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Hyperfine structure and three-channel quantntn-defect theory
of 6srtd 'D2 Rydberg states of Ba
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The hyperfine structure of 6snd 'D2 Rydberg states of ' '" Ba is reported for principal
quantum numbers ranging between n =10 and n =50. From our data, singlet-triplet mixing
coefficients have been deduced. A three-channel quantum-defect model has been used to
analyze the resonance in singlet-triplet mixing of 6snd 'D2 and 'D2 Rydberg states in the vi-

cinity of the 517d D2 perturber. For the determination of the scattering matrix,
hyperfine-structure data were found to be essential. Good agreement has been achieved be-

tween calculated and experimental singlet-triplet mixing coefficients.

INTRODUCTION

Many aspects of the atomic structure of alkaline-
earth elements have been successfully interpreted
with the aid of the multichannel quantum-defect
theory (MQDT). '

Up to now such analyses of in-
teracting Rydberg series were based upon experi-
mental term values only. Recently, the singlet-
triplet mixing of 6snd 'D2 Rydberg states of barium,
derived from hyperfine-structure measurements,
were found to be in sharp disagreement with predic-
tions made by a nine-channel quantum-defect
analysis of the even-parity, J=2 Ba Rydberg states.
This suggests that term values may represent a too
limited data set to derive all elements of the U;
scattering matrix and should be augmented by addi-
tional experimental data which sensitively depend on
the singlet-triplet mixing. In this paper, we include
hyperfine-structure (hfs) data in a MQDT analysis
for the first time. For this purpose we analyze the
6snd 'D2 and D2 Rydberg series of barium within a
three-channel model. The incorporation of hfs data
enables us to determine the relative phases of the
U& scattering matrix elements necessary to calcu-
late the wave functions of the Rydberg states.
Furthermore, previous MQDT analyses of alkaline-
earth elements assumed singlet-triplet mixing of
msnd 'D2 and D2 states to be caused by configura-
tion interactions only. In contrast, here we show
that hfs data allow the additional singlet-triplet mix-
ing, due to spin-orbit interaction itself, to be deter-
mined. Using the notation introduced by Lee and
Lu to describe channel interactions, within our
model the additional singlet-triplet mixing is
represented by a nonvanishing angle 0~2.

For the three-channel quantum-defect analysis to

be found in Sec. IV, singlet-triplet mixing parame-
ters 0('Dz) of the 6snd 'D2 Rydberg states have
been used as input data besides experimental term
values. The mixing parameters have been derived
from the hfs of the 6snd 'Dz Rydberg states, thus
incorporating the information contained in the hfs
into the three-channel analysis. In Sec. II details of
the experimental setup are given, used to measure
the hfs of the 6snd 'D2 Rydberg states. In Sec. III
the analysis of the experimental data including the
derivation of the singlet-triplet mixing parameters
0('D2) is described in detail.

EXPERIMENT

The 6snd 'D2 Rydberg states of barium were pop-
ulated by resonant two-step excitation from the
6s 'So ground state via the 6s6p 'P& intermediate
level. Two tunable, stabilized cw dye lasers were
employed (see Fig. l) operating in the Rhodamine
110 and Stilbene 3 spectral regions. Both laser
beams counterpropagated through a barium vapor
cell heated to about 480'C. They were aligned to
achieve maximum overlap over the length of the va-

por cell. For detection purposes spatial separation
of the laser beams was necessary outside the reso-
nance cell. This was accomplished by accepting a
small crossing angle (see Fig. 1) or by inserting a
prism (not shown in Fig. 1) into the laser beams in
front of the detector. The first laser was tuned to
the resonance line 6s 'SO~6s6p'Pi (A, i

——533.7
nm) and kept fixed at an arbitrary position within
the Doppler contour. The second laser was scanned
across the upper atomic transition 6s 6p 'Pi~ 6snd 'D2 (A,2 ——417—470 nm). Signals were
recorded monitoring the transmission of the first
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FIG. 1. Experimental setup.

laser beam as a function of the frequency of the
second laser. In order to suppress intensity fluctua-
tions of the first laser, the transmission was mea-
sured relative to a reference beam. A typical spec-
trum is shown in Fig. 2. Doppler-free signals were
recorded since only those atoms which belong to
velocity ensembles being resonant with both laser
beams simultaneously are excited to the final
state. ' For the first laser beam the resonance cell
was optically thick, absorbing about 90% of the in-
cident laser intensity ( -300 pW}. This was
achieved by adjusting either the temperature of the
vapor cell or the detuning of the first laser from the
center frequency of the resonance transition. The
vapor cell was virtually transparent for the second
laser beam with a typical intensity of about 2 mW.
Both laser beains were linearly polarized. The angle
between both polarization vectors was chosen to ob-

tain optimum signal-to-noise ratios. A marker cavi-
ty with a free spectral range of 74.5 MHz provided
the necessary frequency calibration.

