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Radiationless transitions to atomic Mt 2 3 shells:
Results of relativistic theory
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Radiationless transitions filling vacancies in atomic Ml, Mq, and M3 subshells have been
calculated relativistically with Dirac-Hartree-Slater wave functions for ten elements with
atomic numbers 67&Z &95. Results are compared with those of nonrelativistic calcula-
tions and experiment. Relativistic effects are found to be significant. Limitations of an
independent-particle model for the calculation of Coster-Kronig rates are noted.

I. INTRODUCTION

It is well known that radiationless transitions to
hole states in the K and I shells of medium Z and
heavy atoms and to M4 5 shells of heavy atoms are
considerably affected by relativity. ' " No relativis-
tic computations of Mi z 3 radiationless transitions
have been performed to date, although extensive
nonrelativistic calculations of M-shell Auger and
Coster-Kronig transitions were carried out by
McGuire with approximate Hartree-Slater (AHS)
wave functions and transition energies estimated by
a semiempirical rule. In the present paper, we re-
port on relativistic calculations of M&-, Mz-, and
M3-subshell radiationless transition rates for ten ele-
ments with 67&Z &95„based on Dirac-Hartree-
Slater (DHS) wave functions and Coster-Kronig en-

ergies from relativistic calculations that include re-
laxation and quantum-electrodynamic (QED) correc-
tions. The purpose of this study is twofold: (i) to
establish the effect of relativity on M& z 3-shell radi-
ationless transitions and (ii) to determine the reliabil-

ity of the independent-particie model in calculations
of M-shell Coster-Kronig transitions for medium
heavy and heavy elements. This is of particular in-
terest because the independent-particle theory has
been found to lead to an overestimation of M-shell
super —Coster-Kronig transition rates for light and
medium-Z atoms.

II. THEORY

The Auger transitions are treated as a two-step
process. The Auger decay probabilities are calculat-
ed from perturbation theory under the frozen-core
approximation. The rates are calculated in j-j cou-
pling. Even though pure j-j coupling is not quite

suitable for transitions that involve outer shells, we
are interested in total transition rates which are in-
dependent of the coupling scheme if one neglects the
effect of the final-state two-hole splitting.

The total rate for a transition n'i~& ~n&K&nzaz is
then

T=~(2j ( +1)

&& X X I
&IIIzJ'M'I ~i2 lI I2~Iid & I

'

1 if & &&i =~z&z

1 otherwise.

The primed quantum numbers j'& and jz pertain
to the wave functions of the initial hole and of the
hole in the continuum, respectively. The unprimed
quantum numbers j~ and jz characterize the final
two-hole state. The continuum wave function is
normalized to represent one ejected electron per unit
time. Atomic units are used throughout.

Equation (1) does not take into account the cou-
pling with open outer shells. This introduces no
serious error in the total Auger rate if the coupling
does not significantly affect the Auger-electron ener-

gy.
' In all cases treated in the present work, this

condition is fulfilled and coupling with open outer
shells can be neglected.

From quantum electrodynamics, the electron-
electron interaction operator is gauge dependent. In
our present relativistic Auger calculations, the two-
electron operator is chosen to be the M@11er opera-
tor, which is based on the Lorentz gauge:
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TABLE I. Theoretical M, -shell Coster-Kronig yields f;, , fluorescence yields co&, aud level

widths I (Mi) (eV).'

67
70
74
78
80
85
88
90
92
95

0.292
0.185
0.142
0.135
0.130
0.110
0.101
0.078
0.080
0.084

0.609
0.621
0.635
0.589
0.589
0.597
0.615
0.610
0.605
0.615

0.082
0.080
0.086
0.087
0.088
0.091
0.096
0.096
0.097
0.100

fis

0.114
0.113
0.121
0.121
0.122
0.124
0.129
0.129
0.129
0.131

9.90(—4)
1.18(—3)
1.63(—3)
2.14(—3)
2.47( —3)
3.46( —3)
4.43(—3)
4.97(—3)
5.73(—3)
6.94( —3)

r(M, )

15.66
16.79
16.82
17.79
18.24
19.05
18.97
19.32
19.53
19.73

'Numbers in parentheses signify powers of ten, e.g. , 9.90(—4) =9.90&(10

V12
——(1—ai a2)e "/r12 . (3)

Here, the a; are Dirac matrices, and co is the energy
of the virtual photon.

