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Kinetic theory, in the repeated-ring approximation, is employed to calculate the general
expressions for thermophoretic forces and velocities which were obtained in the preceding
paper (I). The velocity is not renormalized by the repeated-ring terms, since they all cancel.
The thermophoretic force, on the other hand, is strongly renormalized by these terms, since
the friction constant is. The latter changes from Boltzmann-type behavior at low densities
of the host gas to Stokes-type behavior. In the limit in which the guest particle is
represented by a hard-sphere potential we regain known results in the Boltzmann regime.
These results are at variance with experiment. A realistic attractive tail, added to the
hard-sphere potential yields a vanishingly small correction because of the typical short
ranges of such tails. When accommodation processes are included, one obtains excellent
agreement with experiment, provided the longitudinal and transverse momentum have dif-

ferent accommodation coefficients.

I. INTRODUCTION

In the preceding paper,! denoted by I, we have
developed a general formalism for the phenomenon
of thermophoresis. We obtained molecular expres-
sions for both the thermophoretic force and veloci-
ty. The thermophoretic force coefficient was shown
to be related in a simple manner to the Soret coeffi-
cient. The mode-coupling renormalization of the
Soret coefficient was shown to be negligibly small
with respect to its observed values. We concluded
that the Soret coefficient was basically given by its
“bare” value and therefore one needs a microscopic
calculation to obtain this value.

Since the relevant experiments® are mostly per-
formed on aerosols or small particles in host gases,
and since the only microscopic approach at hand is
provided by kinetic theory,’ we employ this theory
for the calculation of the thermophoretic force coef-
ficient. We use the repeated-ring approximation*
which is known to yield good results for a large
range of gas densities.

It turns out that the thermophoretic velocity is
unaffected by the repeated ring terms. They all
cancel. On the other hand, the thermophoretic
force is strongly renormalized by those terms. They
are responsible for the crossover of the friction
from its Boltzmann value to the Stokes value. The
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fact that our theory compares well with experiment
can be taken as support for the repeated ring ap-
proximation for the friction coefficient.’

An inspection of the type of terms that contribute
to thermophoresis shows that they are of a nonhy-
drodynamic nature, thus confirming the same state-
ment we made in I, based on the mode-coupling
analysis. As we shall show, the kinetic theory cal-
culation presented here gives a result for the dif-
fusion constant and thermal-diffusion ratio which
has exactly the form obtained in I. The only differ-
ence is the fact that the bare quantities are known
in kinetic theory and hence numerical values for the
thermophoretic force and steady velocity can be
computed and compared with experiment.

The meaning of this result is that the main pro-
cesses that are “responsible” for thermophoresis oc-
cur close to the surface of the guest particle (on a
length scale which is “invisible” to hydrodynamics).
The surface processes are either “reversible” or “ir-
reversible.” By the former we mean potential
scattering events. The latter are responsible for ac-
commodation processes and reflect the coupling of
the host particles to the internal degrees of freedom
of the guest particle. A realistic potential between a
typical guest particle (of linear size 1 um) and a
host particle is a hard sphere with a short attractive
tail. The range of such a tail is of the order of
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angstroms. As a result, we can show that this tail is
unimportant for integrated cross sections (which we
need for the calculation of thermophoretic coeffi-
cients). Thus, as far as the potential is concerned, a
hard sphere is sufficient. Such a potential has been
used in all previous kinetic calculations. Since the
hard-sphere calculations disagree with experimental
data, we need to take into account accommodation
processes. It turns out that energy accommodation
cannot account for the experimental findings®; nei-
ther can a diffuse scattering term.” We employ a
momentum accommodation mechanism, with dif-
ferent accommodation coefficients for transverse
and longitudinal components. Such a model has
been shown to give good fit to atom-surface scatter-
ing data.® It turns out that this model is in quanti-
tative agreement with the available thermophoresis
data as well.

This paper is organized as follows. Section II
shows how to specialize the results of paper I to the
case of a “dilute” host gas. In Sec. III a short intro-
duction to modern kinetic theory is provided and
the expressions needed for our purposes, in the re-
peated ring approximation, are derived. Section IV
is devoted to the actual calculation of these terms.
Our main approximations are made there. The re-
sults of Sec. IV are used in Sec. V to compare to ex-
perimental data. Section VI provides a discussion
of our results, the approximations involved in ob-
taining them, as well as necessary future work.

II. SPECIALIZATION OF THE GENERAL
THEORY TO LOW DENSITIES

As was shown in Sec. II of paper I, the thermo-
phoretic force constant, through its dependence on
the thermal-diffusion ratio, depends on the follow-
ing quantities:

o  (Pg(lgp(0))

Vi= dt .1
r=J; Mk, T?
and the friction coefficient &,
o (Pp(t)Pp)
~l= dt————, 2.2)
¢'=J 0 M?kyT

which gave [cf. Eq. (2.46) of paper I (I12.46)] the
thermal-diffusion ratio, and

kr=£EVr/kp 2.3)

and [cf. Eq. (12.30)] gave the thermophoretic force
constant:

nr=EVr—kp . (2.4)

The significance of Vy is easily seen by solving the
equation of motion [Eq. (12.29)] for the “B”
particle’s steady-state velocity at constant pressure.
We thereby obtain

—

ok
L Ivr. (2.5)

Vi

The term in kg in Eq. (2.5) is completely negligible,
and hence Vr is the large-particle velocity per unit
VT.

