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The soft-photon approximation for bremsstrahlung derived some time ago by Low and

extended by Feshbach and Yennie to allow for resonances is further generalized, in the

framework of nonrelativistic scattering theory, to apply to the case where the scattering po-

tential has a long-range Coulomb tail. The derivation is based on an asymptotic evaluation

of the matrix element in configuration space in which electric-dipole, magnetic-dipole, and

electric-quadrupole components of the particle-field interaction are accounted for. The M1

and E2 contributions give rise to retardation corrections, of order v/c, to the leading E1
term. The Coulomb tail has the effect of introducing certain factors into the approximate

bremsstrahlung amplitude which depend logarithmically on the photon frequency. The re-

sult obtained here has an immediate application to the problem of Coulomb scattering in a

low-frequency laser field and provides a generalization of earlier work based on the

electric-dipole approximation.

I. INTRODUCTION

The radiation of a low-energy photon by a
charged particle during a collision with another par-
ticle is most likely to occur in the region outside the
range of the scattering potential. This provides the
basis for a soft-photon approximation which allows
one to express the bremsstrahlung amplitude in
terms of the amplitude for scattering without radia-
tion. The leading contribution to the cross section is
of order m ', where cu is the angular frequency of
the photon. Not only this term, but also a correc-
tion term of order ~ can be determined from a
knowledge of the dastic scattering amplitude and its
derivatives. This result, first derived by Low, ' was
later generalized by Feshbach and Yennie to allow
for scattering resonances. The improved theory pro-
vides the quantum-theoretical basis for the sugges-
tion that the delay time in a nuclear reaction may be
determined from a measurement of the brernsstrah-
lung cross section.

If both target and projectile are charged, the
scattering potential will have a long-range Coulomb
tail, the effect of which had been neglected in the
earlier work of Low and of Feshbach and Yennie.
Here we shall derive an extension of the Feshbach-
Yennie approximation for the bremsstrahlung am-
plitude which accounts for the Coulomb tail. %hen
expanded in powers of the frequency we find terms
of order inn and ~ ln m in addition to terms of order

' and m present in the short-range case. The er-
ror in the approximation is of order minn. Our
method is based on an analysis of the matrix e1e-

ment in configuration space with proper account
taken of the Coulomb distortion of the asymptotic

wave functions. An earlier application of this ap-
proach was limited to the use of the electric-dipole
approximation for the particle-field interaction, and
the effect of target recoil was ignored. Both of these
limitations are removed here, and a more complete
and systematic derivation is provided. %e find that,
just as in the case where the potential is of short

range, ' only magnetic-dipole (I1) and electric-
quadrupole (E2) corrections need be included in a
nonrelativistic calculation; higher-order multipole
terms lead to corrections of order (U/c) and small-

er. The M1 and E2 corrections are of order U/c

and may be interpreted as arising from the recoil of
the charge particle upon emission of a photon.

It should be mentioned that the amplitude for
scattering in a low-frequency laser field can be relat-
ed directly to the single-photon spontaneous brems-

strahlung amplitude. Thus the result derived here

for the latter amplitude can be used to obtain a low-

frequency approximation for scattering in a 1aser

field in which corrections to the electric-dipole ap-
proximation, as well as effects of the Coulomb tail
of the scattering potential, are included.

There is an interesting similarity between the
theory of soft-photon bremsstrahlung and that of
K-shell ionization accompanying a nuclear collision.
Both have been proposed as methods for studying
time-delay effects with both classical and quantum
descriptions provided in each case. An asymptotic
evaluation of the E-shell ionization matrix element
has recently been presented by Blair and Anholt.
Methods developed in the present paper, in which
higher-order terms in the asymptotic expansion of
the Coulomb wave function are retained, may be
useful in extending the Blair-Anholt theory to
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higher order in the energy-loss parameter.
In Sec. II the bremsstrahlung amplitude is de-

fined, the effect of target recoil is determined, and
the relevant terms in the multipole expansion are
presented. The problem of evaluating the angular
and radial integrals which appear in the matrix ele-
ment is taken up in Secs. IIIA and IIIB. With
these results in hand the derivation of the approxi-
mate bremsstrahlung amplitude is straightforward
and is outlined in Sec. III C. The paper concludes,
in Sec. IV, with a discussion of the results obtained.