Contrary to a measurement of the absorption of
the second laser beam to monitor the excitation to
the barium Rydberg states, the technique described
here is very sensitive since it exploits optical pump-
ing effectively. The first laser beam sustains an op-
tical pumping cycle between the ground and inter-
mediate level. During its passage through the laser
beams with a diameter of typically 1 mm, an atom
can be excited about 100 times since its transit time
of several @sec is much longer than the lifetime
~=8.4 nsec of the intermediate 6s 6p 'I'i level. This
optical pumping cycle is interrupted when the atom
is excited from the intermediate to the final state by
absorbing one photon from the second laser beam.
This results in a considerably enhanced transmission
of the green laser beam provided the atom does not
return to the ground or intermediate level within its
transit time through the laser beams. This condition
is easily fulfilled for Rydberg states because of their
long lifetimes and the many possible decay channels
to lower-lying levels. Since this enhancement is ob-
served on nearly zero background, an increase in
signal-to-noise ratio by a factor of about 50 was
achieved compared to the measurement of the ab-
sorption of the second laser beam. A quantitative
discussion of the optical-optical double-resonance
technique employed here is given in Ref. 10.

DATA ANALYSIS

The spectrum (cf. Fig. 2} shows the hfs of the odd
isotopes ' Ba and the signals corresponding to
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FIG. 2. Doppler-free spectrum of the 6s 18d 'D2 Ba Rydberg state using two-step excitation.
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the even ones ' ' ' Ba for the 6s lsd'D2 Ryd-
berg state. All frequencies were measured versus
'388a. The isotope shifts between the even isotopes
are clearly resolved. The hyperfine components
were labeled F;-Ff according to the hyperfine levels
F; and Ff of the intermediate and final state in-
volved in the two-step cascade. The frequency
separation between the hyperf Inc component F;-Ff
of the odd isotope A and the signal of ' Ba is denot-
ed as 5Q3 "(F;-Ff)/2', where

5QI ' (F;-Ff )=QI (F;-Ff ) Q3
' —. (1)

In this section all transition frequencies or energy
splittings represented by a capital Greek letter (e.g.,
Q3 ) refer to movin~ atoms, whereas lower case
Greek letters (e.g., c03 ) apply to atoms at rest. The
frqucncics 02 appearing on tlM right-hand side of
Eq. (1) correspond to the frequencies of the second
laser necessary to excite the atoms from the inter-
mediate to the final state. For the odd isotope A the
transition occurs between the hyperfinc levels F; and
Ff of the intermediate and final state, respectively.
%hereas these transition frequencies depend on the
velocity of the atoms and hence on the detuning of
the first laser within the Doppler contour, the differ-
ence 5Q3' (FI-Ff) is independent of the frequency
of thc flirst lasci. Howcvcr, s1ncc different velocity
ensembles are excited for different isotopes or dif-
ferent hyperfine levels F; of the intermediate state
by the first laser, the frequency separation
502 ' (F;-Ff) contains contributions originating
from the isotope shifts of both transitions as well as
the hfs of the intermediate and final state. Since the
isotope shifts of the resonance line" and the hfs of
the intermediate 6s6p 'I'& level" are well known,
their contributions can be quantitatively taken into
account. For this purpose we use the following
equation:

5 A-138(F ) 5QA-138(F F )
6P)

Q)2 —CO ~

5co;"(F;,c.g. )—
QP&

which can be easily derived ' with the aid of a sim-

ple hole-burning model. Here

5 A-138(F ) A( F ) 138 (3)

1s tlM diffcrcncc in frequency for thc uppc1 atomic
transition between the odd isotope A and ' Ba. For
the former isotope the transition frequency m2 (c.g.-

Ff} is measured between the center of gravity (c.g.}
of the hfs of the intermediate level and the hypcrfine
component Ff of the final state (see Fig. 3). The
second term on the right-hand side of Eq. (2) takes

6s nd "D2

F, = 1/2
3/2
5/2

"
1i

7l2

(I)z"(c.g. -F, =1/21

b (I)I3'(F;=1/2,C.g.)
F,

= 1/2
/2-" - --"--'—--cg.

