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The slow motions of cellular structures of parallel rolls are described by the amplitude
equation in the weakly nonlinear domain. As this equation has a variational structure, the
Peach-Kohler force exerted on a dislocation can be computed in the same way as for usual
crystals. When the cellular structure is really described by variational equations, this force
keeps its variational origin (it is the gradient of some energy) and vanishes for some optimal
wave number. In thermoconvection in porous layers, this variational structure of the
dynamics is lost at perturbative order beyond the one giving the usual amplitude equation.
Therefore, the notion of an optimal wave number loses its meaning, and the quantity
equivalent to the Peach-Kohler force does not vanish anymore at the wave number of mar-
ginal stability for perpendicular diffusion, contrary to what happens in variational systems
where this condition defines the optimal structure. Another consequence of this nonvaria-
tional dynamics is the occurrence of gliding motion of dislocations in uniformly curved
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rolls, a situation where no Peach-Kohler force exists in variational systems.

I. INTRODUCTION

In crystals, the Peach-Kdhler force' is one of the
forces acting on dislocations. In two-dimensional
layered structures under compression (positive pres-
sure), this force tends to eliminate the supplementa-
ry layer ending at the dislocation. On the other
hand, if the pressure is negative, the half infinite
supplementary layer tends to grow under the
Peach-Koéhler force. Owing to this force (whatever
its sense is) the dislocation gets a climb motion.
The corresponding climb velocity is obtained by the
balance between this force and various dissipative
phenomena. This velocity has been computed by
Siggia and Zippelius? within the framework of the
amplitude equz_ltion.3 This amplitude equation de-
scribes parallel or nearly parallel rolls near the onset
of Rayleigh-Bénard convection. As it has a varia-
tional structure, one may derive from it an energy
per unit volume, a pressure, and finally an expres-
sion of the Peach-Kohler force. And, owing to this
peculiar structure, this Peach-Kdhler force and the
perpendicular phase diffusion coefficient* vanish at
the same wave number of the underlying pattern.
As noticed before,* this vanishing of the perpendic-
ular phase diffusion coefficient is associated with
the “optimal wave number,” that is precisely the
one corresponding to the absence of external pres-
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sure. Of course, this “pressure” is a formal device
and has no direct connection with the usual hydro-
static pressure. Its general formal expression is de-
rived in Appendix A.

However, the existence of this variational struc-
ture is rather exceptional in the nonlinear dynamics
of nonequilibrium phenomena, and one may expect
that this picture deduced from the lowest-order am-
plitude equation changes when higher-order (and
presumably nonvariational) corrections to this am-
plitude equation are considered. The origin of these
corrections can be described as follows: Let € be the
control parameter. This is, for instance, the differ-
ence between the actual value of the Rayleigh num-
ber and its critical value for the onset of convection
in an infinite layer heated from below. At €=0,
parallel rolls with wave number g, become margin-
ally stable. In the supercritical domain (€>0), a
whole band of width of order €'/ becomes linearly
unstable around ¢o. The amplitude equation is
valid for wave numbers go,+O(e'/?) whenever
0<€e<<1. But various mechanisms of wave num-
ber selection limit*® the wave number of steady pat-
terns to the range go+O(e€) in slightly supercritical
conditions. In this domain, supplementary terms
must be accounted for in the amplitude theory and,
in general, these new terms break the variational
structure of the amplitude equation existing at its
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lowest order.

This nonvariational structure of the amplitude
equations (for free slip and rigid boundaries) was
given by Siggia and Zippelius.” These authors
pointed out the importance of correction arising
from the generation of vertical vorticity in
Rayleigh-Bénard convection at finite Prandtl num-
ber. This vertical vorticity generates a long-
wavelength horizontal flow. In slowly modulated
rolls, the Reynolds stress tensor has a slowly modu-
lated part, too, and this can be compensated by
large-scale horizontal flows only.® As this stress
tensor is absent at infinite Prandtl number and for
porous flows, this sort of phenomenon is absent in
these situations.

In the present article, we consider the effect of
these new terms on the motion of dislocations in
two models of cellular structure. In Sec. II, we
study a model proposed by Sivashinsky,” with a
“built-in” variational structure. We show by vari-
ous arguments (perturbative and nonperturbative)
that the Peach-Kohler force and the perpendicular
diffusion coefficient vanish exactly at the same
wave number for steady parallel rolls. In Sec. III,
we study the climb of dislocations in rolls generated
by thermoconvection in a porous layer of fluid.
This model allows simple calculations near the on-
set of convection and corresponds to physically
realizable experiments.'® Since it has no variational
structure, vanishing of the Peach-Kahler force and
of the perpendicular diffusion coefficients give un-
correlated conditions. Strictly speaking, no force
exists in a nonvariational system since no energy is
present. Nevertheless, in this model the absence of
climb motion for a dislocation is equivalent to the
vanishing of a quantity giving formally the Peach-
Kohler force in the variational case, whence it
makes sense to speak of Peach-Kohler force in this
extended meaning.

Finally, we show in Sec. IV the existence of a
gliding motion (perpendicular to the rolls) in non-
variational systems. If rolls are curved with a uni-
form radius of curvature, no Peach-Kohler force
produces gliding in a variational system, as dis-
placement perpendicular to the rolls does not
change the energy. But such a motion exists in
nonvariational systems, and one may even expect
that gliding velocity may be substantially larger
than the climb velocity in some situation.

II. DISLOCATION MOTION
IN A VARIATIONAL MODEL

Sivashinsky’ has proposed a variational model
for describing the slow fluctuations of a thermocon-

vective structure in a layer between two poorly con-
ducting horizontal plates. The equation of this
model is in a dimensionless form
) 4
Ay=——, 2.1

t 6A ( a)
where A,=(34/9n) (n=x,y,t), A being a scalar
function of time and horizontal position, and where
8V /84 is the Fréchet derivative of

(E‘qg) 2, 2(04)2
ViAl=— [dxdy — A +40(V4)

— (AP —(VA*| .

The explicit form of Eq. (2.1) is the nonlinear par-
tial differential equation

A=[e—(A+g5) 4 +(4)), +(4),
A Ay + Ay AT+ 44,44, . (2.1b)

Any steady solution of (2.1b) makes the function-
al V[A] stationary. We do not worry hereafter in
this work about “lateral” boundary conditions since
we shall consider dislocations isolated in an (a
priori) infinite structure (this may well be rather
difficult to approach in real life experiments). In
Appendix A, we derive some properties of this
model, depending specifically on its variational for-
mulation. In particular, this formulation allows one
to derive shortly the Peach-Kohler force. This
force moves a dislocation parallel to the roll in a
structure of parallel rolls (“climbing motion™). If g
is the wave number of this steady roll structure,
then the Peach-Kohler force is proportional to
dV e /dq, where V., is the potential per unit length
for a periodic solution.