II. BREMSSTRAHLUNG MATRIX ELEMENT

where Pi=1) as

5 = —2mi5(p' /2@+co —p /2p)~
with

PlC

We have defined
' 1/2

2&C

NP

(2.1)

(2.2)

{2.3)

where A, is the photon polarization vector and & is
the quantization volume. %e also have

The scattering system studied here consists of two
particles, one (the "projectile" ) of charge e and mass
m and the other (the "target") of charge Ze and
mass Am. %e ignore the effects of the internal
structure of the particles, as well as spin and rela-
tivistic effects. The initial momenta of projectile
and target are p~ and p2, respectively. The system
is initially in a state of zero total momentum

p ~+ p2 ——0; the total energy is p /2p, where p is the
relative momentum and p is the reduced mass. In
the course of the scattering a photon of momentum
k and frequency ~ is emitted, the particles emerging
with momenta p i and p2. From momentum con-
servation we have p &+p 2

———k. Accordingly, the
energy associated with the center-of-mass motion in
the final state is negligible in the nonrelativistic re-

gime, and the total particle energy in the final state
is just p' /2p, where p

' is the final relative momen-
tum.

The S matrix element may be expressed (in units

(2.4)

valid in the Coulomb gauge, in which k A, ~=0.
The wave function in the initial state is

)
—3/2 '~7)+ &2~' (+)( (2.5)

P

where r=r, —r2 and R=(r~+Ar2)/(1+2). Since
we take p, +p2 ——0, we have V-, 1(=—V-, t(

1 '2
= V-, 1(. The final state is represented as

)
—3/2 P 1+&3 ( —)( ) (26)

P

The wave function u '-+'(r ) satisfies the Schrodinger
P

equation in the center-of-mass frame in the presence
of the full scattering potential, a superposition of
Coulomb and short-range components. Asymptoti-
cally, we have the form

u'+'(r)-(2n) 3/ (2pr) ' g (21+1)i'+'[u('+ "(p,r) St(p)u('+'(p, r)—jP((r"p), r~ao

Z --. 1p', p; — k
A

' ' 1+3 (2.9)

with

where SI is the partial-wave 5-matrix dement, and
uI+' is the outgoing-wave spherical Coulomb func-

tion. We note the relation u': =u'+-'.
After integration over the center-of-mass coordi-

nate Eq. (2.2) becomes

M=5(p i+ p q+ k)T(p ', p); (2.8)

the T matrix may be expressed as

Xu'-+'(r)d'r . (2.10)
P

%e confine our study in the following to the func-
tion M(p ', p;k), which represents the bremsstrah-
lung amplitude for scattering from a stationary tar-
get. Effects of target recoil are accounted for by
making use of Eq. (2.9).

The exponential in Eq. g.10) may be expanded as
1 —ik r with higher-order terms, which lead to
corrections of order (U/c), ignored. Following a
standard procedure we are led to a truncated mul-

tipole expansion M =M '+M '+M . The
electric-dipole contribution is
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(ufo& u'+'. (r)ru'+'(r)d3r
Nlc P P

(2.11a)

(k)& M) u'+-', (r)L;u'-+'(r)d r .
2Nlc

—P " P

(2.11b)

The electric-quadrupole term takes the form

(ural fu'+-', (r)(k r)(W r)
2mc

Xu'+'(r)d'r .
P

(2.11c)

with m=p /2p —p'2/2p. The magnetic-dipole term

may be expressed in terms of the angular momen-
tum operator L;=—ir g 7-, as

III. ASYMPTOTIC EVALUATION

A. Angular integration

%e consider here the angular integrations which
arise when the wave functions appearing in Eqs.
(2.11a)—(2.11c} are replaced by their partial-wave
expansions. These integrations can be performed us-

ing formulas of the type

g fdQ;(2l'+1)P((p' r)Yx„(r)P((p r}
l'=0

=4(re„(p'}P((p ' p) . (3.1)

