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Wigner-Kirkwood expansion of N-body Green’s function:
The case with magnetic field
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A systematic method is given to compute the semiclassical Wigner-Kirkwood expansion
of the off-diagonal thermal kernel of an N-body quantum system.

I. INTRODUCTION

We consider the N-body quantum system with
Hamiltonian (u=1,2, ...,dN;d is the dimension of
space M =dN)

M
N 1 N ~
H=3 —[p,—A4,(@1+V(q),
‘EI o [P —A, (D) +V(q)
where p, = —i#id/dg" in the coordinate representa-

tion and G=(q',...,¢™). Our purpose is to give a
systematic method for computing the semiclassical
Wigner-Kirkwood expansion of the off-diagonal
thermal kernel

P(X | XuB)=(X | exp(—BH )| X,)

[B=(kT)~']. Such an expansion has recently been
obtained in Ref. 1 for the case in which the Hamil-
tonian H does not contain linear terms in p, [i.e.,
A,(§)=0]. Our method uses a functional integral
representation of the heat kernel and is a generaliza-
tion of a method that we have presented in Ref. 2.

In Sec. III we treat the exactly solvable model of
N harmonic oscillators in a constant magnetic field.

II. WIGNER-KIRKWOOD EXPANSION

A. Functional integral representation
of the heat kernel

The heat kernel P(q | Xu8)=(q | UB)| Xo),
U(B)= exp(—BH ), satisfies the differential equa-
tion (7 =#%)

F . 3 .
R P4 | XpB) =2 {a—*,q;n P(q | Xe;B) (1)
q

o8

P(X | XoiB)= [, 1y QF 1P exp

27

with (3,=08/3¢" and a sum over repeated indices is
understood)

L= ?7;8#8"

—%5’—(3,,@( +A4,(d)8,)-7(gd), @
where V=(1/2m)4,4,+V. Comparing with Eq.
(1) of Ref. 2 we can see that the method we used
there to obtain a WKB-type (Wentzel-Kramers-
Brillouin) expansion needs a slight generalization
here due to the dependence on V7 of the term linear
in the derivatives in (2). If this term is absent the re-
sults of Ref. 2 can be used directly and lead to the
expansion obtained in Ref. 1, R

Following Ref. 2 we call Q # and P, the operators
of multiplication by g* and —ind,, respectively; the
commutator is [ Q¥,P, ]=ind,,. Then U(B) satis-
fies

with
ﬁ'=inf( a—»a ,-—inaﬂ—ﬂl’\#)
given by

/\, i A2
H=———-P
2m= H

and consequently one can write for P( X | Xo;B) the
functional integral representation®?

5 , L L
= [Tar[P, (00" —H'(Q (1) ,B(1)] | 8(Q(B)—X)8(Q(0)—Xo) ,
n <o (5)
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where H'( 6,_13 ) is obtained from i by the replacement QA—>(3 (1), I/’\—»l"(t), ie.,
, i iviy o =
H =—EP,2,+*—1LP#A#( Q)—in7(Q).
In (5) the symbol y(5 L) stands for midpoint discretization®* and defines the functional integral in (5) as lim1,,,

n— oo, with

di; ie "&l AQ,# i 2 ivy = L=
L= f QT o Lo (563 (= bl LRl GG || @

where (n +1)e=p, 60=5’(0, 6N+1 =X, and 61 = 61_1 +61 At this point we can see according to the dis-
cussion in Ref. 2 that the associated “classical” problem for the semlclassxcal WK B-type expansion (in i=1"y
here) is determined by the Hamiltonian H,=H'(n= O)——(z/Zm)P But before doing the correspondlng
displacement in (5) and (6) it is more convenient here due to the 51mp11c1ty of H' to perform the Gaussian d P
integration and to work with the configuration-space path integral. Doing this in (6) one has

M/2 M2

m " m nELLom |[AQu e AQ} = ~

d (Q;)—V(Q;)

n 27r176 f |I;Il 277'7’[6 Qt exp 6];] 27’ € ‘/17 € /4 Q] QJ
M
We now do in (7) the displacement Q(1)=% (1)+ V7 g (1) which in the discrete is (3, =X;+V1q;, X;=X(1),
tj=j€, j=0,1,...,(n+1), and X (¢) is the solution of the classical problem determined by H,=H'(=0) [here

the free- partlcle problem for the boundary conditions X (0)=Xg,% (8)=X ]. Consequently,

2(:)=5Zo+tA—B)£, AX =X—X,, ®)

and we see then that §o=7,;;=0. One obtains [AX;=X(;)—X(¢;_;),Aq;=q;—q;_,]

