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Elastic photon scattering at small momentum transfer and validity of form-factor theories
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Various form-factor theories used to predict Rayleigh-scattering cross sections of
gamma-ray photons are examined. For energies above the K threshold comparisons are
made with more accurate numerical calculations, for a high-Z element (Pb), primarily at
small momentum transfers [up to x—:}{, 'sin{8/2) =10 A ', where iL is the photon wave-

length] but also for larger momentum transfers. Nonrelativistic form-factor predictions
generally are in good agreement with the numerically obtained theoretical values, in contrast
to poorer predictions obtained with relativistic form factors. However, we also observe that
a modified relativistic form-factor theory predicts the theoretical Rayleigh-scattering ampli-
tudes still more accurately, to higher momentum transfers. Comparison with available ex-

0
periments for Pb at energies from 145 to 1408 keV and momentum transfers x & 10 A ' in-
dicates no systematic pattern of discrepancy between theory and the significant scatter
among different experimental results.

The elastic scattering of gamma rays by atoms oc-
curs mainly through the coherent contributions of
the following component processes: Rayleigh
scattering, nuclear Thomson scattering, Delbruck
scattering, and nuclear resonance scattering. How-
ever, at small momentum transfers, only Rayleigh
scattering —the scattering from bound electron
makes a significant contribution. The form-factor
(FF) approximation, often used to predict Rayleigh-
scattering amplitudes, is believed to be accurate for
small momentum transfers when the photon energy
is large compared to binding energies of all the
atomic electrons. The recent availability' of more
accurate theoretical Rayleigh-scattering amplitudes
for arbitrary angles (inner shells obtained in numeri-
cal partial-wave calculations) makes it possible to
reexamine the validity of form-factor approxima-
tion.

The conclusions which various workers " have
reached regarding the validity of FF approximation
predictions at small momentum transfers from their
measurements of elastic scattering cross sections are
not consistent. Some workers, for example, Hauser
and Mussgnug, observed large departures from FF
values for high-Z elements. Later, another group
obtained good agreement with these values. Yet re-
cently another, presumably more accurate, set of ex-
perimental measurements at small momentum

transfers indicated departures from FF values for
high-Z elements (Z&73). Therefore it seems ap-
propriate, using our more-accurate numerical
Rayleigh-scattering amplitudes' and all the recent
more-accurate experimental data, ' to review the
validity of the various FF theories at small momen-
tum transfers. We present in this paper a compar-
ison of elastic-scattering cross sections obtained
from (a) our more-accurate numerical calculations, '

(b) nonrelativistic FF theory (NFF}, (c) relativistic
FF (RFF) theory, (d) modified relativistic form-
factor theory (MRFF), and (e) experiments (Refs.
6—10} focusing on the region of small moinentum
transfers x =0.1—10 A ' for photon energies in the
range 22—4807 keV. In order to better compare
with experiment, we have added the (small) nuclear
Thomson-scattering amplitudes to our more accu-
rate Rayleigh-scattering amplitudes. A similar com-
parison for large momentum transfers (where other
component processes may have to be considered) has
been reported elsewhere. "i We chose lead (Z =82}
as the scatterer in this comparison for two reasons:
(a) in the energy range being considered deviations
from FF predictions are observed only for high-Z
elements and (b) scattering from lead has been exten-
sively studied experimentally by several groups.

In FF approximation, the differential Rayleigh-
scattering cross section for elastic scattering of un-
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polarized photons through an angle 8, and averaged
over scattered-photon polarizations, may be written

2

do= —(1+cos 8}[f(q,Z)]~dQ,
2

where the factor —,(1+cos 8) results from the
choice of not observing photon polarization, and the
atomic form factor f, assuming a spherically sym-
metric electron charge distribution p(r), is given for
momentum transfer fiq by

f(q, Z)= f p(r}e'~'dr

~ f ( )
sin(qr)

(qr)

with

fiq =(2lco/c) sin(8/2) .

The conventional variable

x =A, 'sin(8/2)

in units of A ' is obtained by multiplying Aq in

mc by a factor 20.60774= —,X511.0034/12. 39852.
Here, also, 8 is the photon scattering angle, equal to
2P, where P is the Bragg angle in x-ray crystallogra-

phy, fm is the photon energy, ro is the classical elec-
tron radius -2.818X10 ' cm, and Z is the atomic
number. The form factor f so defined may be un-

derstood either to describe coherent scattering from
all the bound electrons, as characterized by a charge
distribution p, or the contribution to scattering due
to a given subshell characterized by its charge distri-
bution. The total-atom form factor, as a sum of
subshell contributions, is built from the charge dis-
tribution as a sum of subshell charge distributions.
While a nonrelativistic derivation of the FF approxi-
mation is often given, ' the basic approximation is a
high-energy approximation and (1) may also be de-
rived from a relativistic framework with nonrela-
tivistic assumptions. ' ' In this case, it has gen-
erally been assumed that p corresponds to a charge
density contributed from relativistic bound-state
wave functions, and this is what we shall mean by
the relativistic form-factor versions of (1). Tabulat-
ed values of nonrelativistic' and relativistic' form
factors for the elements of the entire Periodic Table
and for a wide range of momentum transfers are
available.

