
PHYSICAL REVIEW A VOLUME 27, NUMBER 4 APRIL 1983

Ion-atom differential cross sections at intermediate energies

R. E. Olson
Physics Department, Uniuersity ofMissouri Ro—iia, Roila, Missouri 65401

(Received 25 October 1982)

The classical-trajectory Monte Carlo method has been used to calculate H++H(ls)
electron-capture and ionization differential cross sections in the range 25—200 keV. The re-

sults indicate the importance of including excited product states to describe the small-angle
electron-capture scattering. Angular scattering of the electron removed by the ionization
process has been studied as a function of ejected-electron velocity U, . The classical calcula-
tions are in reasonable agreement with coupled-channel results of Shakeshaft [Phys. Rev. A
18, 1930 (1978)] as to the "electron capture to the continuum" (ECC) component of the ioni-

zation process where this term is defined as the ejected electron being more closely centered
to the projectile than the target nucleus after the collision. The ECC cross section o Ecc was

studied as a function of collision energy (50—500 keV/amu) and projectile charge state

(q =1—10). At high energies, 0«c scales as q "/E '. The maximum value for 0.«c was
determined to be an energy E,„=(56 keV/amu)q . Restricting the ECC component to
small electron-scattering angles, O~,b(5', and electron-ejection velocities v, =v~(1.0%0.1),
where U~ is the projectile velocity, indicates this process is a minor component of the total
ionization cross section at intermediate energies.

I. INTRODUCTION

Recently, there has been considerable interest in
the angular scattering induced by ion-atom col-
lisions at intermediate energies. The study of such
processes directly probes the impact-parameter
dependence of the transition under study and pro-
vides a sensitive test for theoretical methods. Exper-
imental observations made by the groups of Rudd, '

Sellin, Park, and others have prompted a consider-
able amount of theoretical interest. Calculations
and formulations performed by such workers as Ma-
cek, Salin, and Shakeshaft ' have provided much
of the insight into the physical collision mechan-
isms.

It is the purpose of this paper to extend the work
of others and provide "exact" classical calculations
of some of the collision processes. These calcula-
tions are made at intermediate energies (25
keV/amu & E & 500 keV/amu) where perturbation
methods such as the various Born approximations
are invalid. On the other hand, coupled-channel cal-
culations require exhaustive numerical techniques
with a large number of coupled channels to obtain
accurate cross sections at intermediate energies.
Classical calculations, while much simpler to imple-
ment, must employ several approximations with re-
gard to the energy levels and radial distributions of
the bound electron.

The classical-trajectory Monte Carlo (CTMC)
method provides an exact classical description of the

three-body, three-dimensional scattering for elec-
tron-capture and ionization reactions:

A'q-"+B,
A~++B++e,

(la)
(1b)

where the ion A ~+ is fully stripped and B is atomic
hydrogen. The CTMC method has been very valu-
able in predicting the total cross sections ' for (1)
and should provide insight into the angular scatter-
ing mechanisms. It should be noted that CTMC
calculations by Banks et al. ,

' preceded the exten-
sive coupled-channel calculations of Shakeshaft in
the prediction of a large "electron capture to the
continuum" (ECC) component in the ionization
cross section for H+ + H which is found to maxi-
mize at E=—50 keV. Similar to Refs. 6 and 10, we
will define the ECC component of the ionization
cross section as the ejected electron in reaction (1b)
being found to be more closely centered to the pro-
jectile than the target nucleus after the collision.

In order to benchmark the CTMC calculations,
we will first compare the theoretical results to mea-
sured H+ + H differential cross sections for angular
scattering in electron-capture collisions" and
energy-loss measurements for the ionization pro-
cess. ' The angular scattering of the heavy particles
after ionization are given for future comparison to
experimental data. Extension is then made to ECC
studies for reaction {1b) when A~+ is fully stripped
(1&q &10), B is atomic hydrogen, and the energy
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range is 50—500 keV/amu. The energy and charge-
state dependence of the ECC total cross sections are
presented. Doubly differential ECC cross sections
(in angle and ejection velocity of the electron) are
also given for the H+ + H system.

II. THEORETICAL METHOD

+~(9i qz.

i=4 l =7

(2)

where m„mb, and m, are the masses of the three
particles, p; and q; their respective momenta and
coordinates, and V the Coulomb potentials between
the point charges. Eighteen first-order coupled dif-
ferential equations arise to follow the time depen-
dence of the three particles' motions

and

dt
BH

Bp;
(3)

dp; ()H

dt Bq;

Six random numbers are used to initialize each tra-
jectory and determine the impact parameter, and the
plane and eccentricity of the electron's orbit about
the target nucleus. Several thousand trajectories are
computed, and the cross sections for a specific event
are calculated by

NR
R =mbmax (5)

with a one-standard deviation error limit given by
' 1/2

(N —NR )

R

(6)

In Eqs. (5) and (6), N is the total number of trajec-
tories calculated for impact parameters less than
b,„, and NR is the number of trajectories that
satisfy the criteria for a given collision process such
as capture, ionization, etc.

