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Relativistic calculation of atomic M-shell ionization by protons
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Relativistic plane-wave Born-approximation calculations of cross sections for M-shell ion-
ization of 67Ho, 79Au, and 92U by protons with incident energies from 0.05 to 1 MeV are re-
ported. Dirac-Hartree-Slater wave functions were employed and binding-energy change and
Coulomb deflection were taken into account. Associated x-ray production cross sections
were also computed. Results are compared with previous theoretical predictions and with
experimental data. Definite improvement in the theory has been attained by the use of real-
istic wave functions and consistent inclusion of the effects of relativity.

I. INTRODUCTION

Atomic inner-shell ionization by charged-particle
impact has been subject to intensive studies during
recent years. The theory has progressed beyond the
plane-wave Born approximation by incorporation of
binding and Coulomb-deflection effects. ' The ef-
fects of relativity and of the choice of more realistic
than hydrogenic wave functions were found to be
quite important for low-energy collisions. Most
studies were limited, however, to EC- and L-shell ion-
ization. Only few measurements have been made of
M-shell ionization because the M x-ray spectrum is
so complex. Except for the early work of Jopson
et al. , the first of these measurements dealt with
incident-ion energies of 1 MeV/u or higher.
Only recently have experimental data become avail-
able on M x-ray production cross sections under
low-energy ion impact. ' ' These data are valuable
for the study of binding and Coulomb corrections,
and relativistic and wave-function effects. On the
theoretical side, calculations of M-shell ionization
cross sections have been carried out in the plane-
wave Born approximation with screened hydrogenic
wave functions. ' ' Going beyond the first Born
approximation, the perturbed-stationary-state ap-
proach including energy loss, Coulomb deflection,
and relativistic effects has been extended to the cal-
culation of M-shell ionization cross sections'; the
effects of relativity were estimated through a
phenomenological approach. The effect of wave
functions on M-shell ionization cross sections was

I

2

recently shown to be very important for medium-Z
atoms. ' As yet, however, there has been no truly
relativistic calculation of M-shell ionization cross
sections.

In order to look into the effects of more realistic
wave functions and of a consistent incorporation of
relativity, we have extended our relativistic Dirac-
Hartree-Slater calculations of L-shell ionization
cross sections to the M shell. Here we report on re-
sults for M-shell ionization of 67Ho, 79Au, and 92U
by protons with incident energies from 0.05 to 1

MeV.

II. THEORY

In the plane-wave Born approximation (PWBA), '

the differential cross section for ejection of an elec-
tron from a closed atomic n shell by heavy-
chargei-particle impact is

Z e (2j„+1)f™~
~q3 ~F~;(q)

~

Here, Ef is the kinetic energy of the ejected electron,
Aq is the momentum transferred to that electron,
and Z~, M~, and E& are the charge, mass, and initial
kinetic energy of the projectile, respectively. The ex-
act limits of the momentum transfer ' were used in
the present calculation.

For an atomic shell with quantum numbers I;,j;,
the relativistic form factor pertaining to the lfjf
partial wave is

00 Jf I J'; 2

~
Ff'(q)

~

'= g (2I + & )(2jf+ 1 ) i & II(1&iI ) fjt(qr)(G G& +FFI )dr
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FIG. 1. Cross sections for M;-subshell ionization of Au

by proton bombardment, as functions of incident-proton

energy. Results of the present relativistic plane-wave

Born-approximation calculations from Dirac-Hartree-
Slater wave functions (RPWBA-DHS) are compared with

cross sections computed nonrelativistically from screened

hydrogenic wave functions (PWBA-SH) (Ref. 19).
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FIG. 3. Cross sections for the production of Ma+P x
rays from M-shell ionization of Ho and Au by protons, as
functions of incident-proton energy. Theoretical results
from the present relativistic calculations with binding-
energy and Coulomb-deflection corrections (RPWBA-
DHS-BC) and without these corrections (RPWBA-DHS),
and from nonrelativistic calculations with screened hydro-
genic wave functions (PWBA-SH) (Ref. 19), are compared
with experimental data from Ref. 16.
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FIG. 2. Theoretical ratios of M5- to M3-subshell ioni-
zation cross sections of Au by protons, as functions of
incident-proton energy. Present RPWBA results from
DHS wave functions, with binding-energy and Coulomb-
deflection corrections (RPWBA-DHS-BC) and without
these corrections (RPWBA-DHS), are compared with
nonrelativistic cross sections computed from screened hy-
drogenic wave functions (PWBA-SH) (Ref. 19).

where

0 if lf+l+l;=odd
II(lfll; ) =

1 if lf + l + l; =even

and 6 and F are the large and small components of
the relativistic one-electron wave function.