In the Coulomb gauge, the two-electron operator
11

~12 1/r12 (a1 a2)e /r12

+(a1 V1)(a2.V2)(e "—1)/(co r12) . (4)

The two-electron matrix elements of Eqs. (3) and (4)
are identical whenever the unperturbed electron or-
bitals satisfy Dirac equations in a local potential. '

This is the case in the Dirac-Hartree-Slater model
used in the present calculations. The matrix ele-
rnents of Eqs. (3) and (4) are not necessarily identical
when evaluated with Dirac-Fock orbitals. It is,
however, known that the on-shell matrix elements of
Eqs. (3) and (4) give the same results. ' In first-
order perturbation theory, the relativistic Auger rate

computed with Dirac-Fock wave functions has been
found to be practically gauge invariant. ' Detailed
derivations of the relativistic Auger matrix elements
can be found in Ref. 1.

III. NUMERICAL CALCULATIONS

Dirac-Hartree-Slater wave functions correspond-
ing to the initial hole states were used to calculate
the Auger radial integrals. The Coster-Kronig tran-
sition energies were obtained from relativistic
relaxed-orbital calculations that included QED
corrections. ' For Coster-Kronig processes, which
are characterized by low transition energies and very
energy-sensitive matrix elements, QED corrections
are quite important and cannot be neglected; QED
effects amount typically to —10 eV for M1-MX
transitions near Z =92. The (higher) Auger energies
are less critical and were derived by applying the
"Z+ 1 rule" to theoretical relativistic neutral-atom

TABLE II. Theoretical M, - and M3-shell Coster-Kronig yields fJ, fluorescence yields co;,

and level widths I (M; ) (eV).'

z f»
67 0.099
70 0.110
74 0.105
78 0.107
80 0.105
85 0.106
88 0.102
90 0.102
92 0.102
95 0.106

0.691
0.733
0.707
0.687
0.688
0.674
0.666
0.663
0.659
0.652

f2s

0.136
0.128
0.115
0.108
0.107
0.112
0.111
0.114
0.113
0.112

1.72( —3)
2.01(—3)
2.52( —3)
3.18(—3)
3.68( —3)
5.34(—3)
6.38(—3)
7.31(—3)
8.38(—3)
9.82( —3)

1(M2) f34

9.50 0.144
10.28 0.149
11.9 0.086
13.19 0.101
13.63 0.100
13.67 0.069
14.26 0.072
14.51 0.078
14.68 0.075
15.28 0.067

f3s

0.755
0.736
0.784
0.734
0.731
0.742
0.717
0.686
0.683
0.679

1.68(—3)
2.15(—3)
2.94(—3)
4.60(—3)
5.27( —3)
7.39(—3)
9.56(—3)
1.16(—2)
1.30(—2)
1.54(—2)

r(M, )

9.84
9.97

10.56
9.78

10.22
10.96
10.77
10.09
10.37
11.02

'Numbers in parentheses signify powers of ten, e.g. , 1.72( —3)= 1.72)(10 '.
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binding energies. ' The M;-subshell Auoresccnce
yields werc calculated by combining ouI" I'clatlvlstlc
DHS radiationless transition rates with Bhalla s re-
lativistic DHS x-ray rates. '

I I I I I

MI-M'EN)

The calculated Ml™and M23-subshell Coster-
Kronig yields, fluorescence yields, and total widths
are listed in Tables I and II. Super —Coster-Kronig
processes are energetically forbidden for atoms stud-
ied in the present work; hence the Coster-Kronig
yields fJ are equivalent to the quantities S~ de-

fined as the average number of Mj holes that arise
in the first step of an M;- hole decay.

The effects of relativity on radiationless transi-
tions can arise from several factors: (i) changes in
transition energies; (ii) relativistic orbital effects
caused by the inclusion of the mass-velocity correc-
tion, the Darwin term, and spin-orbit interaction in
the Dirac equations; and (iii) the inclusion of the
magnetic interaction and retardation correction in
the two-electron operator to account for the
electron-photon coupling. The net effect depends on
the relative strengths and phases of these factors.
Energy effects are obviously very important for
Coster-Kronig transitions. %ithout relativity, some
of the M-shell Coster-Kronig transitions should be
energetically impossible. In fact, all M2-M3X
Coster-KI'onlg transitions, foI' example, RI'c cncrgctl-
cally impossible in the nonrelativistic limit; only
spin-orbit splitting makes theIQ possible.