In what follows, we give a “microscopic” deriva-
tion of the Peach-Kohler force; that is, we start
from (2.1b) without utilizing explicitly the varia-
tional formulation. This is done with the goal of
showing, in Sec. III, some new effects occurring in
a nonvariational model, the difference being clearer
at the level of the microscopic calculation. We
want to study dislocations in a structure with a
wave number close to the optimal one, making
V[A] lower. If the wave number takes this optimal
value, say gy, then the Peach-Kdéhler force van-
ishes and the dislocation stays at rest (in usual elas-
ticity theory, this is indeed equivalent to the vanish-
ing of the pressure or torsion exerted on the crystal
structure). Near e=0, and q=q,y, we derive the
climb velocity by expansion in € and 8 (=g —qqp).
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It appears as a solvability condition for the equation
of the complex amplitude. Near the onset of insta-
bility (e~0,), the rest state 4 =0 is linearly un-
stable against periodic perturbations 4(x) with a
wave number close to gy. As the bifurcation is nor-
mal or supercritical, a periodic steady state is
reached such that

A=1(xe"" 1 x*e ") 1067, (2.2)

where X(~€!/?) is the complex amplitude, and the
asterisk denotes the complex conjugation (we shall
also denote the complex conjugation of the preced-
ing expression by c.c.). Near €=0, one gets by
standard methods® the amplitude equation for the
slow variations of X at order /2.

It is enough to replace 4 in (2.1b) by its expansion
(2.2) at first order, and then to retain terms as
¢ "0(€¥/%). One needs, at this order, the lowest-
order term on the right-hand side of Eq. (2.2). The
amplitude equation at next order, i.e., €%, is derived
in a similar wayj, still by using the lowest-order term
in the right-hand side of Eq. (2.2):

X, =A[X] (2.3a)
with
AL [X]=€X +(2g03, — 182X — g8 [ X | X .
(2.3b)

This is obtained by taking the order-of-magnitude
estimates

X~ax~ajz~e‘/2

and 9, ~€. In this way all terms in (2.3b) are of or-
der €372
Equation (2.3a) has steady solutions in the form

X =ae ibx (2.4)
with

4

1/2
a(8)= |—(e—4q38%) )
3¢¢ °

Moreover, Eq. (2.3) has a variational structure,
since

X SU;
%
and
8U,
« -1
Xi &Y
with

Ui=—7 [[e|X]?— | (2900, —i3%)X|?
—3401X |*ldxdy .

From the equation of motion, U;, a real quantity,
must necessarily decrease as

Uy =UxX,=—UxUly .

In the absence of lateral boundaries, the
minimum of U, is reached for §=0, among all
solutions (2.4) with |8| <(e/4¢3)'/% Hence, as
climb of dislocation amounts to replace a region
with n rolls by a region with (n +1) rolls, it changes
the wave number. Thus, a stationary solution of
(2.3) with a dislocation is possible if it is connected
at infinity with a structure minimizing the potential
U, with respect to the wave number variation.

Let X, be the steady solution of (2.3) with a dislo-
cation; that is, it verifies

A[Xo]=0 (2.5a)
with the (external) boundary conditions
Xo — age'?®y), (2.5b)
(x,y)—> o

ay=a(8=0), g being such that
gﬁc d3-Veo=2r, (2.5¢)

where C is a closed curve encircling the dislocation.

Now, we shall find first the wave number 8 such
that the dislocation is still steady when higher-order
terms are accounted for in the amplitude equation.
This next-order amplitude equation reads, for
steady states,

A [X]+Aq[X]=0, (2.6a)
where A has been already defined in (2.3b), while

As[X 1= —4igoX s —2X 2,0+ 3ig5 | X | X — 745 | Xy | X+ 748X — a0X5, X2+ 743Xy | X [2+0(%2)

It can be verified that, if ax~6'/2~X~3iz, all

terms in A,[X] are of order €>. This form of A,[X]
is obtained from the original equation (2.1b) by any
standard method of derivation of the amplitude

(2.6b)

f

equation carried up to next order. A particularly
noticeable feature of Eq. (2.6a) is that it is still the
Euler-Lagrange equation making stationary a func-
tional U, (U, is given explicitly in Appendix A).
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Since A,[X] is, in some sense, a perturbation of
A[X], it is quite natural to seek for a dislocation
solution perturbatively starting with the solution of
(2.5) at lowest order.

We know that A,[X] is formally of order €, al-
though A,[X] is of order €/2. But if we consider,
instead of X, a solution Xqe'® with §~e¢, it is easy
to see that terms of order 8 that appear then in
A [X0e®] are of order €%, as A,[X,] itself. Hence,
it is natural to consider, at order €, both A,[X,]
and terms of order 8 in A [Xqe'®]. Accordingly,
we seek a dislocation solution of (2.6a) in the form

X=X +X,+ -,
where X0~e'/2 is the solution of (2.5), §~¢€, and
X,~e€. Thus X, is the solution of

X 1= 8igoXo 8+ 3igq | Xo| Yo

+My, +0(77), 2.7)

where (DA /DX) | X=x, is A, linearized around X|,.

The terms My, , which are not written explicitly on
the right-hand side of Eq. (2.7) and are of order €’
as the first two, are omitted as they do not contri-
bute finally to the sought expression.

Equation (2.7), as so many equations in the ana-
lytic theory of cellular structures, bears a solvability
condition. Actually A, is autonomous with respect
to x and y, so that X, , and X, are eigenfunctions
of (DA,/DX) |y, with the eigenvalue zero. So that
Eq. (2.7) can be solved (with respect to X) if its
right-hand side is orthogonal (with a convenient
scalar product) to the adjoint kernel of
(DA,/DX) |y

With the Hermitian product

XaxA) = [ dxdy X(x,pXP*(x,)

one verifies that (DA,/DX) |y, is Hermitic with

this product, so that the solvability condition for
(2.7) is Fpg =0, with

Fpx = 8ig58(Xo 5, X0, )+ 3ig3( | Xo | Xox,Xo,).-
(2.8)

The quantity Fpg that appears in Eq. (2.8) may
be interpreted as the Peach-Kohler force exerted
upon the dislocation. As the Peach-Kohler force, it
is proportional to the Burgers vector of the disloca-
tion (equal to the phase rotation around the disloca-
tion) and to the pressure exerted on the structure

(~38, as shown in Appendix B).

The solvability condition arising from the infini-
tesimal x translation is always fulfilled, and
(Myy,X0,,)=0, so that (2.8) is the unique solvabili-
ty condition. It determines &, and thus the wave
number of the structure, such that a dislocation
stays at rest.