Within the relativistic framework an electron-
binding correction to the FF approximation was ori-
ginally suggested by Franz, ' and the resulting ap-
proximation later developed is known as the modi-
fied relativistic form-factor (MRFF) approxima-
tion. ' It is conventional to represent this modified

form factor for each subshell by g (q,Z), given by

g(q, Z)=4m Ip(r)
(qr)

r dr,1

1 —e —V(r) (2)

with e the electron binding energy in units of mc~ (e
is positive) and V(r) the atomic electrostatic poten-
tial energy in units of mc . The total-atom modified
form factor is a sum over the subshell contributions,
but owing to the factor e this does not simply corre-
spond to a sum over the decomposition of the
charge distribution p. In MRFF approximation the
unpolarized cross section is obtained by replacing

f(q, Z) of Eq. (1}by g(q, Z). We have computed the
modified relativistic form factor of lead for a wide
range in momentum transfer using a screened
Dirac-Hartree-Fock-Slater (DHFS) potential. The
ordinary relativistic form factors calculated from
this DHFS potential agree within 0.5% with the re-
lativistic form factors reported by Hubbell et al. '

One important feature to be noted in all these FF
theories is that the term —,(1+cos 8) resulting from

the decision not to observe polarization may be fac-
tored out of the scattering cross section, yielding a
reduced cross section

do'pp d0'y
trFF(q)=

dft
= If (q} I

'

which is a function only of the single variable q.
The dependence on photon energy and scattering an-
gle occurs only through the combination of q. The
Thomson-scattering formula is

dc' ro
2

dQ 2
=—(1+cos 8} .

If FF theories represent a high-energy approxima-
tion, one may expect to see deviations from the usu-
al q-dependent curve in the case of photon energies
near and below electron-binding energies.

We have calculated the Rayleigh-scattering cross
sections for lead using the formalism of Kissel,
Pratt, and Roy. ' In this approach we numerically
calculate the Rayleigh-scattering amplitude contri-
butions of inner-shell electrons (which dominate at
large momentum transfer fiq) using a partial-wave
expansion of the second-order S matrix of quantum
electrodynamics and we estimate the contribution of
outer-shell electrons using form-factor approxima-
tions. In this work K- and L-shell contributions for
photon energies 145, 279, 412, 889, and 1332 keV,
K- and L i-shell contributions for 2754 keV, and K-
shell contribution for 4807 keV were numerically
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FIG. 1. (a)—(d) Comparison of theoretical and experimental elastic-scattering cross sections for lead plotted as a ratio of
(do/dQ) ~,/(de/dQ )th ~ with momentum transfer x for different photon energies. 0, Chitwattanagorn et al. (Ref. 10);
(0), Ramanathan et al. (Ref. 7), (k), Kane et al. (Ref. 9); ~, de Barros et al. (Ref. 8); and f, Schumacher et al. (Ref. 6).
The points where error bars are not shown imply either the estimated error is less than or equal to the dimension of the
symbols.

calculated. Although for sufficiently low momen-
tum transfers outer-shell contributions become
predominant in comparison to inner-shell contribu-
tions, we have verified that the predicted outer-
shell contribution to total-atom amplitudes calculat-
ed exactly or using MRFF differs by less than 2%
at any of these energies for 0&x&10 A '. Put
another way, for fm b ett (ett is E-shell binding en-

ergy and Ez is positive) the amplitude from a sub-
shell other than the K shell is well described in
MRFF until the contribution to the total-atom am-
plitude from that subshell is small. This level of ac-
curacy is sufficient for the analysis presented here.
Since FF theories are derived on the assumption
hco &&e, we focus our attention in this work on pho-
ton energies higher than the j:-shell binding energy
of lead (ez-90 keV). Owing to the considerable
computation time involved, we have not computed
S-matrix Rayleigh amplitudes for all photon ener-
gies used in experiments, but have considered
representative photon energies which have been
commonly used.