To derive this result one first makes use of the
spherical harmonic addition formula

l
(21+1)P((p r)=4' g Y(~(r)Fi~(p) (3.2)

m =-l
with a similar expansion for Pr(p'r). The in-
tegrand now will contain a product of three spheri-
cal harmonics. This may be reduced using the iden-
tity

1/2

Yx„(r)Y(~(r)= g g (,Alv(r(
~
AlJM)(A100

~

){.lJO) 1'z~(r) .(2A, + 1)(21+ 1)
+ (3.3)

{It is only the existence of an expansion of this type
which is used; the explicit form of the expansion
coefficients plays no role in the derivation. ) The an-
gular integration may now be performed using
orthonormality. At this stage we have a linear com-
bination of functions Fl (p ') with expansion coef-
ficients of the form shown in Eq. (3.3); it may there-
fore be summed to Yx„(p')Y( (p'). Then, continu-
ing to retrace our steps, we use the addition formula
(3.2} to arrive at the stated result, Eq. (3.1). As an
immediate consequence we have the relations

g fdQ;(2l'+1)P((p'r)W rP((p r)
l'=0

=4m W.p 'P((p 'p ) (3.4)

g fdQ;(21'+1)P (p
' r")(k r")(W r)P((p r)

1'=0

=4m(k.p ')( M.p ')I'l(p 'p)
I

In s similar way, by expanding I.;Pl~(r ) as a super-
position of spherical harmonics, we find

g fdQ;(2l'+l)P((p' r}L„-P((p r)
l'=0

=4m L-,P((p '.p) (3.6)

with L-,=—i p 'g V-,.
Ip P

%e also encounter integrals which are of the type
shown on the left-hand side of Eq. (3.1) but with
Y (x}rreplaced by [L„-,Yx„(r")]. To see how such
integrals arise in the calculation consider the matrix
element in Eq. (2.11a) with the wave functions re-
placed by their asymptotic forms, as shown in Eq.
(2.7). The products of radial spherical Coulomb
functions which appear in the integrsnd may be ap-
proximated with the aid of the well-known asymp-
totic expansion of ul'+'(p, r). %e have, for exam-
ple,

ur~+ (p', r)u(+'(p, r)-e'(' (' "i' "(2pr) '"(2p'r)'"
I 1 (2ipr) '[l'(l'+—1)—l(l + 1)+2in]I,

where

(3.8)
Ze p, , Z8p

7l

p
In the expression in braces on the right-hand side of

Eq. (3.7) we have ignored terms of order r 2 and
higher and have also ignored the distinction between

p and p'. These are the approximations which set
the limits on the accuracy of our final result, as dis-
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cussed further belo~. When the eigenvalues 1(1+1)
and 1'(1'+1) are replaced by the operator I.; (acting
to the right on I'I in one case and to the left on I'I in
the other) and the Hermiticity property of this
operator is used, we obtain the commutator form in-
dicated above. A formula of the type (3.1), but with
F~„replaced by its commutator with I. , is readily
derived; the identity

L-.( W p ') = i—p
' X W (3.10)

along with Eq. (3.9) then leads to the desired form

$ JdQ;(2l'+1)Pr(p r)[L-„,Z r]P((p r)

integration formula and by W p
' on the right. Use

of the relation

[L;,I'q„(r)]=A(A+1)Fq„(r)

+2[L„-Fg„(r)]L; (3.9)

=4m [2& p
' —2(p

' X W ) X p
'

V -,]P((p
' p) .