Now we want to show that the wave number
go+96,6 being defined by Fpg =0 is the optimal
wave number near € =0. For this, let us write X as
ae'¥,a,pER. The real part of the solvability condi-
tion involves first

Reli(Xo,x Yo, )= 7 [ dx dy(X,Xo.x—Xo,X5x)

| a’gx

= fdxdy eAz,V_", a26py ,
0

where (V,V,,V3) is the 3 X3 determinant made of
the Cartesian coordinates of the three 3d vectors v,
V,, and V3, &, is the unit vector perpendicular to the
(x,y) plane, and (a’g,,a’yp,,0) are the three com-
ponents of the vector a’V,.

By the Stokes formula, and as the amplitude
modulus a tends to a constant at large distances
from the dislocation core,

l{e[i(XO.Jc’XO,y)]:%a2 ¢c d?V_’(p

ma?t,

where we have used the external boundary condition
(2.5¢). The scalar product

Re[i( [ XO 1 2XO,x’XO,y )]

is computed in the same way and the solvability
condition becomes

16a%q38+3gda*=0 .
As a’=4/3q¢, we have

€

b=
4q;

(2.9

This |go+06| is the optimal wave number near
€=0 for periodic steady solution.® This is also® the
unique wave number making possible a steady
bending of the rolls. It has been shown elsewhere*
that the perpendicular diffusion coefficient D, van-
ishes at this optimal wave number. Nevertheless,
we shall show in Sec. III that this is an accident; for
nonvariational model, in general, Fpx and D do
not vanish simultaneously, as a function of the con-
trol parameter (€) and the wave number of the roll
structure.
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If 8 does not satisfy Eq. (2.9) near €=0, the
solvability condition for Eq. (2.7) is no more ful-
filled. To satisfy this condition, one has to add one
more free parameter, i.e., the velocity of the disloca-
tion. We start now from a solution Xy(x,y —vt), v
being the dislocation velocity, and perturb it. The
time dependence of the unperturbed solution adds
—vXo, on the right-hand side of (2.7), and the
solvability condition becomes

Fp=Fpg , (2.10)

where Fpg has the same expression as in (2.8b), al-
though the drag Fp is formally

FD=Uf 'X0yy|2dXdy .

Siggia and Zippelius® have shown that Fj

diverges as it stands, owing to the large distance
behavior of the phase around the dislocation.
Far from the dislocation core the phase ¢ obeys

d

=D,@yy +D)|@xx —@,s—27D)|5,0(y) ,
(2.11)

where v is again the dislocation velocity along y, D,
and D are the phase diffusion coefficients given
near €e=0_, §~€ by

D) =445+0Le),
D =4q0(8—8,p) +O(€%) ,

and 8, being given by (2.9) near €é=0,. Further-
more, 8y(x) is the derivative of the Dirac function
(no confusion is to be made with the small varia-
tions of the wave number around g, also denoted as
8) and © the step function. Near 8§ =38y Fp is
dominated by the large distance contribution that
reads’

k’dk dq
Fp=2va’D}
D Il f f (DHk2+Diq2+q4)2+q2u2
1/2
2D 2
—ma || 1|, (2.12)
D, D}

where

+ o
I‘(a)Ef_wdq{q2+aq4+[q2+(q2+aq4)2]1/2}_1/2-

One deduces at once from (2.10) and (2.12) that
vB(4q0)* A8 —8yp)*"?

for 8—8,,~€, B’ being a numerical constant. This

numerical constant cannot be really calculated,
since (2.12) is only an approximate form of Fjp.
This gives the correct behavior of Fp as far as the
power dependence on €, 8, and v is concerned.
However, to obtain (2.12), nonlinear terms [as
(@, )*@,y] have been omitted in Eq. (2.11) that are of
the same order of magnitude as the included ones.
These nonlinearities make an analytic derivation of
B difficult.

III. CLIMB OF DISLOCATION
IN DARCY-RAYLEIGH
THERMOCONVECTION

In this section, we consider the climb of disloca-
tion in a system of rolls generated by thermoconvec-
tion in a porous medium between two heat-
conducting horizontal parallel plates (or Darcy-
Rayleigh thermoconvection). To make analytic pre-
dictions, as much as possible, we shall limit our-
selves to the vicinity of the convection threshold.
Therein, most properties are accessible to a pertur-
bation analysis, owing to the supercritical—or
normal—character of the bifurcation conduction —
convection.

The interest of this kind of convection is twofold.
First, the analysis of the onset of convection is
straightforward. Then the experimental realization
of this flow is possible, while the classical free-free
model of convection of Rayleigh has no immediate
applicability to experiments. Furthermore, this
Rayleigh model has a Galilean invariance, making
it quite different from the usual convection models
with rigid horizontal boundaries.

The onset of convection in an infinite porous
layer is reached when the value of the dimensionless
Darcy-Rayleigh number (Rp) is 4% and the dimen-
sionless horizontal wave number g is 7. We shall be
concerned with the domain of values of R; and g
such that R, =41’ +¢, g=7+8, 8~€=0, (our no-
tations are those of Secs. I and II whenever the
quantities have the same qualitative meaning, as €
or 8). A number or arguments>® show that the
range of selected wave number in experiments is
such that § ~e. In this domain, the usual ampli-
tude equation is not strictly true, because one as-
sumes 3, ~8 ~€'/? to derive it. And, as we are in-
terested in the domain 8 ~¢, we need corrections to
the amplitude equation of the same nature as the
ones occurring in Eq. (2.6b). But, contrary to what
happens in Sivashinsky’s model, no variational for-
mulation exists at this order in the present model.

In what follows, we shall derive, first, the ampli-
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tude equation at the same order as in Eq. (2.6). v=y'V4ypPg -
Then we shall explain how to get the climb velocity

from this equation in the domain § ~e~0, . Where
Our starting point is the following dimensionless 11 . i 12
form of the Darcy-Boussinesq equations'®!!: ¥ =3 (Xe ™ X e T M sinmz( ~ €77 .
Ay, +RpAy+A*Y=S[Y], (3.1a) ¥'?) is quadratic with respect to X, ¢'*) is formally

cubic, and so on. Furthermore, X depends slowly
on x, y, and t, so that X,,,X,,X, (and any derivative
S[Y]=v MY, + 1, Ay, — (A P)AY, ,  (3.10) of X) are small with respect to X. Now Eq. (3.1) is
solved by a double iteration with respect to the am-
plitude X and to its (small) derivatives. This kind of

where S[v] is quadratic with respect to 1,

and where we have used the notations A, =a§ 2+aﬁ2

(x and y are horizontal coordinates), A=Ay +a:2 z adiabatic expansion is straightforward, as far as the
is a vertical coordinate), and Rj is the Darcy- principle (not the details) of the calculations are im-
Rayleigh number. Furthermore, the boundary con- plied, so that we have avoided the recourse to sys-
ditions are Y=1,,=0 at z=0,1. The derivation of tematic derivations with a complicated formalism
the “next order” amplitude equation from (3.1) im- and no more rigor than other methods.
plies a lot of algebra, so that we shall sketch only Let S'"V be the expression obtained by putting
the main steps. ¢! into the right-hand side of (3.1b). Retaining
In the domain Rp=47"+¢, €=0, and ¢ ex- quantities with derivatives up to the order X, and
pands as Xyz, one finds
J
SV = Frsin2mz[ — 8 | X |2 12im(XX% —X* X, ) — 12| X, | 42 ¥ ™(XX,, —X2)+c.c.] . 3.2)