5/2 jj

6s 6p "P,

FIG. 3. lustration of transition frequencies and fre-
quency separations used in Eqs. (2)—(5).

the contribution of the isotope shifts 5+i into ac-
count, where

A-138 A 138
UQP I =f81 —QP i

As can be seen from Eq. (2) the isotope shifts are
scaled with the ratio of the transition frequencies of
the two-step cascade. The third term corrects for
the hyperftne splitting &o;"(F;,c.g.) (cf. Fig. 3) of the
intermediate level. It follows from Eq. (2) that the
hfs of the intermediate state appears in the spectra
(cf. Fig. 2) reduced by the relative difference in tran-
sition frequencies (c03—c01)h01. The isotope shift of
tlM second trans1tion

Is colltalllcd lll thc frcqllcllcy scparatlon 5n33 (Ff).
In Table I we list for both odd isotopes A =135,

137 the experimentally observed relative positions of
the hyperf Inc components 5Qz

' (Fc-Ff )/2m. for the
6snd 'B2 Rydberg states with principal quantum
numbers ranging between n =10 and 50. Except for
n =30» thc frequency separations have been mea-
sured with an accuracy of +15 MHz or better.
Since the hfs of the 6s 30d 'Bq state is comparable to
the reduced hfs of the intermediate level, a compli-
cated pattern was observed. In Table I the center of
the observed structure is given. Using Eq. (2), the
relative positions of the hyperfine components
50& ' (FI-Ff) have been corrected for the hyperfine
splitting of the intermediate state to obtain
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3/2-1/2

TABLE I. Experimentally observed positions of the hyperfine components of ' ' Ba for 6snd 'D~ states. Values are

given in MHz and are measured versus ' Ba. Accuracy amounts to +15 MHz or better, except for n =30 ( +100 MHz).

50' ' (E;-Eg)/2m
n 5/2-7/2 5/2-5/2 3/2-5/2 5/2-3/2 3/2-3/2 1/2-3/2 1/2-1/2

10
11
12
13
14
15
16
17
18

19
20
21
22
23
24
25
26
27
28
29
30
31
32
35
50

10
11
12
13
14
15
}6
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
35
50

1193
—463
—173
—638

—1131
—594
—628
—618
—673
—716
—773
—864
—736
—946

—1048
—821
2374
1185
880
640
480

~ I

421
498

1673

1080
—404
—147
—562
—982
—526
—556
—553
—602
—643
—694
—778
—688
—883
—985
—821
2147
1068
782
555
480
360
333
386

)404

239
182
275
227
270
276
337
339
392

483
705
738
883

1174
—472

83
219

480
598
681
869

2075

226
174
256
227
249
253
300
304
347
373
417
603
638
753

1002
—389

83
186
312
480
501
570
731

1790

284
239
329
283
330
337
397
403
457
484
541
766
799
950

1238
—405

135
283
437
480
664
746
934

2139

266
227
308
283
308
312
360
366
412
433
483
668
696
815

1063
—324

135
249
377
480
566
634
793

1857

—891
742
437
926

1289
890
920
999

1062
1168
1243

1638
1815
2087
2378

—2330
—738
—254

480

gg135-138(P P )/2

—783
671
400
837

1175
804
827
895
950

1042

1114
1260
1452
1619
1862
2121

—2057

480

—848
791
490
981

1344
948
981

1059
1122
1230
1309
1467
1697
1879
2149
2443

—2263
—670
—192

251
480
782
947

1272
2371

—738
722
453
890

1228
858
888
954

1012
1106
1176
1323
1511
1677
1921
2178

—1990
—588
—177

211
480
675
819

1105
2085

—785
854
564

1058
1424
1035
1066
1144
1204
1314
1389
1550
1769
1961
2242
2534

—2177

—106

480
865

1034
1358
2459

—689
769
509
950

923

1018
1081

1243
1391
157&
1741
1991

—1920
—517
—106

—1361
1097
645

1373
2018
1322
1370
1451
1552
1685
1808
2005
2209
2495

3102
—3313

—468
146
4&0

&56

1066
1497

—1201
991
589

1242
1824
1193
1233
1307
1395
1S14

1618
1809
1978
2241
2532
2791

—2944
—1023
—426

117
480
741
931

1310

—1299
1167
715

1448
209&
1402
1453
1535
1636
1770
1888
2085
2290
2S77
2903
3193

—3225
—106S
—383

480
941

1152
1584
2584

—1150
1046
646

1300
1883
1260
1302
1372
1462
1580

1685
1875
2050
2307
2599
2860

—2872
—957
—355

191
480
810
999

1376
2281
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(5 A-1N(F )+5 A-iss