In a classical representation, the binding energy of
an atomic electron to be ionized is increased due to
the presence of the slow charged projectile in the vi-
cinity of the nucleus during the collision. This per-
turbation of the target atomic states by the projectile
leads to a reduction in ionization probability. To
take into account this binding effect, the M-shell
binding energies of the united atom (i.e., of the atom
with atomic number Z2+ 1 in the case of proton im-
pact) were used in the present calculations.

In the semiclassical approximation, the effect of
the Coulomb repulsion between the projectile and
target nucleus on the inner-shell ionization can be
taken into account by applying a correction factor to
the cross section calculated for a straight-line projec-
tile path. ' Including the Coulomb-deflection
correction factors, the differential cross sections can
be expanded as follows
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FIG. 4. Cross sections for the production of My x rays
from M-shell ionization of Ho and Au by protons, as
functions of incident-proton energy. Theoretical results
from the present relativistic calculations with binding-

energy and Coulomb-deflection corrections (RP%'BA-
DHS-BC) and without these corrections (RP%'BA-DHS),
and from nonrelativistic calculations with screened hydro-

genic wave functions (PEA-SH) (Ref. 19), are compared
with experimental data from Ref. 16.
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FIG. 5. Total M x-ray production cross sections for

M-shell ionization of Au and U by protons, as functions
of incident-proton energy. Theoretical curves are as fol-
lows. RP%BA-DHS-BC, present relativistic calculations
including binding-energy and Coulomb-deflection correc-
tions; RP%'BA-DHS, same, without these corrections;
RP%BA-DHS-BCM, present relativistic calculations with
binding and Coulomb corrections, employing McGuire's
fluorescence and Coster-Kronig yields (Ref. 29) instead of
relativistic yields (Ref. 27); ECPSSR, calculations of Meh-
ta et al. (Ref. 17) including energy-loss and Coulomb-
deflection corrections, from the perturbed-stationary-state
approach, with screened hydrogenic wave functions and
relativistic corrections. Experimental data are from Refs.
16 and 17.

qc
——{U„+Ey)IU)

U„ is the binding energy of an n-shell electron, and
d is the half-distance between the collision partners
at closest approach. In the present calculations, Eq.
(4) was used to incorporate the Coulomb-deflection
effect in the relativistic plane-mave cross section.

III. NUMERICAL METHOD

DHS equations in the same atomic potential as for
the initial state. The spherical Bessel transformation
of Eq. (2) was carried out with a technique
developed by Talman. Taking a logarithmic mesh
in position and momentum spaces, the form-factor
integral could be evaluated by two successive fast
Fourier transforms. The detailed numerical pro-
ccdurc 18 dcscribcd 1n Rcf. 4.

A general computer program, written for calculat-
ing relativistic PWBA {RPWBA) ionization cross
sections with Dirac-Hartree-Slater (DHS) wave func-
tions was employed to evaluate the M;-subshell
Coulomb ionization cross sections. The atomic
form factors were calculated with DHS wave func-
tions ' that describe the neutral atom. The con-
tinuum wave functions mere found by solving the

The present theoretical RP%BA-DHS cross sec-
tions with and without binding and Coulomb correc-
tions for M~-subshell (i=1—5) ionization of 67Ho,
79Au, and 92U by protons with E1 between 0.05 and
1.0 MCV are listed in Table I. In Fig. 1, our present
RP%'BA-DHS cross sections for Au are compared
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FIG. 6. Approximate universal curve (see text) of

predicted and measured cross sections for the production
of M x rays by M-shell ionization with protons. Curve
denoted by RPWBA-DHS-BC is the prediction of the
present relativistic calculations with binding and Coulomb
corrections; PWBA-SH is the curve derived from nonrela-
tivistic calculations with screened hydrogenic wave func-
tions (Ref. 19). Experimental results are from Ref. 7
(slashed solid squares), Ref. 8 (crosses), Ref. 9 (solid trian-
gles), Ref. 16 (solid circles), and Ref. 17 (solid squares).

with PWBA results from nonrelativistic screened
hydrogenic (SH) wave functions. ' For M4- and
M5-subshell cross sections with projectile energies
50&E~ &200 keV, our present RPWBA-DHS re-
sults are larger by 10—50% than the PWBA-SH
cross sections. ' For the M2 and M3 subshells, our
RPWBA-DHS results are smaller than the PWBA-
SH cross sections by 10—20% in the range
50&E~ &700 keV. The inflection in the o~, curve

(Fig. l) can be explained as a result of the general-
ized oscillator strength going through a minimum in
the region 200&E& &500 keV. In this energy re-

gion, o~ is very sensitive to the atomic model be-

cause of strong cancellation in the atomic form fac-
tor.