From Eq. (6), it is apparent that the CTMC
method is not applicable to a minor collision process
since the error limits become unacceptable to obtain
meaningful results. To a good approximation, the

The CTMC method has been fully described by
Percival and Richards, ' Olson and Salop, ' and oth-
ers. The method consists of solving Hamilton's
equations of motion for a three-body three-
dimensional system. The classical Hamiltonian is
given by

3 6 9
H= gp; /2m, + gp; /2mb+ gp; /2m,

statistical error limit can be written ha =0./NR
For 10%%uo error bars NR-100, so that a process
occurring in only l%%uo of the collisions requires the
computation of 10000 trajectories. In the calcula-
tions presented here, we found it necessary to com-
pute 10 000—60000 trajectories at each energy in or-
der to obtain good statistics for the differential cross
sections.

The CTMC method does not account for interfer-
ence or tunneling effects. However, the method is
nonperturbative and explicitly considers all three-
body three-dimensional effects. Of importance for
our application is that the Rutherford scattering of
two charged particles is the same in both classical
and quantum-mechanical frameworks.

Since the momenta and coordinates of each parti-
cle are known throughout the collision, differential
cross sections can be readily calculated. In this pa-
per, we have used the Cartesian coordinates of the
particles after the collisions to determine the scatter-
ing angles. Convergence was verified by integrating
in stages to 100ao past the collision zone. The mo-
menta components of the particles can also be used

to determine the scattering angles. However, one
must use caution when investigating the electron-
capture process, since the orbital momentum of the
captured electron will be contained in the calculated
momenta and must be removed before the angle
determination. Failure to do this subtraction will
lead to differential cross sections which are not suf-
ficiently forwardly peaked and are artificially
broadened to large angles.

Estimates of the excited-state product distribu-
tions after electron capture, reaction (la), can be
determined from the energy of the captured electron
relative to the projectile E,~ to obtain a classical
principal quantum number

n, =q/( —2E, )'

The classical values are "quantized" to a specific n

level if they lie between the limits

[(n —1)(n ——,)n]'~3 & n,

& [n (n + —, )(n +1)]' '.

Mackeller and Becker' derived relationship (8) and
have shown the phase space per bin equals the n

multiplicity of a given quantal n level. Equation (8)
has also been tested' on a large series of reactions of
type (1a).

III. CALCULATIONAL RESULTS

A. Electron capture

Electron-capture differential cross sections are
presented in Fig. 1. These cross sections include all
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FIG. 1. Calculated electron-capture differential cross
sections for projectile energies from 25 to 100 keV. Cal-
culations include capture to all excited levels for the
H+ + H(1s)~H(n)+H+ reaction. Both the differential
cross section and scattering angle are in the center-of-
mass frame. Error bars are given when one-standard de-
viation exceeds 10%. Total cross sections corresponding
to these differential cross sections are presented in Table
I.

possible excited-state products in the reaction

H++ H(1s)~H(n)+ H+.

the accepted experimental value. ' Such behavior is
indicative of the deficiency in the classical descrip-
tion of the radial distribution of the target s hydro-
genic electron. Although the classical momentum
distribution reproduces the quantum-mechanical re-
sult, the radial distribution does not allow the elec-
tron to penetrate into the classically forbidden re-
gime (r g 2ao). Thus, small-angle large —impact-
parameter collisions are not well described by the
CTMC method. As the collision energy increases
above 25 keV, the range of impact parameters con-
tributing to the electron-capture process decreases,
so that one can expect more accurate results.

Eichenauer et a/. ' have tried to remedy the
CTMC method with the use of a %igner distribu-
tion to describe the electron's orbit. These authors'
results lie below ours and the experimental data at
small angles by about a factor of 4. %e are able to
reproduce their values by determining the scattering
angles from the momenta of the projectile after the
collision and ignoring the contribution to the angles
from the orbital angular momentum components.

In Fig. 2 we display in detail the 60-keV calcula-
tions. The differential cross section for capture to
all states is in reasonable accord with the measure-
ments of Martin et a/. " Also shown are CTMC
calculations for capture to the 1s, n =2 and 3 levels.