M/2 M2 2
m LR m | Axt Ag#
dq; € - vip—L
" | 2mme f ,I_Il 2me i exP[ j‘z-", 2n | € K
i | Axt Agt -
! J J - =
+77] —e———{-\/—‘— A#(X]+\/1—']qj)
—V(X;+V1q;) ] 9)

with a'] 1 7 ( q‘,_1+a,) We note that the argument of 4, in (9) should be §]+1/7_75j, _;'jz%( Xj_1+X;),in-
stead of X; +\/1—7 q; as we wrote; however, the difference is O( €Ve) since Agj= O(Ve) and consequently plays
no role.>* Finally, we have for P( X | X,;) the path-integral representation

fdt

P(X | io;ﬁ)z f 12 9 G exp —(xF 4V g"P—ivy(xt \/ﬁql‘)

X A XO+VGO)+9V(X+V7§) | [8(G0)S(G(B) .

(10)

In (10) y,(1/2) indicates midpoint discretization as specified in (9); this is important in the term
x“+\/§7q“)A (X+V71q(2)) since it tells us that we can do partial integrations using the normal rules of cal-
culus.?
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B. Semiclassical expansion

The next step is to develop the integrand in the argument of the exponential in (10) in powers of #=V"7). In
the first term

[ atitq#=— [ degrir=0

since x # =0, the development of ¥V is

-2 Fcul,...,p,(’)qm(’)'"q#"(t)’ Chppo oy ()==08y ~ -+ 3y V(X)) (1D

and that of the 4, term is (see Appendix A)
B d - B . - . —
[, dt0*4,(Q) | g _5 1ag= J, dtli#A, (R (0)— i F,(X(1)g"(0)]

A B . ,
- §2 _n—'_ fo dt[(n _l)q”qpl o an—Z(apl o aPn—zpllV)q
re !
_*_)&I‘qpl . ql’rx—l(ap1 . ap,,_lFl.w)qV] . (12)

In (12), F,,=0,4,—0,4,, is always evaluated at X(¢) and x#(t)=AX*/B. Using these developments we obtain
from (10)

N B | .
P(X | XgB=exp | [ dt —5”1’7—(;&” )2+éx“A#(i’(t))—V( x(0) | |1, (13)
B m, . v ep, T = — ~
I=[am@aexn| [y dt | =5 (a" —ig"Fui* +K(G,0 ) | |8(TONS(TBN , (14
where K =2n21h”fn with
= 1 I By
Kn Fcpl ..... yn(t)q IH'q
J T B A P vy s BgPl. L Py ... v
B (n+1)!(nq“q g1, 8y, Fuug®+xtqg g3y 3, Fug®) . 15
!
For practical purposes it is convenient to eliminate B, , ,
in (14) the term bv(t)qv, y“(t)= fO dt A(t,t )b“(t ) (17)
( with
bvu):—iF,w(xm)AXT : 1
i i Alt,t")=——[O(t—t")t'(t—P)
doing a translation g (t)—¥ (£)4+ (¢), and deter- mp
mining 3 ) byl e —nit'—B)] . (18)
yMt)=——b,(1), y"0)=y*B)=0. (16)
y m ¥ Y Y8 Owing to the boundary conditions of (16) one still
The solution of (16) is has ¢(0)=¢(B)=0 and one obtains from (14)
|
B . B . = - .
I=exp fo dt ‘_L;_(y#)2+b#yu f'y,(l/Z)gq exp fo dt ——';—(q")2+K( y+4d,t,%) | |8(G(0))d(G(B)) .
(19)
Using (16) one has
Pt | =t pr | =+ [Parb, (o 20)
[, dt — S by =3 [ dtb (k) . (
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We call T¢ the functional integral in (19). In order to set up the # expansion we compute it as usual in the
form

B _
Te=exp fO dtK(Y+?j,t,ﬁ)]

a’:u/i)(a/s‘J’)ZO[ T3> (21)

where

I Oﬂdt

The value of this Gaussian path integral is well known; in fact, since

Zo[T1= [ Z Gexp 8(G(0)8( G(B)) . (22)

——%(zj“)2+ilﬂ(t)q”