This quantity has been plotted for ' Ba versus the
principal quantum number n in Fig. 4. The contri-
bution of the isotope shift of the first transition
causes a vertical displacement virtually independent
of n. Figure 4 is identical with Fig. 1(a) of Ref. 6
except for the data points at n =26. The 6s 26d 'Dz
and D2 states of barium, occurring at
E=41829.487 and 41831.906 cm ', are strongly
mixed owing to the interaction with the close-lying
5d 7d 'Di perturber. Our three-channel QDT
described in Sec. IV predicts the lower-lying level to
be a 'D2 state in agreement with the notation of
Rubbmark et al. ' This identification is supported
by recent g-factor measurements. ' Therefore the
data points appearing in Fig. 4 at n =26 were de-
rived from the hfs of the level at E=41829.487
cm . In contrast, the reverse designation was con-
cluded from the nine-channel quantum-defect
analysis. In Ref. 6, following the designation sug-
gested by the nine-channel QDT analysis, for n =26
the hfs shown in Fig. 1 corresponds to the upper
state at E=41 831.906 cm

In Table II we list the effective relative positions
of the hyperfine components

5'" ' (F )/2ir —5v" ' (NMS),

corrected not only for the hfs of the intermediate
state but also for the isotope shift of the first as well
as the normal mass shift (NMS ) of the second tran-
sition. The latter contribution is given by

5v&
' (NMS)=vi(A-138)/(A X138X1836) .

Except for n =30, the frequencies given in Table II
are accurate to +15 MHz or better. The last
column contains the c.g. of the hfs of the 6snd 'D~

Rydberg states relative to ' Ba. Recently, the hfs
of 6snd 'D2 Rydberg states of Ba has been report-
ed' for n =13—17, 20, 24. Within experimental er-
ror, these measurements are in agreement with our
data given for these states in Table II.

In the remaining part of this section we derive the
singlet-triplet mixing parameters Q('Di) from the
data given in columns 2—5 of Table II. For this
purpose we express the wave function of the
6snd 'D2 Rydberg states as

i
6snd 'D2 )=A('Di)

i
6snd 'Di )sL,

+Q('Dz)
~

6snd D2)sr. (6)

+~('D, ) I Sd7d J=2)„
with

~
s

~

=(1—A —Q )' . In Eq. (6), which ap-
plies to the even barium isotopes only, the wave
function

~

6snd Di ) has been expanded in terms of
the pure configuration, exactly Sl.-coupled state vec-
tors

~

6snd 'Di)sr and
~

6snd D2)sL, corresponding
to the intermediate basis

I
a) conventionally used in

MQDT analyses. The last term in Eq. (6) takes the
admixture of the doubly excited configuration 5d 7d
into the 6snd 'D2 Rydberg states into account. It is
well known from MQDT that strong admixtures of
the

~
Sd7d'Di)sl 15d7d Di&sl. I

5d7d Fi&si.
and

I
Sd 7d Pi )sL perturbing configuration into the

6snd 'D2 Rydberg states occur at n =14 and n =26.
However, since neither the hfs of the 6snd 'D2 Ryd-
berg states, nor the isotope shifts of the (second)
transition to these states depend on the composition
of the admixed perturber fraction
in terms of the fine-structure components

I
5d 7d 'D2 )sL,

~

Sd7d Di )sL, ,
~

Sd 7d F2 )sL, , alld

~
Sd 7d F2 )sl. , in Eq. (6) these perturbing state vec-

tors have been lumped into the last term. Further-
more, because of the small core polarization of the
5d7d configuration, within our accuracy the last
term in Eq. (6) does not contribute to the measured
hyperfine splittings of the Rydberg states directly.
From the hfs of perturber states belonging to the
5d7d configuration we estimate the hyperfine in-
teraction of a pure 5d 7d state to be of the order of
1% of that of a 6s electron in Ba+. However, the
admixture of the perturbing configuration inAuences
the hfs indirectly by reducing the total 6snd charac-
ter, i.e.,

I I

20 30

PRINCIPAL QUANTUM NUMBER n

FIG. 4. Hyperfine splitting of the 6snd 'Dq series of
'3 Ba as a function of n. Dots, triangles, circles, and
squares correspond to the Ey ——1/2, 3/2, 5/2, and 7/2
components, respectively.

Q(D )+A(D )(1
and by changing the singlet-triplet mixing.

For the odd isotopes the strong hyperfine interac-
tion of the 6s electron with the nuclear spin may
modify the wave functions of the 6snd 'D2 states ap-
preciably by couphng the

~

6snd 'D2) vector to the
triplet states

~

6snd D, z 3&. The hyperfine-induced
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TABLE II. Effective positions of the hyperfine components of '~ ' Ba for 6snd 'Dz states.