We compare in Table I the reduced cross section

do'R+~T dcTT

dQ dQ

obtained from our more accurate numerical calcula-
tions' with the corresponding quantities obtained

l.2—.c
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FIG. 2. Ratio (R) of experimental to theoretical
elastic-scattering cross sections for lead, averaged over the
momentum transfers for a particular incident photon en-

ergy, plotted against energy. Symbols have the same
meaning as in Fig. 1.

from the tabulation of Hubbell et al. , ' our RFF
values and our MRFF values. Our calculations
show a deviation from an energy independent cr for
any x once the energy is low enough that the scatter-
ing is through a large angle ( & 30'). However, in the
entire range of x (0—10 A ), cr is independent of
photon energy within 2% for photon energies above
279 keV. Values obtained from the nonrelativistic
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FF and from the modified relativistic form factor
are in good agreement with the numerical calcula-
tions. This is in contrast to poorer agreement for
the relativistic FF values. A similar result was not-
ed earlier for the total integrated elastic-scattering
cross sections. ' This is another example of the gen-
eral phenomena that nonrelativistic predictions are
often better than approximate relativistic results; it
is no service to include relativity if other improve-
ments are not made at the same time. It should be
noted that MRFF values are better than NFF at
larger x. But the simplicity and accuracy of NFF
does recommend its utility, even in high-Z elements,
except for lower energies and larger momentum
transfers. '

We next compare in Fig. 1 recent experimentally
measured elastic cross sections with our more-
accurate numerical calculations, suitably interpolat-
ed in energy and in momentum transfer using Eq.
(2) and the results of Table I. We consider only
those experimental values obtained using Ge(Li)
detectors. Since for a small angle of scattering the
inelastically scattered (Compton) peak lies very close
to the elastically scattered (Rayleigh} peak, except
for very low energies, separation of the elastic corn-
ponent from the inelastic component is practically
impossible, except with the resolution of Ge(Li)
detectors. For example, the separation of the two
peaks is about 3 keV for a photon energy of 1332
keV and a scattering angle of 2.5' (x=2.34 A '). A
good Ge(Li} detector has resolution typically of the
order of 2.5 keV at 1332 keV. (Even for an energy
as low as 145 keV, the separation is complete only
for angles larger than 90'.) We restrict the compar-
isons to x (10 A ', so as to avoid the necessity of
including contributions from nuclear resonance and
Delbruck-scattering amplitudes.

Of all recent measurements ' utilizing such
detectors, the work of Ramanathan et al. is most

extensive. Some of these measurements together
with those of Chitwattanagorn et al. ' at some com-
mon photon energies and overlapping momentum
transfer give us a chance to make a direct compar-
ison. As we can see from Figs. 1(a) and 1(b), the
two sets of measurements are inconsistent both be-
tween themselves and with theory. At higher ener-
gies the measured cross sections of Ramanathan
et al. are consistently lower than theory for all
momentum transfers, while the measured values by
Chittwattanagorn et al. ' have a general tendency to
be higher than theory. This trend in Ref. 10 is re-
versed for scattering angle 8 & 10'. More generally,
we must conclude that the agreement observed be-
tween theory and other experimental values is
mixed. However, we do note that, in general, the
measured cross sections by Schumacher et al. agree
with theory within the quoted experimental uncer-
tainties. The 145-keV data exhibits a clear deviation
from FF predictions, in agreement with the numeri-
cal calculations.

To summarize the energy dependence of this com-
parison between theory and experiment, we have
plotted in Fig. 2 the mean values (averaged over
momentum transfer) of the ratio of experiment to
theory. From this figure and Fig. 1 we do not see
any clearly demonstrated disagreement between
theory and experiment. Until such a discrepancy be-
tween theory and experiment is more definitely es-
tablished, it seems premature to consider further re-
finements of the numerical calculations.
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~~For small angles ( & 30') MRFF provides reasonable pre-
dictions to x-20 A ' (i.e., hq-mc), NFF to x-10
A ', RFF only to 2—4 A '. For large x the various
form-factor amplitudes can change sign, so that there
are zeros in the corresponding cross sections, for exam-

0

pie, for MRFF above x = 100 A '. In comparison with
NFF values using Hartree-Fock-Slater wave functions
[H. P. Hanson, F. Herman, J. D. Lea, and S. Skillman,

Acta Crystallogr. 17 1040 (1964)) and our RFF and
MRFF values, we noted anomalous behavior of the or-
der of 6% in the Hubbell et al. (Ref. 17) NFF values,
obtained using Hartree-Fock wave functions, near x =4
A '. We attribute this anomalous behavior to (smaller)
roundoff oscillations of the same type noted bg Hubbel
et al. in their NFF values for x from 10 to 80 A '. Be-
cause of the large roundoff oscillations in their NFF
values, Hubbell et al. use the relativistic K-shell form
factor of J. S. Levinger [Phys. Rev. ~ 656 (1952)] to
complete their form-factor tabulation for x &10 A
for Z from 7 to 100. We have also noted a misprint in
the expression for the atomic-hydrogen form factor in
Hubbell et al. (Ref. 17). The corrected version of for-
mula (26) of Ref. 17 is

ftt(q, Z) = 1+
2Z

2 —2

for a nucleus of charge Ze and a single bound electron
in the 1s state. The first Bohr radius is ao ——fi /me .
Although formula (26) of Hubbell et al. (Ref. 17) is
misprinted, formula (28) and the tabulated values for
hydrogen (Z=1) in Table I of this reference are
correct.