IQ

The overall magnitude of the differential cross sec-
tions mirror the total cross sections (Table I), with
the shapes becoming slightly more sharply peaked as
the collision energy is increased.

The 25- and 60-keV results have been compared
to experimental data by Park. At 2S keV, our cal-
culated values lie below the data at small angles.
This behavior is also reflected in the total electron-
capture cross section, which is -25% lower than

TABLE I. Total cross sections for H+ + H collisions
which correspond to the calculated differential cross sec-
tions presented in this paper.

2

IQ

5

eu~
E

'0
b

-I I

IO

60 IIeV

F. (keV) o ~o (10 ' cm ) o;,„(10 ' cm2)

25
40
50
60
75

100
125
150
175
200

3.02
1.76
1.06
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FIG. 2. Electron-capture differential cross sections for
the H++H(1s) reaction in center-of-mass coordinates
and a projectile energy of 60 keV. CTMC calculations for
capture to all states are given by the solid circles; for cap-
ture to H 1s 0; for capture to H (n =2), S; and for cap-
ture to H(n =3),Q. Experimental values of Martin et al.
(Ref. 11) are denoted by 6 and the calculations of Shake-
shaft (Ref. 19) for capture to H 1s are denoted by ———.
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Equations (7) and (8) were used in the determination
of these cross sections. The calculations indicate the
importance of including excited product states in the
computation of the electron-capture cross sections,
especially at the small angles which are determined
by "soft," large-impact-parameter collisions. Simi-
lar behavior is noted in the n )2 contribution to the
total cross section' at 60 keV, which is approxi-
mately 40%.

The calculations of Shakeshaft' for capture to
the Hls are also displayed in Fig. 2. The calcula-
tions of Shakeshaft are based on a straight-line,
coupled-channel calculation of the transition ampli-
tudes and the use of the eikonal method to deter-
mine the differential cross sections. The agreement
of the CTMC and quantum-mechanical Hls cross
sections is within +50%, except at angles around
0.06' at which Shakeshaft' notes there is a dip in
the differential cross section. The CTMC results do
not indicate this dip, nor do the measurements"
which are for capture to all electronic levels but are
dominated by the Hls contribution at the larger an-

gles.
An interesting behavior observed in the CTMC

calculations is contributions from both positive and
negative angle deflections. At the smallest angles,
L9, &0.04', we note that almost one-half of the cross
section arises from negative angle deflections. Such
behavior can be interpreted as follows: in large-
impact-parameter collisions the projectile is slightly
attracted to the electron before the capture event by
the Coulomb force between the positively charged
projectile and the electron. The target nucleus,

B. Ionization

Differential cross sections for the ionization reac-
tion

H++ H( Is)~H++ H++ e (10)

are given in Fig. 3 where the scattering of the heavy
particles is followed. Within statistical errors gen-
erated by the CTMC method, the 50-, 60-, and 75-
keV results are almost identical. As the collision en-

ergy further increases, the magnitude of the cross
sections decreases and the cross sections become
more forwardly peaked. The general behavior of the
differential cross sections is mirrored by the total
cross sections given in Table I. No structure is ob-
served on the cross sections and experimental data
are lacking for a direct test of the calculations.

There are data available, however, for energy-loss

0.5

200 keV

while being much more massive, is far removed
from the electron-capture center and, thus, can be
considered a spectator to the collision event. This
mixture of both positive and negative angle deflec-
tions to the same scattering angle makes it very dif-
ficult to uniquely relate a specific scattering angle to
a given impact-parameter collision.
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FIG. 3. Ionization differential cross sections for the
H+ + H reaction in center-of-mass coordinates and pro-
jectile energies in the range of 50—200 keV.
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FIG. 4. Calculated energy-loss spectra for ionization in
the H+ + H reaction, O. Calculations are compared to
the experimental data of Park et al. (Ref. 12), denoted by
the lines, which have been normalized to the total cross
sections by Shah and Gilbody (Ref. 20). Projectile ener-

gies are given in the figure.
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spectra in the H++ H ionization reaction. The
measurements were performed by Park et al. ' at
25-, 50-, 75-, 145-, and 200-keV projectile energies.
Since the total cross sections deduced from the
energy-loss spectra are larger than currently accept-
ed values, we have normalized the data of Park
et al. to the most recent measurements of Shah and
Gilbody. The normalization factors we obtained
from the ratio of total cross sections and used to
multiply the experimental energy-loss spectra were
0.56, 0.57, 0.73, and 0.70 for projectile energies of
50-, 75-, 145-, and 200-keV, respectively. The
CTMC ionization total cross sections given in Table
I are all within 10% of the Shah and Gilbody mea-
surements.