Values are given in MHz and are measured versus '"Ba. The accuracy typically amounts to
+15 MHz or better, except for n =30 ( +100 MHz). In the last column the c.g. is given.

~137-138(P )/2 g 137-138 (NMg)
5/2 3/2 c.g.

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
35
50

984
—674
—384
—850

—1344
—807
—841
—832
—887
—930
—9S7

—1078
—951

—1160
—1263
—1035

2160
971
666
426
217
230
207
283

1458

25
—28

61
13
56
62

122
125
179
205
265
488
521
668
959

-686
—152

4
155
217
383
464
652

1858

—1101
529
226
713

1075
677
707
784
845
953

1028
1186
1418
1599
1871
2164

—2544
—951
—471
—31
217
497
664
987

2087

—1615
836
379

1104
1748
1048
1095
1175
1274
1407
1526
1723
1926
2219
2534

—3593
—1437
—751
—136

217
572
782

—73
—79
—69

—14¹
—66
—67
—22
—21

13
25
58

242
234
323
589

—210
9

98
197
217
364
433
628

1779

10
11
12
13
14
15
16
17
18
19
20
21
22
23

25
26

28
29
30
31
32
35
50

85¹
—635
—379
—795

—1216
-761
—787
—789
-838
—879
-930

—1015
—925

—1119
—1222
—1058

1911
831
545
318
199
123
96

149
1166

—10
—58

21
—8

14
17
64
68

113
135
181
365
399
515
763

—625
—177
—52

75
199
263
332
502

1552

138(P ) /2 g 135-138 (NMg)
—1009

439
168
603
939
567
592
658
715
807
877

1023
1213
1379
1622
1880

—2292
—889
—476
—91
199
373
516
802

1781

—1472
7)1
304
952

1531
901
940

1010
1098
1215
1319

1679
1939
2229

—3245
—1327
—728
—183

199
437
627

1004
1905

—98
—105
—96

—148
—97
—97
—64
—62
—35
—24

150
142
213
431

—206
—31

34
113
199
246
304
471

1479
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changes of the
~

6snd 'D2) wave function are pro-
nounced when the energy separations between the
D~ state Rnd thc D configuration arc of thc same

order or even smaller than the hyperfine coupling
constant a6, of the 6s electron. On the contrary, for
sufficiently large singlet-triplet splittings the wave
function [cf. Eq. (6)] of the even isotopes may be
used to calculate the hyperfine splitting of the
6snd 'D2 Rydberg states. %'ithin our experimental
accuracy thc hypcrfinc 1ntcraction of thc outcr Ryd-
berg electron with the nuclear spin can be neglected
for n & 10. Hence the Hamiltonian representing the
hyperfine interaction can be written as

Hhf=a6, si. I =a@S I/2+a6, a" I/2, (7)

where 8= s i+ s2 and 0'= s 1
—s2. Thc spin angu-

lar momenta s 1 Rnd s~ refer to the 6s electron and
Rydberg electron, respectively. For the hyperfine
s Iitting constant aa, the free-ion value

a@——4.016 0Hz can be used to a good approxi-
mation. Evaluating the matrix element
{6snd 'D2, I,Ff ~

Hhf
~

6snd 'D2, I,Ff ), the hfs of the
6snd 'D2 Rydberg state is found to be represented by
a hyperfinc splitting constant

~('D, )=c~[II'('D, )

—2v 6A('D, )n('D, )]/12 . (g)

The first term within the square brackets represents

the amount of triplet character [cf. Eq. (6)] and
stems from the first term of Eq. (7).
ence term [cf. Eq. (8)] is related to the term

a6, o" I /2 in Eq. (7). It can be seen from Eq. (8) and
was discussed in Ref. 6 that the experimentally
determined sign of the hyperfine splitting factor al-
lows the relative sign of the admixture coefficients
A('Di) and II('D2) to be inferred. The admixture
coefficients can be deduced separately from Eq. (8)
provided the corresponding 6snd 'Dq state is unper-
turbed, i.e., @=0. For perturbed states additional in-
formation, such as the total perturber character
e =1—Ai —02, is needed. This quantity can be in-
ferred from a MQDT analysis of term values, hfe-
time Rnd isotope sh1ft measurements. If thc
hyperfine-induced modifications of the

~
6snd 'Di )

wave function of the odd Ba isotopes cannot be
neglected, thc positions of thc hypcrfinc components
are shifted in such a way that an exact description
of the hfs by a splitting constant A might not be
possible any more. Therefore we have calculated for
each value of the principal quantum number n the
effective relative positions of the hyperfine com-
ponents by diagonalizing the Hamiltonian
H =00+H~. Here Ho represents the Hamiltonian
of the barium isotopes apart from hyperfine effects.
The Hamiltonian is set up, using the state vector
given in Eq. (6) and the following wave functions of
thc 6$Pld D states Rs bas1s,

i6snd Di)=A( Di) i6snd Di)sL+e( Di) i5d7d =Jl) sL,

(
6snd D2) =II('Dz)

( 6snd 'D2)sz, +A('D2)
~
6snd'D2)sL, +e('D2)

)
Sd7d J=2)zl,

i
6snd Di) =A('D&)

i
6snd Di)vL+e( Di)

i
5d71 J=3)sL, .