M2, M/2
P G=p—Mr2 | M m_ da.
a=n 2me ,.I=I] 2me i
it is the same one (apart from the factor ~!/?) as in Ref. 2, formula (27), for H, = —(i /2m )pf,, as it can be
seen reintroducing the & P integration. Its value is
M2 5
= m 1 ' ' ’
ZO[ J ]= E;T;E exp [—75 fO dt dt J#(Z)A(I,Z )J#(t )] , (23)
T
where A(z,t')=A(t’,t) was defined in (18). We de- and that this is necessary for the action of
fine now K(q)=K(y+gq)—K(y), which is of the
form K=Y, K, with Kyq)=K,(+q) exp | [ k]
—K,(y), K, given by (15). Then one obtains from ~
21 on Zy[J] to be well defined as we shall see. Using
_ . the identity
I°=exp[ W ]Z,[0]I°, s 3
_ _ B _ 190 |3y 7|19 |p=
=3 #W,= [ dt 3 #K,(F), (24) Flog7 115072 Pl F(q) |5,
n>l1 n>1
B EOSN we write I€ as
I'= exp fo dtK(q(1),q(0) ] G=(1/i)8/8T )
~ - ~ ~ B .
XZo[ T 117 ZolI1=ZolJ)/Zo[0]. (5  je_7z, i%a% exp | [ di ki a,a>] o
At this point we should remark that the original ) _ d o 4=0
midpoint discretization in (10) implies that the in- Since K is a power series in #, (25) shows that
te%r“al in the exponential in (21) is to be interpreted =143 #I¢ .
as” n>1
B .
f o dt K(q(t),q(1)) Each term in the development of
. B .
:el_l)r& fo dtK[%(q(t+e)+q(t—e)) (0], exp fdtK]
(26)‘ will be of the form
f Tt [T dejq" ) - g™ g™ty - QN s ppp gy tir ) (28)
i j
N T
and the action of Z, on (28) tells us that we must do with

there all two point contractions 3
H)g}(1")=8,,A(1,t")= —— (29a) S(t,t")=—-Al1,t")
{q (t)q } —Yu ’ —'t o a ’ dt
(g }(t')=8,,S(t,t")=~~—o |, (29b)
L4 (0™} S C v =-miﬁ[eu_t')t'+e(t'_z>(t'—m],

)GV}t )=8,,D(1,1") = o~ 29
{g"(1)q"} uvD ‘ ? c) (308)
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2
ot at’

D(t,t")= Alz,t')

(30b)

1
8(t—t")——
B

_1
T m

We have drawn in (29) a graphical representation of
each contraction in order to represent in the usual
way by Feynman graphs each term in the expansion
of (27). We note that due to the form of X (linear in
q) the contraction (denoted by curlie braces)
{ ¢*()¢"}(t") will always occur at t=#t' and conse-
quently there is no problem with the 8(¢—¢') in

(30b). However, one will have in the expansion
J

P(X | Xo;8)=Pwks( X | Xo;B) exp( W)I*

{g#(1)g*}(¢") and [q"(t g*}(t') at t=t', the former
is defined since A(¢,¢’) has no dlscontmulty att=t'
and takes the value —(1/mpB)t(t —B); but this is not
the case for the latter since S(z-+e¢,t)5£S(t,t+€),
€— +0. But (26) tells us that

(§“(g*}()=5[{ ¢*()g" }(t +¢€)
+{g*()g” }(t—e)]
which is
s v _ (
{g'(t)g¥ ()= ,,V2 3(B 2t) . (31)

Finally, one then has

M/2
S m
P X | XpB) = |—= —AXFAXH L -
wks( X | Xo;8) 27mB exp—> B +f dt ﬁBAXA (X(1) V(x(t))]
PAX® B
__A_X_zé‘zi [ drdt ’F,,p(i’(t))F,w(i’(t’))A(t,t’)] . (32)
[
All the singular dependence on 4 is in (32) since I¢ development of (27), then one can see that
is a power series in #i containing all the corrections yr~0(B), y*~0", A~0(p), S~0(B),
to the semiclassical WKB approximation. Formula D~O0(B~"), and consequently one can count

(27) shows that I¢ is of the form I°= exp(W),
W=3, "W, with W given by (27) but keeping
only the connected graphs. The first correction

term W, is
ALK
W =2, |——— f dtK(4,4) | 4_,
= 2m32 f dtt(t—B)3,F,(X(1) .  (33)

For W, one obtains, when A i=0, the result
Wy (AX=0)

2
= 5 [B,V X013,V (Xo)~ 23,8,V (X,)]
2

LB F(X)F,Xo) . (34)

_L]|E
48

We remark that, apart from the phase factor AX*4,
in (32) giving the well-known transformation prop-
erty of the kernel under a gauge transformation, the
rest of (32) and the corrections are gauge invariant
as they should be since they are all expressed in
terms of F,.

C. High-temperature expansion

We notice that W, is always a polynomial in f3.
In order to see this, it is enough to scale t— 3¢ in the

g~0(B'%), ¢~O0(B~'"?); moreover, % (H—X,
+t AX, and each integration over dt gives a factor
B. As a consequence of all this one can easily check
(using x ¥=AX*/B) that each W, is a finite polyno-
mial in B with power B, I>n (the same for w,).
Thus we have obtained at the same time the high-
temperature expansion.

One should notice that in (32) the last term in the
argument of the exponential is O(S) and should then
be included in the corrections, while the rest of (32)
gives the singular dependence in 5. In Appendix B
we explain briefly how to obtain the high-
temperature expansion as a direct application of the
methods we have developed in Ref. 2.