In order to study the relativistic orbital effect and
the effects of the magnetic interaction and retarda-
tion correction, the radiationless transition rates
from the present DHS calculations are compared in
Figs. 1—3 with nonrdativistic Hartree-Slater results
based on the same relativistic transition energies ami
with McGuire's values ' from an approximate
Hartree-Slater (AHS) model. The relativistic effects
are seen to reduce some of the transition rates (e.g.,
M2-%4%67, M&-M3N„) and to increase some others
(e.g., Mq-MqN2, M~-M4N~) by amounts ranging
from 10% to 50%. The relativisitic orbital effect is
the dominant factor. For M&-%67%67 transitions,
the relativistic contraction of the 3s and 3@1~2 orbi-
tal wave functions, coupled with the expansion of
the 4f orbital due to the indirect relativistic effect,
drastically reduces the transition rates. The dispari-
ty in the effect of the Breit interaction on the vari-
ous different transitions arises from variations ln
relative strengths Rnd phases between Coulomb and
Brclt matrix elements. Thcsc amplitudes can add
constructively or destructively, producing quite
uneven effects on different transitions.

DHS-C8

.-...--- AHS

I I I I I I I

70 80 90
I I I I I I

70 80 90
z

FIG. 1. M1-M3N4 and M1-M4%1 Coster-Kronig tran-
sition rates, as functions of atomic number, calculated
from relativistic DHS wave functions with the Coulomb
interaction only (DHS-C), from DHS wave functions with
both the Coulomb and Breit interactions (DHS-CB), from
nonrelativistic HS wave functions (HS), and from nonrela-
tivistic approximate HS wave functions (AHS, Refs. 5

and 10).

Some of McGuire's individual transition rates are
quite different from the present nonrelativistic
Hartree-Slater results (e.g., by a factor of 2 for M~-
%67%6 7 and by -40% for M~-M3N&, for Z & 80).
These discrepancies are partly due to errors in the

I I I T I I I I I I
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DkS-CB

04
M~-M4g4

it

«o «)+ ~
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I I I I I

70 80 90
I I

70 80 90

FIG. 2. M2-M4$6 7, M2-M4%g, and M2-M4N4
Costei'-Kionig transition probabilities, as funct1ons of
atomic number, calculated from the atomic models identi-
fiied 1n the caption of Fig. 1.
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tween theory and experiment is obtained. In Figs. 6
and 7, the theoretical LPq (L~-M3), LP4 (Lt-M2),
Lg (L2-M~), and Ll (L3-M~) x-ray linewidths are
compared with experiment. A11 theories
overestimate the linewidths. Our present DHS re-
sults show some improvement over the nonrelativis-
tic AHS results. ' For Lp3 and Lp4 x-ray widths,
the present DHS results exceed experimental values

by —10—20%, mostly due to the error in L~-level
widths. For Lq and L/ x-ray lines, the present
theory overestimates the widths by -30—50%,
mainly due to the error in MI Coster-Kronig transi-
tion rates.

! I I I I I I

70 BO 90
I i I I I I I

70 80 90
z

FIG. 7. Lg and Ll x-ray linewidths, as functions of
atomic number. Relativistic calculations from DHS wave

functions (solid curves) are compared with nonrelativistic
calculations from approximate Hartree-Slater wave func-

tions (AHS, Refs. 5 and 10; dashed curves) and with ex-

perimental data: dots, from Ref. 20; triangles, from Ref.
22.

V. CONCLUSIONS

The M&-, M2-, and M3-shell radiationless transi-
tions have been calculated relativistically with DHS
wave functions, for ten elements with atomic nurn-
bers 67&Z &95. The effect of relativity on indivi-
dual transition rates is found to be significant
(40—50%); it is dominated by the change of wave
functions. The present relativistic independent-
particle model overestimates M&3 Coster-Kronig
rates by -10—15% and M

&
Coster-Kronig rates by

-30—50% for medium heavy and heavy atoms,
To remove this discrepancy, a relativistic many-
body calculation is required for heavy atoms.

as a factor of 2 for heavy atoms. This variation is
mostly due to the discrepancy in radiative rates be-
tween nonrelativistic AHS results and those from
DHS calculations. '

The EP~ (E-M3) and KP3 (K-Mz) x-ray linewidths
from our DHS calculations are compared with ex-
perimental results' in Fig. 5. Good agreement be-
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