For the even isotopes 8=Ho is diagonal with ex-
perimental term values appearing as diagonal ele-

ments. The term values of the 6snd Rydberg series
were taken from Refs. 12, 15, and 16. In order to
calculate the matrix elements of Hhr [cf.Eq. (7)] the
angular part

~
J,I,Ff ) was included into the state

vectors in Eqs. (6) and (9). Since Ff is a rigorous
quantum number, the Hamiltonian was set up for
each I'f value separately. Matrix elements of Hhg
were calculated using standard angular momentum
algebra. Some of these matrix elements can be
found in Ref. 17. After diagonalization isotope
shifts were added to the calculated eigenvalucs for
comparison with the experimental results listed in
columns 2—5 of Table H. Within a least-squares fit
procedure the hfs of both odd isotopes '3 ' Ba was
calculated simultaneously. For 11 &e & 27 the mea-

suredhfs of the D2 and some D] states wasinclud-
ed in the fit. The hfs of the 0 states' sensitively
depends on the spbttings between the triplet states
and thc composition of thcii' wave funct1ons. On
the contrary, these quantities play a lesser role for
the hfs of the 6snd'D2 states. Therefore in the
present analysis 0('Dt) is the essential fitting
parameter. In Table III the singlet-triplet mixing
parameters 0('D2) obtained from the least-squares
fit have been listed. The absolu. te phases of the wave
functions [cf. Eqs. (6) and (9)] were chosen arbitrari-
ly in such a way that the largest admixture coeffi-
cients (A) are positive. The somewhat larger error
limits foI' states above 5 =23 RI'c duc to thc unccx'-
tain positions of the D3 states. The value given for
0( Di) at n =30 represents a conservative estimate
using A(a=30)=0(25) MHz. In Fig. 5 we have
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plotted the singlet-triplet mixing parameter 0('D2)
(cf. Table III) versus the principal quantum number
n.

I6s nd„, ~=»

DISCUSSION

TABLE III. Singlet-triplet mixing parameters 0 of
6snd 'D2 Rydberg states of Ba vrith term values listed in
the first column. Mixing amphtudes Q('D2) are derived
from the data listed in Table II. Error limits include un-
certainties caused by the data analysis.

E„(cm ')'

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
35
50

39998.339
40483.579
40781.420
41 007.712
41 162.415
41 315.547
41 417.641
41 500.067
41 567.184
41622.465
41 668.528
41 707.296
41 740.182
41 768.349
41 792.623
41 813.571
41 829.487
41 852.055
41864.689
41 877.007
41 888.108
41 898.206
41 907.371
41 929.828
41 985.979

—0.20(5)
0.13(3)
0.07(3)
0.17(3)
0.36(5)
0,16(2)
0.17(2)
0.18(2)
0.19(2)
0.21(2)
0.23(2)
0.26(2)
0.29(2)
0.35(2)
0.44(4)
0.55(4)

—0.53(4)
—0.24(4)
—0.12(4}
—0.05(4)

0.00(4)
0.03(4}
0.06(4)
0.09(4)
0.20(4)

'References 12 and 16.

Although the inAuence of the local perturber
5d 7d I'2 at n =14 is clearly visible, the prominent
feature of Fig. 5 is the dispersionlike resonance
occurring in the vicinity of the 5d7d D2 perturber
around n =26. This resonance has been reported
and discussed previously. Although a nine-channel
quantum-defect analysis has been carried out before
to describe all bound, even-parity, J=2 states with
term values above 30237 cm ', for the sake of
transparency we restrict ourselves to a three-channel
QDT to examine this resonance within the limited
energy interval 20& n & 3S. Previously, ' this model
was successfully used to explain the total perturber
fraction of the 6snd'D2 and D2 Rydberg states
close to the 5d 7d 'D2 perturber. Using the standard

l6S nd'02&

Ltd
CK

O6K
C3

Ba (I=o)

- l6s nd»2 3=»

20 30
PRINCIPAl QUANTUM NUMBER n

FIG. 5. Singlet-triplet mixing coefficient 0( D2) de-
rived from the data listed in Table II. In Fig. 5 the exact-
ly Sr.-coupled basic vector is denoted by a horizontal bar.