The comparison of experimental and calculated
energy-loss spectra is given in Fig. 4. The agree-
ment is good except near threshold, 13.6 eV, for the
200-keV case. We should note that within the sta-
tistical uncertainties of the CTMC calculations, no
sharp peak attributable to ECC was observed in
which the electron is ejected at the same velocity as
the projectile. The peak would be expected to occur
at an energy loss corresponding to an electron ejec-
tion velocity equal to that of the projectile, which is
27.2 and 40.8 eV for the 50-, and 75-keV results,
respectively. However, no attempt was made to em-
phasize the ECC peak by restricting the energy-loss
spectra calculations to only those events where the
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FIG. 6. Same as Fig. 5 except 100 keV.

electrons are scattered to small angles. In Sec. III C
the differential cross sections for the ejected electron
are presented.

C. Electron capture to the continuum

In order to follow the ECC component of the ion-
ization process [(10)]more easily, it is instructive to
plot the differential cross sections for the electron
ejected by the collision. In Figs. 5—7, we show
CTMC calculations for projectile energies of 50,
100, and 200 keV. Error bars are given when a 1-
s.d. uncertainty exceeds 10%.

The open circles depict electron-ejection differen-
tial cross sections summed over all possible ejection
energies. The integral of these cross sections yields
the total cross sections given in Table I. The dif-
ferential cross sections in the laboratory system are
forwardly peaked with a tendency to become
isotropic as the projectile energy increases.

Of interest, however, is the ECC component
which we have restricted to include only electron-
ejection velocities v, that are within +10% of the
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FIG. 5. Differential cross sections for the scattering of
the ejected electron in the H++ H ionization reaction.
Projectile energy is 50 keV and the values are presented in

laboratory coordinates. Open circles denote the cross sec-
tion for electrons ejected to all possible energies, while the
solid circles give the cross section for only those electrons
that are ejected with a velocity within +10% of that of
the projectile.
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FIG. 7. Same as Fig. 5 except 200 keV.
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A q++ H(1s) A q++ H++e, (12)

where Aq+ is a fully stripped ion in charge state
1(q (10 and the projectile energy ranges from 50
to 500 keV/amu.

After calculating the ECC total cross sections,

oEcc, it became readily apparent that at the higher
energies the cross sections were scaling as q /E
Moreover, the maximum value of o.ECC was ProPor-
tional to q

' . Thus, a reduced plot of
o-Ecc/q ' vs E '/q is aPProPriate and should
display a slope of —1 on a log-log scale at high en-

ergies and plateau to a constant value at intermedi-
ate energies.

Such a reduced plot is shown in Fig. 8. All the
high-energy values coalesce to a common line for
[E(keV/amu)] q&10. The resulting analytical
form for the ECC total cross section is

4X 10 i2

oECC(cm )=
[E(keV/amu) ]2 ~

projectile's velocity vz

v, =v (1.0+0.1).

Calculated cross sections for this ECC component
are shown in Figs. 5 and 6 for 50- and 100-keV col-
lisions. At 200 keV, there were so few counts that
the results are meaningless. It is important to note
that we could not find any counts for scattering at
angles less than 5'. Thus, the forwardly scattered
ECC component appears to be very small at inter-
mediate collision energies. Such behavior translates
to these latter electrons being eventually captured to
Rydberg levels of the projectile ion. Irrespective of
the scattering angles, the percentage of the ioniza-
tion cross section that satisfies Eq. (11) is calculated
to be 8.6%, 5.6%, and 3.0% at 50, 100, and 200
keV, respectively.

We did note, however, a considerable number of
small-angle scattering events for ejected-electron ve-

locities approximately equal to one-half the projec-
tile velocity. These electrons are ones that are left
stranded equidistant between the projectile- and
target-nucleus ions and are balanced in place by the
attractive Coulomb forces of both ions.

An attribute of the CTMC method is that it can
be easily applied to a large variety of collision sys-
tems. Of interest is the scaling relationships versus
projectile energy and charge state of the ECC total
cross sections. ' ' In this study, we have defined the
ECC total cross section to include simply that corn-
ponent of the total ionization cross section where the
ejected electron is found centered closer to the pro-
jectile than the target nucleus after the collision. We
have investigated the class of reactions
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FIG. 8. Electron capture to the continuum total cross
sections reduced to a common curve by plotting

azcc/q" vs E '/q. CTMC calculations are valid for

projectile energies in the range 50—500 keV/amu and ful-

ly stripped ions i.n charge states 1(q (10 colliding with

atomic hydrogen.

lc
l(P

where q is the charge state of the incident ion. A
maximum in the ECC total cross section is found at

Emax(keV/amu) =56q

with the magnitude

o.Ecc(cm )=8X10 ' q' .