(3.11)

allows one to reduce this case to those considered
above. It is also clear that the spherical harmonic
may be replaced by M r on the left-hand side of the

A similar formula holds with M.r replaced on the
left by (k r )( M r ). The commutator appearing on
the right-hand side reduces to

[Lp~, ( k'P ')( ~'P ')]=6( k P ')( M 'P ') —2[( M 'P ')(P 'X k ) X P 'V, +(k p ')(p 'X W ) X p
'.V, ] . (3.12)

B. Radial integration I(o o)=[—i(p p')] '&—(p',p» (3.15)

In the low-frequency limit the dominant contribu-
tion to the bremsstrahlung matrix dement comes
from the asymptotic domain in configuration space,
here defined by the condition r &ro. We require
that ro be large enough so that the short-range com-
ponent of the scattering potential may be neglected
in constructing the asymptotic solutions. (Of
course, the potential affects the scattering pararne-
ters which appear in those solutions. ) A class of ra-
dial integrals which must be considered in the
asymptotic evaluation of the matrix element is of
the form

I (ro, s) = e'(' (' "(2pr) '"(2p'r)'" r'dr,
'0

(3.13)

where s is an integer. Another type of integral arises
which can be obtained from this by interchange of
initial and final momenta, in a manner shown expli-
citly belo~. The integral (3.13) is made well defined
by the introduction of a convergence factor e
with &~0 in the final result. This result is singular
in the limit p'~p (or co~0) for s & —1. ~e adopt
the rule that those contributions to the radial in-
tegration which remain finite for co~0 are to be dis-
carded. In particular, we neglect those terms in
which the rapidly oscillating exponential e —'+++ '
appears in place of the factor e"~ ~ '.

Consider now the integral I(ro, s) for s =0, 1, and
2. Since these integrals remain finite when the range
of integration is extended down to the origin we

may, in accordance with the rule adopted above, set
ro ——0 and make use of the relation

lim f e "+""rsdr =(ia) ' l (1+6) . (3.14)
e~O

We then find, for s =0,

X& (p',p),
I(0,2)=[—i(p —p')] '[2—i(n —n')]

(3.17)

X [1 i (n —n—')]B(p',p) . (3.18)

Integrals with s & 2 do not appear in the calculation.
For s =—1 we have, after an integration by parts,

I(ro, I)=[i(n —n')] 'e-
' in'

I

~ (2 )
—i(n —n') P

p

s

+ P P, I(r„o).
Pl —Pl

(3.19)

Using Eqs. (3.15) and (3.16), and ignoring terms
which remain finite for p —p'~0, we find

' i(n —n')

2p

2p
(3.20)

where
'i(n —n') ' 'in'

—(n —n'(~/2 Ip p
2p p

X I'[1 i (n ——n')] . (3.16)

Note that with terms of order (n —n') neglected we
have I [1 i (n ——n')] =1+i (n —n')y, where
y=0.5772157. . . is the Euler-Mascheroni constant.
The remaining integrals may then be expressed as

I(0, 1)=[ i (p —p—')] [1 i (n ——n')]
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Terms of this order could be retained. However,
they appear with coefficients which involve sums
over partial waves, and we have found no simple
closed-form expression for these sums. In the fol-
lowing we ignore terms of order ln~ in the radial in-
tegrals; this introduces errors of order ~inn in the
matrix elements {2.11). It follows that in an expan-
sion of the expression (3.16) for 8(p',p) about co=0
terms of order co ln~ may be consistently neglected.

C. Low-frequency approximation

We are now prepared to evaluate the matrix ele-
ment (2.10) in the asymptotic approximation
described above. For notational convenience we
re~rite Eqs. (2.11a)—(2.11c) in the form

M (p ', p;k)= pro fu'+-', (r)V~(k)

Xu +'(r)d r (3.21a)

V = ——,i(k r)(M r) . (3.21d)

Iu'+', (r )&'(k )u '-+'(r )d'r
P P

=M'(p', p;k)+M ( —p, —p';k) (3.22}

The asymptotic form of the wave function is shown
in Eq. (2.7). Each partial wave is a superposition of
an incoming part uI'+" and an outgoing part uI'+'.
The product of initial- and final-state wave func-
tions contains a part which is outgoing in the initial
state and incoming in the final state [see Eq. (3.7}].
Once the contribution from this part is evaluated the
contribution from that which is incoming in the ini-
tial state and outgoing in the final state may be ob-
tained by making the switch p~ —p