To compute ¢ (formally quadratic with respect to X) up to order XX,, and X, X, we put S, as given by
(3.2), into the right part of (3.1a). This yields an inhomogeneous equation for ¢*. As ¥’ has a finite relaxa-
tion time at the onset of convection, we neglect AY\*) so that ¥’ is the solution of

RpA, @ + A2y D =g L1 | (3.3a)

where X is considered as time independent. When one derives ¥'?’ from (3.3a), one must take care that X de-
pends on x and y. In the limit of slow variations of X,

3|Xy]2 p2imx

47t 2474

msin2mz
8

D= %261@ —m|X|2— -32i(xx; —X:X*)

- (XX, —X2) + c.c.

(3.3b)

The next step consists of collecting terms cubic in X in S.

For our purpose, the important terms are the “resonant” ones, i.e., those depending on z and x as sinmze '™
(i.e., as ¢! itself). As the computations are rather cumbersome, we have checked our results as much as pos-
sible. Some checks having an independent interest are explained in Appendix B. These resonant cubic terms
in S are

S(z’l)E(III;IZ)AlII;Z)-l-tpLZz)ARpQ)+IIJ_(V;)A ,(v2)+¢,(v§)A _(,,”-—Ahlﬁ(”Alll(ZZ)—Ah!ﬁ(z)Al/J(z“)
= ST ™G X [y — Xy | X+ XX+ ]

msinmz

2 ~—§ |X | HXe'™ +c.c.)

3imr

+imt|X]| 2()(,,e"""-—c.c.)——4~—[e"""()(z)\’;—— |X |2 ) —c.c.]|. (3.4)

Collecting, now, all terms with an explicit dependence e‘™sinmz in
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(Al/)('l)+RDAh¢(”+A2¢(1)'—S(2’1)) ,

one gets the amplitude equation at the sought order:

iazz 1[,.4
—m? | eX+4 |0, ——— | X—— | X | X =2,
21 4
. 77'4 5 2
=—6ny—t€1TXx+—4—(7|X| Xy —

This equation will be our basic equation for what
follows. On the left-hand side we have written the
amplitude equation at the lowest order, although
the next order corrections are on the right-hand
side. These corrections are necessary if one wants
to study the domain of wave number 7+8, §~e€.
These corrections are of the same order as those oc-
curring in A,[X] as defined by (2.6b) for the
Sivashinsky model.

As in Sec. II, our starting point is the time-
independent dislocation solution of the amplitude
equation at the lowest order. That is,

Y. POMEAU, S. ZALESKI, AND P. MANNEVILLE

AXo=0
with
AX=eX+4 ax—%zri ”74|X{2x
—H% _2n2uxoy-ex j—iemXo .+
+i’27—5 | Xo | Pox — 3’;’5 2

One recognizes on the right-hand side of this ex-
pression three sorts of terms: 27X, y comes from
the 272X, in Eq. (3.6), the next terms are nothing
but the right-hand side of Eq. (3.6), where X is re-
placed by its lowest-order contribution, i.e., X, and
the last term is explicitly proportional to 8 and
comes from the action of the derivative

2

i 822

R L

on e‘5x,, at the order 8.

Owing to the autonomous character of A with
respect to y, one has still to satisfy the following
solvability condition:

=Fpx

with

i
8

7111'

X, | X4 XX+ [ X | X ———XXe . (3.5)

l
and the external boundary conditions

172

4e ;
eup(x,y)

,”4

Xo

—_
(x,p)— 0
with

d3-Ve=27
ORER T

on a large circle.

This describes a dislocation in a roll structure
with the horizontal wave number 7. Now, as in
Sec. II, we seek by perturbation around X the dislo-
cation solution in a structure with wave number
m+98, 8~¢€. The unperturbed solution is now

e o(x,y —vt) .

At next order, one has to solve the linear equation

(7 |X0|2X y2— [ Xoy | 2Xo+%l’;,yz)((2))

3 . IXO’yz
— | Xo| 2o )+87%8 [Xo 5+ > (3.6)
|
Fp=2% [ |Xo, |%dxdy, (3.7)

although Fpg is proportional to the scalar product
of X5, with the terms in the right-hand side of (3.6)
that are formally independent of v. Using the same
trick as in Sec. II, we obtain

Sa

_Sa 3«
16

16 (3.8)

Frx=— £ _35
o m

a and a’ being numbers defined by
6
T
(1_—_?‘ fdxdy IXO,)‘ I 2( lXolz)y
and

I

%fdxdyl[XoX()xk’oy (X())XQ,X(),.)]
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Both integrals defining a and a’ converge, owing
to the rapid convergence of the amplitude of X, to
its large distance asymptotics. As X, is not known
explicitly, we have obtained a and @' by (tedious)
numerical computations:

a~0.5+10% ,
a'~1.0+20% .

These figures have been found through a direct
computer simulation of the evolution equation (2.3)
in a closed domain with boundary conditions ensur-
ing a phase dislocation. The integrals were comput-
ed on the steady state reached after that the tran-
sients have been damped out. To account as much
as possible for the boundedness of the geometry in
the computer experiment, we have extrapolated our
results to an infinite domain through increasingly
large geometries (more details about these calcula-
tions and figures are given in Appendix C).

This shows, in particular, that Fpg does vanish
(and that the dislocation stays at rest) for

€

_Sa 3
27

=8, = -
=5 16 16

This differs from the condition defining the vanish-
ing of D, [from Eq. (3.5)]. [This condition can be
found to be ~€+0(e?), in agreement with Ref.
6].

The balance between the Peach-Kdohler force and
the drag gives a condition for v similar to the one
found in Sec. II,

=2
v

&
where T=mv/2V2, and T is defined as in (2.12).
If =0, the limit value of 7 is of order [61(~¢€)]*"2
times a number that cannot be really computed
analytically, owing to the nonlinearity of the phase
equation as large distances.