(14)

(15)

o;,„~q /E. (18)

In Eq. (18), note the CTMC results do not yield the
quantum-mechanical lnE factor, yet comparison
with experiment indicates the data are reasonably
reproduced. Inserting Eqs. (17) and (18) into Eq.
(16) yields oEcc~q /E ', a result almost duPli-
cated by our calculations [Eq. (13)].

The maximum in the ECC cross section occurs at

It is stressed that the above parametrizations were
obtained from calculations performed in the
50—500-keV/amu range and for incident ion charge
states q =1—10.

The physical interpretation of the results present-
ed in Fig. 8 can be made if we consider the ECC
cross section as a combination electron-cap-
ture —ionization process; i.e., continuation of the
electron capture to a continuum state of the projec-
tile. Our CTMC calculations indicated that the
ECC cross section is roughly proportional to the
product of the square roots of the electron capture
o q q ] and ionization o;» cross sections:

+ECC ~ (+q, q —lo i») (16)

At high energies, CTMC calculations and experi-
mental results indicate the electron-capture
cross section scales roughly as

o „ t q/E
while the ionization cross sections are proportional
toq /E
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a projectile energy where the ionization and
electron-capture cross sections are approximately
equal, as seen from the results of Ref. 14. At higher
energies, the electron-capture cross section decreases
rapidly, while at lower energies the ionization cross
section is decreasing, leading to a maximum in Eq.
(16). The charge and energy dependence of crEcc at
the maximum is not easily predicted. In the energy
region of the maximum, the charge dependence of
the electron-capture cross section ' is -q, while
the ionization cross section varies approximately
linearly with charge state, thus, from Eq. (16) we
would predict an -q' dependence in approximate
accord with Eq. (15).

The CTMC calculations of the ECC total cross
sections for atomic hydrogen targets are in partial
agreement with experimental data on rare-gas tar-
gets. At high energies, 2.5 MeV/amu, Breinig
et al. find the ECC total cross section for fully
stripped ions, 1 &q & 14, colliding with Ar scales as

q
+- /v +-, consistent with Eq. (13). However,

for He targets, the velocity scaling is found to be
v +-; at present we have no explanation for the
latter difference except that the small-angle ECC
differential cross sections may depend differently on
velocity than our calculated total cross sections.
The maximum in the ECC cross section has been in-
vestigated by Rtfdbro and Andersen. These au-
thors investigated collisions of protons in He, A.r,
and H2 and found O.Ecc to occur at a velocity
U 1.4Up where vp is the orbital velocity of the elec-
tron which is ejected. For an atomic hydrogen tar-
get, the above velocity corresponds to a proton ener-

gy of 49 keV, very close to the 56-keV value found
here [Eq. (14)].

The coupled-state calculations of Shakeshaft on
the H++H system place the maximum of the ECC
cross section at 40 keV with a magnitude of
9X10 ' cm . We are in general agreement with

Shakeshaft's value except the CTMC results are
shifted to slightly higher energies, E,„
—=56 keV and OEcc=SX10 "cm. As expected
we are in complete agreement with the H++ H
CTMC results of Banks et al. '

IV. CONCLUDING REMARKS

The CTMC method has been used to investigate
the heavy particle and electron angular scattering in
H+ + H electron capture and ionization collisions.
The CTMC calculations are successfully compared
to experimental data of electron-capture differential
cross sections" and to energy-loss spectra' for the
ionization process. The angular scattering of the
electrons ejected after the ionization reactions also
have been calculated and are forwardly peaked,
becoming almost isotropically scattered at the
highest energy of 200 keV. The component of the
ejected electrons whose velocities are close to that of
the projectile have been followed and the small elec-
tron scattering angle H~,b & 5' contribution to the to-
tal ionization cross section is negligible.

Electron capture to the continuum total cross sec-
tions are also calculated for fully stripped ions in
charge states 1 & q & 10 colliding with atomic hydro-
gen at 50—500 keV/amu. The CTMC results can be
presented on a reduced plot of OEcc/q" vs E '/q.
The ECC cross sections maximize at a projectile en-

ergy of 56q ' (keV jamu) with a magnitude of
8X10 ' q' (cm ). At high energies the cross sec-
tions decrease as q /E . The CTMC results are
in partial agreement with the measurements of
Breinig et a1. and Rgkibro and Andersen.
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