Use of Hartree-Slater (HS) wave functions instead
of SH wave functions has been found to reduce the
M-shell ionization cross sections for medium-Z
atoms. ' The effect of relativity tends to increase
the cross sections. A partial cancellation be-
tween wave-function effect and relativistic effect
might therefore occur in our present DHS calcula-
tions. It would be interesting to separate these two
effects by making distinct HS and DHS calculations
and comparing the results.

In Fig. 2, we compare the o~ /o~ ionization
5 3

cross-section ratios for Au from various theoretical
approaches. The ratios from DHS calculations
exceed those from SH calculations by as much as a
factor of 2. Comparison with experimental ratios
would thus provide a sensitive test of theory, but the
requisite data do not yet exist in the literature.

There are two primary modes of vacancy produc-
tion in the target atom by heavy-ion collision: (1)
direct Coulomb ionization to the target continuum
and (2) electron capture by the projectile. The con-
tribution from electron capture to the cross sections
for ionization of heavy target atoms by protons has
been found to be less than 3.4% for incident ener-
gies 0.3&E& &2.6 MeV, ' which is well within the
experimental error in the cross sections. In the
present work, the contribution of electron capture to
the M-shell ionization cross sections is not included
in the calculations.

To compare experimental M x-ray cross sections'
with theories, the various theoretical M-subshell ion-
ization cross sections must be converted into Ma
(M5 N67), MP-(M4 N6), and M-y (M3 N4 ~) x-r—ay
production cross sections, ' using M-subshell
fluorescence yields co;, Coster-Kronig yields fJ,
and radiative widths. If fluorescence and Coster-
Kronig yields from McGuire's work are used in-

stead of our relativistic results, the Ma+P cross
sections are changed by only —l%%uo while the My
cross sections are reduced by 10—15% for 67Ho and
79Au bombarded with protons. In Figs. 3 and 4,
theoretical Ma+ p and My cross sections of Ho and
Au are compared with experimental measurements.
The PWBA calculations from SH wave functions'
overestimate the cross sections. Good agreement is
found between experiment and the present
RPWBA-DHS calculations including binding and
Coulomb corrections.

Theoretical total M x-ray production cross sec-
tions were calculated from M-subshell ionization
cross sections, fluorescence and Coster-Kronig
yields, ' and the relationship between x-ray pro-
duction and ionization cross sections given in Ref.
19. In Fig. 5, theoretical total M x-ray production
cross sections are compared with experimental mea-
surements. ' ' Excellent agreement is found be-
tween experimental results' ' and those of the
present RPWBA-DHS calculations with binding
and Coulomb corrections, for the case of Au ionized
by protons. For the ionization of U by protons, the
present theoretical M x-ray production cross sec-
tions are too low at low bombarding energy (by
—15—25 %) if fluorescence and Coster-Kronig
yields from Ref. 27 are used, while they are too high
at higher bombarding energies (by -10—25%) if
fluorescence and Coster-Kronig yields from Ref. 29
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are used.
Theoretical M x-ray production cross sections

from the perturbed-stationary-state approach includ-
ing energy loss, Coulomb deflection, and relativistic
corrections have been computed by Mehta et a1.
with screened hydrogenic wave functions and
McGuire's fluorescence and Coster-Kronig yields.
The results of these calculations' exceed those of
our present RP%BA-DHS calculations with binding
and Coulomb corrections by —10—20%. Com-
pared with experiment, the calculations of Mehta
et al. ' overestimate the M x-ray production cross
sections for Au and U under bombardment with
protons of E« ~ 400 keV. The better wave functions
and ab initio inclusion of relativity in the present
computations cause a definite improvement in the
agreement between theory and experiment.

An approximate universal curve for all the experi-
mental M x-ray production cross sections can be ob-
tained by plotting U~o~ as a function of E«/U~.
Here, U~ is the average M-shell binding energy,

(6)
i=«

with N~ electrons in the M; subshell in which the

binding energy is U~. . ' The total ionization cross
i

section u~ is related to the total M x-ray production
cross section o~„ through

where B~ is the average M-shell Auorescence yield

1
5

COM g 1S NM Vi.
i=«

v; being the total number of characteristic M-she11 x

rays (not necessarily from the radiative filling of an

M;-subshell vacancy) that result per primary vacan-

cy in the M; subshell. The "effective Auorescence
yields" v; are related to the M-subshell fluorescence
yields ol; and Coster-Kronig yields fJ through Eq.
(1-17) of Ref. 30. We calculated the average fluores-
cence yields coM from Eq. (g) with the I-subshell
fluorescence and Coster-Kronig yields from DHS-
model theory. In Fig. 6, the approximate universal

curve from experiment is compared with theoretical
predictions. The results from PW'BA calculations
with SH wave functions" appear to be consistently

larger than experiment. The present RP%BA-DHS
predictions including binding and Coulomb correc-
tions, on the other hand, seem to agree quite well

with the majority of experimental data.
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