
space for =1 and C =20. As I' decreases the area therefore persists in dispersive bistability after it has
in (8,4) space for photon antibunching eventually been eliminated in absorptive bistability. This is il-
shrinks to zero. For each C, antibunching occurs lustrated by the subdivision of (8,¢) space in Fig.
for some (8,¢) if 9(b).

I'>4(C+2)/(C+4)?. 6.7
If T<4(C+2)/(C+4)* no photon antibunching VII. SUMMARY AND CONCLUSIONS

occurs, for any (8,4). Note, for C>0,

We have used the quantum-statistical theory of
optical bistability developed in OBII (Ref. 1) to cal-
culate steady-state correlations, and the spectrum
and second-order correlation function for the
transmitted light in both absorptive and dispersive
bistability in a low-Q cavity.

These calculations are based on a Fokker-Planck
equation derived in the positive P representation.’
This representation gives explicitly positive-
semidefinite diffusion; an important property, since
for optical bistability, the Fokker-Planck equation
derived following Haken’s laser theory* has
nonpositive-definite diffusion.'>!* The outcome of

FIG. 8. Photon antibunching along the lower branch our formalism is, however, that expressions for
for C=20, §=1.0, $=—2.0, and () I'=1.00, (ii) steady-state correlations and spectra which naively
I'=0.80, (iii) I'=0.50, and (iv) I'=0.10. The dashed overlook this nonpositive-definite diffusion are, in
curve is for the limit ' —0 [Eq. (6.3)]. fact, correct. Using these expressions, for absorp-

Nr(gf:(m -1)

-22
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FIG. 9. The subdivision of (8,¢) space into regions of
photon antibunching and no photon antibunching in the
weak-field limit for C=20. The solid curves mark boun-
daries where g2(0)—1=0. Regions labeled a have
g‘s?(O)—-l <0 and regions labeled b have g20)—1>0:
(a) I'=1.00, (b) "'=0.5.

tive bistability our results agree with those of
Agarwal et al.b Lugiato,7 and Casagrande and Lu-
giato,” who use quite different methods.

For dispersive bistability the transmitted spec-
trum exhibits collective features similar to those in
absorptive bistability; however, there are a number
of differences in detail. The broad collective com-
ponent along the lower branch is generally a doub-
let, with its collective linewidth modified by the
cavity detuning. This doublet is very sensitive to
phase destroying atomic collisions. For weak in-
cident intensities, small departures from purely ra-
diative decay introduce a dramatic asymmetry.
Along the upper branch, for the same atomic detun-
ing and different cavity detunings, the Rabi side-
bands may either grow or shrink with respect to the
central peak as the bistability region is entered from
above—they may or may not merge with the central
peak before the upper instability is reached.

Photon antibunching occurs along the lower
branch in dispersive bistability for a wide range of
atomic and cavity detunings. The largest effect is
for purely radiative damping, and with the in-
clusion of collisions there exists a value of the col-
lisional decay rate beyond which antibunching does
not occur. Generally photon antibunching remains
in dispersive bistability—for some atomic and cavi-
ty detunings—when the effect in absorptive bistabil-
ity has already been destroyed.
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