This condition cannot be taken too literally, as it
still implies the neglect of relevant nonlinear terms
in the phase diffusion. The only firm conclusion
t}hat can be drawn from (3.9) is that v varies as the
< power of some linear combination of 8 and 8%

(remember that 87 ~¢€) and that v does not vanish
when D, =0.

U

a3
5372 =64m

r

5 (3.9)

5,5 ]

IV. GLIDING OF DISLOCATIONS

By definition, the gliding of dislocations is the
motion perpendicular to the roll axis. We show in
this section a gliding effect intimately connected

2717

with the nonvariational structure of the equations
of the Darcy-Rayleigh convection.

Consider a system of smoothly curved rolls and
let X be the complex amplitude of the unbended
structure. Thus, the local complex amplitude of the
curved rolls is X(1+iPy?), P being a small real
quantity. Indeed, this equation has a local meaning
only, since secular terms as ?y2X are not allowed, in
general, as steady solutions of the equations.
Nevertheless, this solution is sufficient for the mo-
ment, as we shall be concerned first with a finite re-
gion of space around y =0, such that iPy? is every-
where small therein, and amounts to a small phase
change. In Secs. II and III we could have replaced
the phase factor e®® by the beginning of its Taylor
expansion near x8 =0, that is, e®™ by 1+ibx, as x8
is everywhere small around a dislocation of extent
of order € ~'/? along x when 8 is of order . We
can assume (for instance) ¥ ~¢, so that fy’~e!/?
around a dislocation extending along y at distances
of order € ~1/4,

Consider first, in the case of a variational system,
a dislocation in rolls with a uniform curvature. No
force of variational origin can produce gliding;
when the dislocation is shifted of one roll, the po-
tential (if it exists) is unchanged, and no work com-
pensates the viscous loss during this gliding. One
consequence of this remark is that no terms in the
amplitude equation (3.6) deriving from a potential
can contribute to gliding for a uniform curvature.
To make this point clearer, let us show first the ab-
sence of gliding, when the left part of Eq. (3.6) is re-
tained only, as it derives from a potential. Our
starting point is the equation

2, =A[X] (4.12)
with
. 2 4
A[X]=€X +4 a,+5’;a;2 X—’TT |X | X
(4.1b)

together with the static dislocation solution X, de-
fined before.
Consider now the perturbed solution

Xolx —vt, ) 1+iPpH)+X 1+ - -

with (a priori) X; ~v ~% (notice that gliding occurs
in the x direction—i.e., perpendicular to the roll
axis, although climbing was along the y axis). The
first-order perturbation X; is given by the solution
of Eq. (4.1a) at the order :
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2 2
DA i 2 2 I 2
20X — oo | Xy=4ip | |8, +==0 —y? 3,49
2Xox— v XOXI x+ 5052 | Y Xo—p” |0x+ 50,
8i 1
=4ip x0x+ ko= 73 WZ(SyXO,y2+12XO,y4)] . 4.2)

As the solution depends on x and ¢ through the combination x —vt, the velocity v is determined by taking the
scalar product of (4.2) with X, that is in the kernel of (DA /DX) | y,.

After adding the complex conjugate, one has

_4U(X0,an0,x )= - 1_76TZ f dx dy[ | XO,x ' 2+y(X6,xX0,xy +X6,xyX0,x )]

—J:; [ dxdyilxt(8yx, s+12x, »)—cc]. 4.3)

By integration by part, and after taking care that the “external” boundary terms do not contribute, one has
[ dx dy(X X +29X3X, )= [ dxdy X(—Xie +29X55)

and

[axdyxs+20x,X5)= [ dxdyX(—Xa —20X5,)
so that the first integral on the right-hand side of Eq. (4.3) vanishes. The second one vanishes after similar
manipulations, and this proves the absence of gliding in an uniformly curved structure described by Eq. (4.1)
as stated before.

Now we shall add to the right-hand side of (4.1a) terms of order ? coming from the action of the right-hand
side of Eq. (3.6) (equal to the next-order terms in the amplitude equation) on Xo(1+iPy?) at order . This

gives the following solvability condition (that fixes the gliding velocity):

— 27 (Xo,,Xox)= [ dxdy X§N[Xo]
with

N[Xo]_=_—ie‘n'

8x '(l?szo

b
+4

2.5
—?—ygiw | Xo| Xox —3X3XE ) -

We have inserted into the definition of N quanti-
ties depending explicitly on y2. Actually, the final
contribution of these terms must vanish since, to be
coherent, we must add to X, the correction coming
from the fact that the unbended amplitude is the
solution of Eq. (3.6) including its right-hand side.
In other terms, the unbended solution remains a
possible solution under the infinitesimal phase
change Xo—Xo(1+i£) at first order in £ with real
& ~0. This invariance makes vanish any term pro-
portional to iyy? in (4.4) and yields the new solva-
bility condition

"2772U(X0,x 7X0,x )= f dx dy Xa,xN’[XO] s (4.5a)

where

(4.4a)

5 . ]
7 1Xo] %9350y X0) — %?X?ﬁy XD — T Xo| Xoy |2=2i%p | Xo | Ko, +2i99X3X5, ]

(4.4b)
|
N[XO]—ZIY —€+"_IX012 (ZYXoy-i-Xo)
l‘tT A
— "—YXO(XO +2yX0,,) - (4.5b)

By integrating by parts, it is easy to show that
i [ dxdy[X§.(2Xo, +Xo)—c.c.]=0.  (4.6)

Indeed, this expresses the fact that the term ——e)(yz
on the right-hand side of Eq. (3.6) comes from
the Euler-Lagrange functional f dxdy|X, |%

After some elementary manipulations, and by
putting X =ae'?,a,p ER (4.5a) becomes
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4
— 20 o o) = — "3 [ dxdy[3a’a,pg, —a*(2ya, +a)p,] . .7

The integral on the right-hand side of Eq. (4.7) does
not vanish, as it should do in a variational model.
Even more, it strongly diverges.

Consider the contribution of the integrand
(—a‘*p,). At large y, a is constant so that f @xdx
is a constant changing from O to 27 as y varies from
— o to + oo across the dislocation core. This is
why the integral — f dx dya‘p, diverges. This
divergence has a topological origin, so that it cannot
be eliminated by accounting for the finite velocity
of the dislocation, as was eliminated the drag diver-
gence for the climbing motion.

Indeed, it is unreasonable to conclude from this
that the gliding velocity is physically infinite. The
right-hand side of Eq. (4.7) diverges as a linear dis-
tance, its order of magnitude is accordingly
Pa’l, ~7€l,, where I, is some typical “cut length.”
This length comes from the torsion of rolls at large
distances; in this domain the phase change i?y? be-
comes finite, so that ly~§>‘1/ 2 which means that
the right-hand side of (4.7) is actually of order
P172€2. Owing to the quite strong divergence of the
integral under consideration, the actual expression
should depend in a nonlocal way on . The exact
calculation of this quantity needs an amplitude
equation making obvious the geometric invariance
of the equation, to account for a finite change in the
roll orientation.