Here A are the expansion coefficients of the wave
function of the Rydberg states in terms of the wave
functions of the close-coupling channels with corre-
sponding eigenquantum defects p~. ' ' ' ' The
(nontrivial} solution

notation, the channels and relevant parameters are
listed in Table IV. Naturally, our model cannot ac-
count for the fine structure of the 5d 7d configura-
tion. Therefore we assume the 5d 7d D2 state to be
a member of a series converging versus either the
D3/2 or D5&2 state of Ba+. This is equivalent to

assuming pure jj coupling for the perturber com-
ponent of the 5d7d'D~ vector. Although this is
only approximately true, it is well known from
MQDT analyses of odd-5 and even- parity states of
barium that doubly excited configurations 5dnl
( I =2, 3}are best described by 11coup11ng.

In the following paragraph we outline the analysis
and list the pertinent equations. For a thorough dis-
cussion of MQDT the reader is referred to Refs. 1,
2, 7, 20, and 21. For each term value E„, a set of
three effective quantum numbers v';"' is defined ac-
cording to the following equation:

E„=I;—&/(v;'"') (i=1,2,3) (10)

where I~ Iq I„I3 Iq ——deno——tes the cor——respondin~
ionization energies and v&"' ——v2"' ——v,'",v3"' ——v~",
and R stands for the mass-corrected Rydberg con-
stant. For the Rydberg states, the boundary condi-
tion of the wave function at r~ co leads to the fol-
lowing equation:

3 3

g A E;6= g A Uq@in[m(v~+p )]=0 . (11)
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TABLE IV. Results of the three-channel QDT analysis.

I;
(cm ')

6$nd5~
6snd 'D
(3n)'~

—(2ZS)'~
0

4203S.02

0.694'
0.708b

8)2——0, 193'
0 314

6snd3/2
6snd 3Dq

(2n)'"

0
4203S.02

0.784'
0.786'

8«3 ——+0.091'
~0.S76'

Sd 7d
Sd 7d

0
0
1

46908.89'
47709.86'

0.34S'
0.6S8'

8»——+0.0S4'
+0.172'

Ig ——2D5~(Ba+).

«/2

g c,'. (12}

of Eq. (11) requires the determinant
~
F;

~

to van-

I

ish. In Eq. (12), i may be taken arbitrarily (i =1—3)
and C; is the corresponding cofactor of ihe deter-
minant

~
FIH

~

. Using det F;H =0, v, can be written
in terms of v~ according to the following expression:

vE, ——vg+(I/n)cot 't —(M)t+Mgt)/2+[(Mt) —M22) /4+M )t]'~ J,

where M;J- is defined ' as

3

MJ= g U; Uz cot[@(vq+p, )] .

Figure 6 show's the usual t.u-Fano plot, ' where
both solutions v...v,, are plotted modulo 1 vs v~.

Solutions (v...vd) and (vE..vq) of Eq. (13}, simul-

taneously satisfying Eq. (10), correspond to theoreti-
cal term values. From experimental term values,

0.0

v, (exp) and v~(exp) were calculated according to
Eq. (10). In Fig. 6 open circles and squares corre-
spond to experimental energies of the 6snd D2 and

D2 states, respectively.
Apart from term values, MQDT allows us to cal-

culate the vrave functions of the Rydberg states.
Choosing the collision channels ~i ) {cf. Tabl~ IV)
as basis, the expansion coefficients are given ' by

Z(n) ( 1
)It+ «( (n))3/2

X g U;, c[os( n''v+p )]A,'"'/N„, (15)

o..50

05

where the normahzation factor X„ is reported in Eq.
(2.7) of Ref. 7. Since the 6snd Rydberg states are
predominantly SI. coupled, it is preferable to use the
exactly SL-coupled intermediate basis

~

a ) (cf.
Table IV}. The expansion coefficients Z "' are con-
verted to amplitudes Za"' by means of the {jj-SL)
recoupling matrix U,.~ (cf. Table IV)

3

(16)

"5d

FIG. 6. Lu-Pano plot calculated using the parameters
given in Table IV with 6snd 'D2 (0), 6snd 'D2 (C3), and
Sd 71 'D2 ('7), representing experifnental data.