' in the
momentum variables. The parts which are purely
outgoing or purely incoming may be ignored in our
approximation. Thus we write

with a=El, M 1, or E2 and

V =M' r,

HAMI

(p2 pi2) —ik X ~.L
(3.21b)

(3.21c)

and apply the results obtained in Secs. IIIA and
IIIB to evaluate the functions M (p ', p;k). With
uninteresting algebraic details omitted we may state
the result for the E 1 contribution as

M '(p', p;k)=-(t'pipp')(p —p') 8(p',p)[W.p't(pp', p)+(p —p')p'X(M Xp') V-,t(p', p)], (3.23)

~here

t(pp', p)=( —4ir)(2}Lt) '(2n) ' (2ip} ' g (21+1}St(p)pt{p'p) (3.24)

is the conventionally defined t matrix for scattering by a potential with a long-range Coulomb tail. [The gra-
dient in Eq. (3.23) is evaluated at p

' =pp '.] The M 1 and E2 contributions are

p. k) —(&@y2&&')(~ p')-'g(p', p)p 'g{ky W) V-,t(p ', p), (3.25)

M '(p', p;k)=(t'y/pp')(p —p') '&(p', p)

X (W p')(k p '), 1 —— i{n n'—) t(pp—', p)
2

+ —,(k'p')p'X(WXp') V-,t(p', p)+ —,(W'P')p'X{k Xp ') V-,t(p', p)

(3.26)

In forming the sum M =M '+M'+M some simplification is achieved by expanding the triple vector
products, taking advantage of certain cancellations, and then regrouping terms. We also make use of the rela-
tion {correct to the required accuracy)

(k ') p =kp '
1

3p pV
p —p pd) 2 p

and observe that terms of second order in k p '/p, ru may be neglected in this nonrelativistic calculation. We
find
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~(P Pik)=(&P/PP )(P —P ) &(P P'k)

X ~.p 't(pp ', p)+(p —p')p 'X(~ Xp ').V-,t(p ', p)
co —k p'/p

+ (~ p ')p 'X(k Xp ').V-,t(p ', p) (3.27)

where

B(p ', p;k)=B(p', p) 1+i k—p
' (3.28)

The bremsstrahlung matrix element is obtained by forming

M(p', p;k)= pco[M(p', p;k)+M( —p, —p';k)] .
mc

(3.29)

[The time-reversal property t ( —p, —p ') = t ( p ', p ) is useful here. Note also that in Eq. (3.27)
co=p~/2p —p'~/2p changes sign under the momentum interchange while k reinains fixed. ] The result is

M(p ', p;k)=—

+pB( p', p;k)p 'X(M Xp ').V-,t(p ', p)+pB( —P, —P ';k)P X(W XP) V'-r(P ', P)

+ B(p',p) p 'X(k Xp') f-,r(p ', p)+B(pp') p X(k Xp) V'-r(p ',p)

(3.30)

(3.31a)

Introducing the relation

t(pp ', p) =t(p ', p)+(p —p')p ' v-, t(p ', p),
we find, after a slight rearrangement of terms in Eq. (3.30),

In the case where the emitted radiation is linearly polarized, so that M is real, the result (3.30) may be ex-

pressed more concisely in terms of the t matrix evaluated at slightly shifted momenta. Thus we define

p(k) = p —(pa) —k.p) —k,
M'p

p '(k) = p '+(pN —k.p ') + k . (3.31b)
M'p

M(p ', p;k)=—
f

B(p ', p;k) t[p '(k), p] B(—p, —p ';k)— t[p ', p(k)]
mc ~ k ~ p '/p ~ k ~ p/p

(3.32)

Note that by virtue of the relations

p (k)/2p=p' /2p, p' (k)/2p=p /2p, (3.33)

the t-matrix elements in Eq. (3.32) are on the energy
shell.