The estimate of the gliding velocity is still ob-
tained from the solvability condition, in the form of
Eq. (4.7). One may readily verify that
f dxdy |Xox |* converges at large distances, even
even at v=58=0, no divergence arises from the
phase deformation (contrary to what happens for
climbing). Thus, one gets the estimate
(x~e~ 2y ~e~ V4 x me!?)

f dxdy | Xo, |2~ .
And, in order of magnitude, Eq. (4.7) yields

peS/A P12
or
b ~P24
It is not obvious to compare the magnitude of
this velocity with the climb velocity, owing to the
fact that  and 8 (introduced in Secs. II and III) are
quite different quantities. Nevertheless, one may
reason as follows: The phase change in the disloca-
tion region due to & is 8/, ~8e~1/%, as I, ~e~ /% is
the size of the dislocation along x. Similarly the

l
phase change due to 7 is

If?~ (6—1/4)2?2?6— 172 .

Thus 8~¢ implies [, 8~¢€'/2. Imposing a similar

phase change due to bending yields

6—!/2 172

Yy~€

y~€.

With these (somewhat arbitrary) estimates, the
climb velocity is vy ~ 822 ~ €372 if §~¢, although
the glide velocity is

34,172 _ S

Y /4 >> Uclimb( ~€6/4) .

This a (possible) explanation for the experimental
fact'? that climbing is much more frequent than
gliding in Rayleigh-Bénard convection.

Uglie ~ €

V. CONCLUSION

The amplitude equation describes slow variations
in cellular structures as the rolls generated in
Rayleigh-Bénard instabilities. ~The variational
structure of these equations is generally limited to
the lowest relevant order in € (approximately equal
to the distance of the control parameter to its criti-
cal value). Thus the climb of dislocations is no
more governed by a Peach-Kohler force with a sim-
ple form in nonvariational problems.

This may lead to frustration effects maintaining
the structure in a permanent unsteady state, even
near the threshold; a supplementary layer finishing
at a dislocation may tend to disappear, to decrease
the wave number of the structure that becomes even
more unstable against perpendicular phase dif-
fusion. When the equations of motion have a varia-
tional structure climb of dislocations always tends
to put the structure into a state of marginal stability
with respect to the perpendicular phase diffusion.

APPENDIX A: GENERAL PROPERTIES
OF VARIATIONAL MODELS
OF CELLULAR STRUCTURES

In this appendix, we derive some specific proper-
ties of variational models, which are very similar to
the ones of an elastic crystal in its ground state. In
these models, a function, called “potential,” is
minimal when the wave number of the structure g
takes an optimal value g,,. This wave number can
be seen as the one of the structure without external



2720 Y. POMEAU, S. ZALESKI, AND P. MANNEVILLE

pressure. For steady states with a different wave
number, a Taylor expansion of the potential can be
made around g, and we define V., (as in Sec. II)
as the potential per unit dimension (length or square
length) of the structure. With the help of this po-
tential, the phase diffusion coefficients* D, and D,
can be computed, as elastic moduli of an elastic
structure. Then we perform a new nonperturbative
calculation of the dislocation velocity, as a function
of Dl and D||

Other specific properties of variational models
are sketched in the second part of this appendix.

1. Peach-Kohler force in variational models

Our starting point is the following evolution
equation for a scalar field 4A(x,t), x being a two-
dimensional vector and ¢ the time:

L
Y VI
where V is a functional (as the one introduced in
Sec. II) that will be left unspecified below. We want

to calculate the velocity of a dislocation. The
domain is a channel Q defined by
/ /

BERRRE)

(A1)

and
__ll<y<ll

with [’ very large. The rolls are parallel to the y
direction. There are n 41 rolls for y >0 and » rolls
for y <0. Far from the dislocation the rolls are
periodic, their wave number being approximately
q=Q2mn)/l

A displacement 8x of the dislocation causes a
variation of the potential. We express it formally.
From (A1)

sV=— [ Adddxdy . (A2)
We define as usual the phase displacement ¢ by
Alx)=Agx+@)+ -,

where Ay(x) is the one-dimensional stationary
periodic solution of wave number g. As the disloca-
tion moves slowly, @ will be of the form
@(x,y—uvt). From (A2)

8V = qup,Af&pdx dy .

As the rate of variation of 8¢ is assumed to be
much smaller than the one of the amplitude 4, we
have

8V =—(4}) fn S @ dxdy , (A3)

(A?) being the mean value of A,f.

The left-hand side of this equation can be
evaluated by noting that, during the evolution, a re-
gion of wave number g have been replaced by a re-
gion of wave number g —27 /1. Then

per (A4)

is the energy change as the dislocation move of &y
along the rolls. Whence, finally,
AV per
dq
This fixes the climb velocity through the balance
between the Peach-Kohler force [left-hand side of
Eq. (AS)] and the dissipation rate due to the large
distance phase behavior. Making now / and /' tend
to infinity, we get a problem almost identical to the
one considered in Sec. II, with the exception that it
is not confined to weak nonlinearities. It is possible
to relate dV . /dgq to the phase diffusion coeffi-
cients. Let us recall that the starting point of the
calculation of these quantities is the change of
Ay(x) in a small constant phase perturbation

27 =—v{4}) fn @ydxdy . (A5)

Ap(x)=Ay(x)+@Ag .

When ¢ is nonuniform this becomes the begin-
ning of an expansion in the gradient of ¢:

Ax,t)=Aox)+Aoxp+A+A2+ -,

where A, is of order ( V), etc. The solvability con-
ditions for this expansion lead to the phase dif-
fusion equation.

We now consider 4(x,t) to be the perturbed field.
The time evolution of A(x,t) is then given by the
deviation of the potential from its minimum. At
first order in the perturbation we have, of course,
8V =0; since the basic field 4, is a stationary solu-
tion, we must hence calculate 8V at the next order
in €¢).

To obtain it, we notice that the perturbation con-
sists at lowest order in a local compression and ro-
tation of the rolls. (Because of the rotational invari-
ance of the basic equation, only the compression
must be considered.) The associated wave number
variation is
P ¢

L

> 4 (A6)

8q=q

As the compression is of second order in ¢,
there is no term in @, in 4;. We also assume that
there is no variation of the field outside some closed
domain ', which we can divide into squares of
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side 27 /q. As @ varies slowly any of these squares,
say S, is linearly transformed by the perturbation
into a parallelogram S’. There are, hence, contribu-
tions to 8V of the form

AgV = fs, V[Aldx dy — fs V[d,)dx dy .