D. Classical partition function

The classical partition function can be obtained
putting AX=0 in Pywxy and integrating over d XO
dividing by N! to take into account the indistin-
guishability of particles,® i.e.,

Zy=(ND7" [ dXoPwks(AX=0)

with

— m —
P AX=0)= [—— —BV(Xy)] .
wka( ) 27mB exp[ —BV(X)]
One easily checks then doing the d P integration

that
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qudpeer[ —PBH4(4q,p)],

(35)

o=

N'(21rﬁ)M

where
1 .
Hcl:?;r:(p“—A#)z—*_V( q ) .

III. HARMONIC OSCILLATOR
IN CONSTANT MAGNETIC FIELD

Consider the system of N three-dimensional har-
monic oscillators in a constant magnetic field. It
can be solved by making some simple considera-
tions. Because there is no interaction between the
particles the N-body Green’s function is the product
of N one-body Green’s functions and it is enough to
consider one of them. The one-particle Hamiltonian
is
A= 3 S {hu+4,BIP+V(F) (36)

p=1
with, in the case of a magnetic field in the third
direction,

A4,(q)=—0q8,,, (37a)
V(§)=5MG +33+43) . (37b)

Applying the general method of Sec. II one obtains a
functional integral representation of the form (5)
with H'=H, + H,,

V—

1

+7 ﬁaZQH%MQHQ%)H :

(38a)

H)=—i

;lrgP§+n%kQ§} : (38b)
Because the third degree of freedom is decoupled
from the first two the one-particle propagator is it-
self a product of two factors P, and P,, belonging to
Hamiltonian operators H, and H ;, respectively.
H, is quadratic and has no ordering problems.
Therefore we can immediately write the associated
propagator in the form?’

2 172

_ J{cl
30530”

1

2mrin xp

a=

del l
n
(39

with &y the classical action for the two-
dimensional system with Hamiltonian H, and La-

grangian [here Q—(Ql,Qz )]
LQQ)=i(3mQ +iV700,0, +17AQ?) .
(40)

The extremal path for the boundary conditions
Q(®=Qq, Q(0)=Q, is given by

Q N=U(1) smh!co(B t IQo

sinh(wp)
sinh(wt) =
OB s @0
with
e | L V0 [0
U(t)=exp 2w |i 0 t, (42)
2
pre L | Yao | 43)
4 m m

Computing the action and the Van Vleck deter-
minant, one then obtains

_L . mao 2 =2 _ - —
¢ 21 sinh(wp) cxP 27 sinh(wp) [cosh(@B)( Q7+Q0)—2 Q. UB Q)]
- L(Q Q —Q Q ) (44)
2‘/;7 2¢1 0201
The propagator associated to Hy, is simply
Py= e " bbb h(weB) 2
5™ | 27 sinh(wyB) cxp T2y smh(woﬁ) [ cosh(waB)(Q3 +0%;) ~20300] 45)

with w3=nA/m.
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APPENDIX A

We put a*(u,t)=x"(t)+uqg*(t) and

B .
M(u)= fo dta#(u,t)A“(a(u,t))E<%%,A(a)>.

(A1)

Then the quantity we want to develop in powers of #
is

#* "M
M(#H)= —
n§0 n! du” u=0
One has
oM Jd Jda da da?
du "<au at ’A>+< at’ du a"A> (A2)

but the first term gives

d Jda da Jda’
(81‘ du ’A>‘_<au’ ot 3 >

by partial integration and then

oM da da
du ——<8t’ du >' (A3)
where
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3 9a”
du du

F =F,(d (u,t))

Owing to the form of (A3) we see then that all the
successive derivatives will be expressed in terms of
F,,. Proceeding in the same way one obtains

"M J da da
— —(n— _____F(n—Z) e )
u™ ( 1)< ot du’ ou
9a -1 |9a >
—(— -— A4
where
da | _ da’! 9a’" da”
(n) | Y& | _ [ oo _
F ou | du du (3, 9, Fuv) Jdu

since & (0,t)=X(t), da*/0u =q*(t), one then ob-
tains (12).
APPENDIX B

The 3 expansion can be obtained as follows. Con-
sider

P(G | Xp;B,1)=(q | exp(—tBH )| X,) , (B1)
then P(t=1)=P(q | X¢;B). One has

S B4 | Xep)=7 |2 4:8 |P (B2)
ot 9q
with
— B# if
Z =2 -8,0y—~ -Bdud,+4,8,)—BV(q) .

(B3)

Equation (B2) is exactly of the form of Eq. (1) of
Ref. 2 with B playing the role of 77; and we can then
use without changes the results of Ref. 2.
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