IV. SUMMARY AND CONCLUSION

Let us recall that the low-frequency approxima-
tion for the bremmstrahlung matrix element
M(p', p;k), either in the version (3.30) or in the
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form (3.32) to which it reduces when the photon is
linearly polarized, must be combined with Eq. (2.9)
to account for the effect of the recoil of the target.
The result so obtained provides a generalization of
the Feshbach-Yennie approximation [see Eq. (21) of
Ref. 2], reducing to it when the parameters n and n'

are set equal to zero, i.e., when the effect of the
long-range Coulamb tail is ignored. A low-

frequency approximation for single-photon brems-
strahlung had been derived earlier, but only the
electric-dipole contribution was included. Here we
have included magnetic-dipole and electric-
quadrupole contributions as well. Since higher-
order multipoles introduce corrections of order
v /c, they cannot be consistently included in a non-
relativistic formulation of the problem. The effect
of the Coulomb interaction is ta change the analytic
form of the low-frequency expansion, introducing
terms which depend logarithmically on the photon
frequency. The existence of these "anomalous"
terms should be recognized in any attempt to
represent experimentally determined bremsstrahlung
cross sections, aver a range of low frequencies, in
some analytic form. By virtue of the inclusion of
M1 and E2 contributions the low-frequency ap-
proximation derived here is correct to order v/c.

Perhaps the most interesting feature of the
Feshbach-Yennie version of the low-frequency ap-
proximation for bremsstrahlung, one which is rnain-
tained in the generalization derived here, is that it is
expressed in terms of the physical, elastic scattering

amplitude at the incident and final energies. This
result remains valid even in the presence of narrow
resonances in the scattering. Thus the first term in
Eq. (3.32) represents the amplitude for scattering
followed by the emission of the photon, while the
second term accounts for the process in which the
photon is radiated prior to the collision. As em-
phasized by Feshbach and Yennie, the interference
between these two amplitudes contains information
about the scattering which is not available from a
study of the radiationless process alone. Specifical-
ly, it allows for a separate determination of both the
nonresonant cantribution to the cross section associ-
ated with the direct reaction process and the
resonant contribution arising from the formation of
a compound intermediate state. There have been at-
ternpts recently to test the validity of the Feshbach-
Yennie approximation by comparison with experi-
mentally determined cross sections. It would be in-
teresting to see how inclusion of the Coulomb modi-
fications derived here affects the comparison be-

tween theory and experiment. These modifications
are contained in the B functions defined in Eqs.
(3.16) and (3.28), and their deviation from unity pro-
vides a measure of the impartance of the Coulomb
effect.

In earlier work on Coulomb scattering in the pres-
ence of a laser field' a low-frequency approxima-
tion for the transition amplitude was obtained. It
took the form of a product of two factors, one
representing the effect of the laser field in initial and
final states and the other, given by an expressian
similar to that shown in Eq. (2.10) above, represent-
ing the emission or absorption of a single laser pho-
ton during the collision. We were able at that time
to obtain only the leading term in an expansion of
the single-photon bremsstrahlung amplitude in
powers of the frequency. (The standard method of
derivation based on the nonrelativistic Lippmann-
Schwinger equation provides a first-order correction
term but is valid only for potentials of short range.
Relativistic methods, which make use of gauge in-
variance and analyticity properties, are similarly re-
stricted since the analyticity assumptions break
down for Coulomb scattering. ) The method of
asymptotic evaluation in configuration space, intro-
duced subsequently in Ref. 4 and improved on in the
present work, provides a more effective calculational
procedure than that adopted earlier' and has al-
lowed for the determination of higher-order correc-
tion terms. By combining the results of the present
work with the theory developed in Ref.
specifically the approximate representation of the
transition amplitude appearing in Eq. (2.28) of Ref.

we arrive at an estimate of the stimulated brems-
strahlung amplitude which includes the M1 and E2
contributions that had been neglected previously. It
has been pointed out"' that resonance studies of
the type suggested by Feshbach and Yennie may be
considerably more effective when applied to stimu-
lated bremsstrahlung processes since one has a mea-
sure of control over the intensity, frequency, and po-
larization properties of the external field. The more
accurate approximation derived here may prove use-
ful in such studies.
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