There is no boundary term, as the perturbation
vanishes outside ’. The field 4 is approximately
periodic in S’ with a wave number g +89. We can
make a Taylor expansion of the periodic potential
Vioer(q) and

dv dV o
1 per per ¥x
ast=3 [ |q dg ¢+ T4 2
d*V e
+q° Ze e dxdy+T,, .
dgq

This expression allows one to connect dV,./dq
with the diffusion coefficients introduced before.

First-order terms are irrelevant, as explained be-
fore, and T,,l denotes the second-order terms in <p,2c
coming from 4,. Finally, from (A3), the total vari-
ation of the potential is

= [

with =0 on 3Q)'. This allows one to write

2 ‘Py 2 <px dx dy

@ =D\ pxx + D@y
with
dv.
p=——t =r (A7a)
<A 0,x > dq
A careful examination of the expansion of Ref. 4
leads to the estimation of the T,, terms. We con-

jecture here that they are of order O(e) for §~e.
Another relation can hence be written

% p,+0e). (ATb)

9opt

D, ~

We can rewrite (A7a)
21rDl=§ [ 62axdy,

where 0=gq¢ is the dimensionless phase of the per-
turbation around the dislocation. We can now
proceed as before to calculate the dislocation speed.
It becomes, if one neglects the nonlinear terms in
the phase diffusion as explained in Sec. II,

D||U2 1/2
23 r

49°D]

I" being the function defined in Sec. II.

02

D}

=1,

2. Other properties of the one-dimensional model

a. Existence of an invariant quantity.

Let us consider the expression
A 2

3
K=(e—q0) = + 345 —q3A7 — A + 742 .

(A8)
We have
K,=L(A)A,
where
L(A)=[e—(32,+93)* 14 +(4)),

This means that if 4 is a one-dimensional stationary
solution of (2.1) K is a constant of the “motion” in
the x direction. This invariant can also be ex-
pressed in terms of the slowly varying amplitude X.
The expression (2.2) allows us to express it at order

0(é):
Ki= <X 2= igd (X, X2 + 203 X, |2

— QA XXX + g | X |

and K =K, +0(€?).

Now K is also an approximate invariant for the
amplitude equation at second order. This can be
verified by multiplying the x-dependent part of Eq.
(2.6) by (Xx —iX*qo) and adding the complex conju-
gate to get

EXXs —4igdX* X o +4G3X Xt —4g3X o X*

5 [ X | 2XXE +4igoXEX e +C.c. =0 .

The left-hand side of this equation is equal to 4K},
with

K’l =K1 +lq0(X;Xx.x "‘XxX;x) .

K is the exact invariant for the amplitude equation
at order €? and it is equal to K at the same order. A
similar result can be found for the amplitude equa-
tion at order €*/2.

For the steady solution of (2.1) defined by (2.4), K
can be calculated at lowest order in € and §, utiliz-
ing (A6)

K(e,8)=—"5(5e+16¢38) .

0

b. Existence of a potential .

In fact, such an invariant exists for any variation-
al equation. To quote Ref. 13 “all the equations
which arise from problems in the calculus of varia-
tion with one independent variable, can be expressed
in the Hamiltonian form.” Reference to the origi-
nal work of Ostrogradsky can be found in Ref. 13.
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To give an example of the derivation of this sort of
invariant, let us consider a functional

1 I
VlA]= [ dx VA, 40, dp)= [ Vidldx

where 4 is a real function of x, x €[0,/"'] with the
boundary conditions

A=A,=0
at
x=0,1"".
The Euler-Lagrange equation for V[A4] reads
L[4]=0 (A9)
with ) .
L= _dv v (A10a)

T34 34, | ddy
where the dot denotes, as usual, the total derivative
with respect to x.

The constant of the motion then writes

]

oV k14
Kl Ao )= V—Ae g —Au g —
oV
27 4 10
+3 Y (A 10b)
and
K,=L[A]A, .

The amplitude equation (2.6) can also be written in
a variational form, as mentioned in the text. This
variational form is

B oU,
syt
and
8U,
*__.__._.
Xi= 8XY
with

3iq3
Ur=Ui— [ |5a506X 2+ 50 =38 1 X, | 21X |24 7 X | XXy —4igoX X" =2 Xy |* |dx dy .

¢. Relation between the potential and the invariant for periodic structures.

We now assume that the solution of (A9) is approximately periodic in the bulk. In the limit /”’— «, one
can find a central interval (/,,/”’—1I;) in which the solution is exponentially close to a periodic solution, of
wave number g. (Except perhaps for a finite number of values of g.) Therefore, we will consider that 4 is ap-

proximately periodic.

We now make a dilatation of ratio 1+17. The perturbed field is

L
2

Ill
+__

A'(x)=A >

(1+7m)

and we match 4'(x) smoothly to be boundaries. The new central interval is then

(I,1"—1)
with

=1, —1%
and

0¥ =8B +86C=0
with

(A11)

5B = [ f0’2+ le_zz JV[A']_ [ foll 4 prI“_Iz lv[A ldx

"=h ' =1 l =i
8C= fzz vi4 ]dx—fll V[A)dx — [fzz +fl,,_ll ](V[A]dx),
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For this variation, one has for x =/,

sa=—"1L" 4
2
hence from (A 10a) (remember that L[4]=0)
av v i1
6B=nL’ A Ay — A ,
Mo, T aay, T A, O |ea,

where L'=1]"—2I,. The other term reads

1 -1, -
= V[A'ldx —
c ey f,2 [4')dx f,l

1
V[Aldx +7

The second term vanishes with an appropriate
choice of /; which just requires A(/;) to be equal to
its bulk mean value,

From (A10b), and with the same choice of 4, it
comes

3B=nL"[Vpe(q)—K]
and (A11) now reads

AV per T =K— Vioer(q)

q d q .

This is a nonperturbative result. We can now
develop the two sides of the equation using (A7)
and the fact that K is restricted to the order O(e?)
by the boundary conditions, as shown in Ref. 14 for
a particular case. At lowest order we get 8~e¢,
which expresses again the wave number selection
through the boundaries. To give an intuitive pic-
ture of what happens in a variational model, it can
be said that q(dV ., /dq) plays the role of a pressure
which is responsible of the accommodation of the
wave number g, although dislocations move to
make the wave number closer to the optimal one in
the bulk. As shown in Sec. III, this variational pic-
ture may be lost in other models of cellular struc-
ture.

fl"—ll VIA()]+ VA" =1))]
1

2723

(A12)

’

V[Aldx — >

f

APPENDIX B: EXAMINATION OF THE
FORM OF EQ. (3.5)

In this appendix, we briefly explain some checks
which we have made concerning the form of Eq.
(3.5). For the model of Darcy-Rayleigh convection,
the curve D, (q,€)=0 starts® vertically from (,0) in
the (q,€) Cartesian plane. This must follow from
Eq. (3.5). Consider a y-dependent linear perturba-
tion superposed on a roll system of horizontal wave
number 7+0, 8~e¢; that is, a perturbation
ieMe®Y XER to a basic solution (4e/m*)! 2>
(the factor i in the perturbation expresses the fact
that the diffusive motion under consideration is
close to a small translation of the ground solution).
If we limit ourselves to quantities of order ? (that
is, correct to describe phase diffusion), the contribu-
tion of the right-hand side of (3.5 that is linear
with respect to X reads

ieXy?— 4 y —l—LX— T XX
and this vanishes since | X | 2=(4¢€)/7*.