It should be noted that the expansion coeffici-
ents Z, (6snd 'Dq), Z z(6snd 'Dt), and
Z- 3(6snd 'D2) mere labeled A('D2), Q('D2), and
e( D2), respectively, in the preceding section and in
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Rfef. 6. For the MQDT analysis the same definition
o the absolute phases of the wave functions was
used as discussed above. Following Lee and Lu, the

U;~ scattering matrix is decomposed into the recou-

pling matrix U,. and the matrix V which de-

scribes the channel interactions and is generated by
three successive rotations through generalized Eu-
lerian angles 8&z, 8&3, and Oz3. Within a least-
squares fit procedure experimental energies E„and
singlet-triplet mixing parameters II„('D2) were

compared with theoretical values for 20&n &35.
Although the eigenquantum defects p (a=1,2,3)
were adjusted, too, the essential free parameters are
the three angles 8;J.

The ionization limit I, of the 6snd series is well

known and was taken from Ref. 4. Consequ tlequen y,
e eigenquantum defects pi and p2 are essentially

fixed. The choice of the ionization limit for the
5dnd series detemines p3. Because of the limited en-

ergy range under consideration, all parameters were
taken to be independent of energy, i.e., independent
of n. Choosing the D3/2 state of Ba+ as series limit
for the 5dnd perturbing channel, the results of the
least-squares fit procedure are listed in Table IV.
Good agreement was achieve@i for term values and
the corresponding wave functions, as can be seen
rom the Lu-Fano plot (cf. Fig. 6) and the resonance

of the singlet-triplet mixing parameter Q('D )

shown in Fig. 7(a). As mentioned above, our three-
channel analysis can be carried out, alternatively as-

li.
suming the 5dnd series to converge versu th D
imit at I~ ——47709.86 cm '. Within our model

both sets of parameters are equivalent and describe
the same physical situation. As a matter of fact,
varying the assumed ionization limit I~ between the
two limits D3~2 and D5~2, both sets of parameters2

can be transformed continuously into each other. It
is interesting to note that the angle O&2 never van-

ishes, but always stays positive. The sign of O&z is
determined by our phase convention given above.
For the following discussion of the singlet-triplet
mixing resonance we assume I =46908.89 cm

Whereas good agreement between experimental
and calculated singlet-triplet mixing parameters is
achieved [cf. Fig. 7(a)] when H~q is different from
zero (Oi2 ——0.193), setting Oi2 ——0 and leaving all
remaining parameters of Table IV unchanged pro-
duces an offset between experimental and theoretical
v ues for 0('D2), as can be seen from Fig. 7(b).
Since 8&& describes essentially the interaction be-

o fset is interpreted as that part of the singlet-triplet
mixing which is produced by the spin-orbit interac-

ny con igurationtion itself, even in the absence of any co f
interactions. In addition, the configuration interac-

0.8

G.G-

tX
UJ~-0.8-

~ 0.8.

+ IsgP&4P +
~ +

/

Bo 6snd "02

L3Z Q.Q-

x
Z

~-0.8-
CL

~ ss
0.8

I

I=I 0.0-

-0.8-
20 So

PRINCIPAL QUANTUM NUMBER

FIG.G. 7. Experimental (O) and calculated (~ ) singlet-

triplet mixing parameters Q(n); (+ ) indicates agreement
within experimental accuracy. (a) Calculated values were
obtained using the parameters given in Table IV; (b) 8~2

was set equal to zero; (c) the relative sign of 8~3 and 823

was changed.

tion with the Sd7d 'D2 perturbing state causes the
Pano-like resonance which is superimposed on the
constant contribution of the singlet-triplet mixing
due to the spin-orbit interaction. The shift in the
position of the calculated resonance, seen in Fig.

(b), is simply caused by the change in the character
o the state at n =26 when Oiq is set equal to zero.
n igs. 7(b) and 7(c) the calculated value Q(n =26)

actually corresponds to a triplet state. Furthermore,
it is important to know that Figs. 7(a)—7(c) corre-
spond to identical Lu-Fano plots (cf. Fig. 6). Hence

i2 cannot be deduced from term values only in a
MQDT analysis.

Calculated values for the singlet-triplet mixing
parameter, shown in Fig. 7(c) wer bt

'
ed b

changing the relative sign of Oi3 and 823. Whereas
the Lu-Fano plot is not affected at all, strong

isagreement is observed between experimental and
theoretical singlet-triplet mixing parameters Q. It
ollows that the relative sign of Oi3 and 823 can be

deduced immediately from hfs measurements.
In summary, by including hfs data in a MQDT

analysis we have shown that term values are insuffi-
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cient to determine the U~~ scattering matrix unambi-

guously, at least for Rydberg series converging
versus the same ionization limit. Although a simple
three-channel m.odel was used, the same physical
conclusions were derived from a four-channel
analysis which included the fine-structure com-
ponent ~F2 of the Sd 7d perturbing configuration.
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