If one follows the derivation of D, of Ref. 4, the
vanishing of this quantity implies that the curve
D, =0 starts vertically near (¢,7), a result obtained
already® by a direct analysis of the Darcy-
Boussinesq equations. The other check we have
imagined is the computation of the “invariant” (in
the sense of Refs. 5 and 11) for periodic solutions.
This invariant is obtained from (3.5) as follows: Let
us consider first a situation where X depends on x
only, and not on y and ¢. This gives

4 .5
— ex+4x,x—~’;—|X|2x =—i67rXx+%lX|2X,—3”T X — | X | Xy)

Now multiply both sides of this equation by (X3 —i7X*) and add the complex conjugate. Then
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6
%|X!2+6ﬁ2

This can be equally put into the form dK /dx =0
with
X |2 =72 | X |2

6 2

T ) €T
K= |— +—
16 X 2

6
+2im X X —xx;)——"s— X%,

For steady roll solution

172
X =e'®> 4—i (&~€)
m
and
K~ 6—4”1—41#6 1X|2.

This expression is in agreement with the one ob-
tained by expanding the exact invariant!! of the
Darcy-Boussinesq equations near e~8~0_.

APPENDIX C: NUMERICAL SOLUTION
OF THE AMPLITUDE EQUATION

In this appendix we present some results obtained
by simulation of the amplitude equation. Such
simulations have already been developed by Siggia

Viim
03+

02r

01+

/
0.0Z 1 L L L L

0.0 0.05

1/(n+ 12
FIG. 1. Limiting velocity of the dislocation in func-

tion of the number (n +1) of wavelengths in the initial
state.
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6
O XX ) — AT o X XX )+ T (e Xt — XX ) = "7 LX) 200GX* +XX3)

[

and Zippelius who concentrated their attention on
the verification of the law v ~8%22 Here, we are
mostly interested by the explicit form of the solu-
tion and the way we reach it. To this end, we have
developed the most obvious and simplest finite
difference explicit scheme. Boundary conditions
and spatial resolution were the same as those of
Ref. 2 and the time step was chosen in order to
avoid linear numerical instabilities. As a standard
initialization we have chosen to feed the system
with a system of n or n+1 pairs of rolls the ampli-
tude of which goes to zero along a line perpendicu-
lar to the roll axis at £=0. This procedure gives an
adequate degree of freedom for growing solutions
with a phase which is singular somewhere. Simula-
tions have been performed for transitions n4+1—n
pairs of rolls where the final state is at the critical
wave vector and with n=3,4,6,9,12 aiming at a re-
liable extrapolation n— 0. Let us examine first the
problem of how one can numerically reach the solu-
tion for an isolated dislocation in an infinite medi-
um. At n— oo the velocity of the dislocation is
zero and from Fig. 1 it is clear that vy, ~1/n? a

oV /

ot g
x10%

20 7__. 6

10 o

L
/
0.0 /0 I L )
96 9.7 958 9.9 x1072

FIG. 2. Slowing down rate —&v /8¢ in function of the
velocity v of the dislocation for the transition 7— 6.
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FIG. 3. Relaxation rate of the velocity as a function of
the width displays a diffusive character.

fact which can easily be derived from Eq. (A5).
Here we present vy, against 1/(n+1)> which is
equivalent for n large but gives a better fit for n
small.

The second feature to be considered is the final
evolution of the velocity v—uvy, at fixed n. The
general trend is similar to that depicted by Fig. 4 of
Ref. 2. Here the velocity is determined with great
accuracy in noting the instants at which the ampli-
tude node passes through a point of the lattice. The
plot of —&v /6t against v for the transition 7—6
(Fig. 2) clearly demonstrates an exponential relaxa-
tion towards the limiting value vy;,,. This is expect-
ed, since the final evolution is governed by the re-
laxation of the phase of diffusive character. This

=

n
<~

FIG. 4. (a) Real and (b) imaginary part of the disloca-
tion solution for the transition 7— 6.
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FIG. 5. (a) Modulus and (b) phase of the dislocation
solution of Fig. 4.

diffusive process is confirmed by the plot of the in-
verse relaxation time against the inverse the square
of lateral size of the system (Fig. 3). Figures 4(a)
and 4(b) display the real and imaginary part of the
complex amplitude while Figs. 5(a) and 5(b) display
the modulus and the phase for the solution of the
7—6 transition. One can attempt to reconstruct the
hydrodynamic fields from the amplitude function
but the amplitude equation is invariant in a multi-
plication of the solution by e'?, where @ is a con-
stant, so Fig. 6 presents the two extreme cases ¢ =0
[Fig. 6(a): symmetric defect] and ¢=m/2 [Fig.
6(b): antisymmetric defect] which have the same
dynamics at this order. Having explicitly the nu-
merical solution, one can calculate any desired
quantity. Figure 7 displays the evolution with

FIG. 6. Reconstructed hydrodynamic fields showing
the effect of the multiplication by expig (¢ const) of the
amplitude of Fig. 4.
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FIG. 7. Integrals a and o' function of the number
n + 1 of wavelengths in the initial state.

(n+1) of the integrals a and a’ of Sec. III. Multi-
plicative factors appropriate to the Darcy-Rayleigh
problem are 64V3/7 and 128/7 for @ and a’,
respectively, leading to figures quoted in the text.
Extrapolation is difficult especially for a’ which
has not monotonous variations with n small, while
the stationary state for n large is difficult to obtain.

Finally, simulations of the amplitude equation
stress on two facts which should not be underes-
timated. First, it is unlikely that the symmetric and
antisymmetric defects have the same dynamics and
this limitation of the lowest-order equation should
be relaxed. Second, and more important, is the ob-
servation of the difficulty one has to reach the sta-
tionary state since the underlying process is the dif-
fusion of phase. To this respect one can say that
the isolated dislocation in an infinite medium is a
concept valid at the long time limit.

*Also at Service de Physique Théorique, Centre d’Etudes
Nucléaires, Saclay, France.
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