A final comment: V7 and £~! as defined by Egs.
(2.1) and (2.2) are simply the Soret coefficient and
diffusion constant (up to trivial factors of kpT)
considered in the preceding paper. The reason for
the new notation (and that is all that has been intro-
duced) is to facilitate a comparison with experi-
ment. The plan of the calculation is exactly as in
the phenomenological mode-coupling approach
presented in Sec. III of 1. Thus, the transport coef-
ficients are calculated (i.e., V7 or L gr and & ~!or
D) and from these the thermophoretic force, veloci-
ty, etc., are computed.

As was shown in Sec. III of I, the Soret coeffi-
cient (and thus V) could not be computed via pure-
ly macroscopic arguments. In order to understand
the phenomena of thermophoresis, we are thus
forced to consider some microscopic details.

At present, the only systems for which such de-
tails can be included analytically in a semirigorous
way are gases (we ignore the molecular dynamics
methods). Therefore, we now use kinetic theory to
calculate ¥V and £.

In order to carry out the kinetic calculations, we
make some simplifying assumptions: First, the
terms in 1 gr (Ref. 1) explicitly containing the po-
tentials and interparticle forces are dropped. There
are two reasons for this. They come in as higher-
order density corrections and more importantly, re-
quire a pair of particles to be close together, a situa-
tion which does not last for very long times. Thus
there should be no new singular density dependence
associated with these terms. This is in contradis-
tinction to changes in momentum which persist for
much longer times. Thus the dissipative heat
current is taken to be

VB=—

—2 —

= pj 5 1]
Igr=2 |5 —5ksT|—, (2.6)

jef 2m 2 m

where we have introduced the low-density form for
the enthalpy [cf. (I12.41)]. For the purpose of com-
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puting Eq. (2.1), the identity of the fluid particles
can be used to rewrite V7 as
E}

m

2
P2 5

— — kT
2m 28

~ pr © <_.
Vi=—————— dt(Pp(1)
T~ mMkyT? Js B

2.7

where “2” is a typical gas particle and 7 is the sys-
tem volume. The second assumption is the use of
an ideal gas distribution function in evaluating the
averages. That is,

SOz T 118 2.8
J

where ¢; is a Boltzmann momentum distribution
for the jth particle and .#"—1 is the number of gas
particles. Both of these approximations are not
essential and can be corrected using standard tech-
niques. The consequences of Egs. (2.6) and (2.8) for
our final results will be discussed below.

With these two assumptions Egs. (2.7) and (2.2)
can be rewritten as

~ 7
Vr= L’;— lim
kBT Mm s—0+
X [ dp" I 4;(p;)P5(0|G ()| 0)
J
f’% 5 P2
XNom ~ 20T
2.9)
and
£ l= 1 lim
MszT s—0+4
x [ d5" T ¢;(p;B5(3 | G(s)| 0)Py ,
j
(2.10)
where
Gls)= @.11)

s+iL "’
L is the Liouville operator, and the matrix element
for an operator O is defined as

(K]0 k)= ;17, R
(2.12)

Note that in general, the “matrix” elements defined
by Eq. (2.12) are still operators in momentum space.
Equations (2.9) and (2.10) are useless in the absence

of a theory for the propagator G (s). Such a theory
exists and is presented in the next section.

III. KINETIC THEORY: GENERAL
CONSIDERATIONS

The time-correlation functions appearing in Egs.
(2.9) and (2.10) (or their Laplace transforms) can be
computed using the binary collision expansion.’
This method has been used previously in the calcu-
lation of the friction coefficient. To leading order
in the density of the host gas, Zwanzig'® has shown
the equivalence of this approach and that of the
Boltzmann equation in the case of self-diffusion.
Subsequently, much work has gone into the calcula-
tion of the density expansions of the other transport
coefficients.!! Unfortunately, the method is not
valid at higher densities due to nonanalytic terms
(i.e., p’Inp) resulting from a special class of many-
body collisions, the ring collisions'? (see also below).
These collisions are ultimately responsible for intro-
ducing hydrodynamic phenomena into kinetic
theory. Examples are long-time tails'> and correla-
tion anomalies in nonequilibrium systems.'* They
can also be used to follow the transition of physical
quantities from their low-density forms to their hy-
drodynamic values. Specifically, the transition of
the friction constant from the value predicted by
the Boltzinann equation to its Stokes value has been
studied. For completeness, certain aspects of the
calculation of the friction constant [Eq. (2.10)] will
be repeated in this work.

The starting point of the calculation is the binary
collision expansion for the propagator'®:

G(5)=Go(s)— 3, Go(s)T4(s)Gyl(s)

+ 2’Go(s)Ta(s)Go(s)TB(s)Go(s)+ T,
a,B

(3.1

where G is the free streaming propagator, T is the
binary collision operator, a and 3 denote pairs of
particles (including the B particle) and where >,
implies that a3, etc.

A number of important properties [Egs.
(3.2)—(3.7)] of these operators are needed'*:

(K| Gols) | K =(s +i k" V) IAKY -k,
(3.2)
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where A is a Kronecker & function and where V" is
a vector whose elements are the particle velocities,
(b) (c) ) (&) )

(K| Tia(s) | K™)

o< Al K —2_E,/_2) A(El +E2—E'1 X ), . FIG. '1. Diagr.afnmatic representation of some tgrms

in the binary collision expansion of the Soret coefficient.

(3.3) Diagram (a) is free streaming, (b) a single collision, (c) a

factorizable diagram, (d) a single nonexchange ring, (e) an

(k7| Typ | k) - (3.4) exchange ring, and (f) a repeated ring. In all cases, the

leftmost line corresponds to the B particle.
for a large system, and

Lp=— ,l_i,%i f dPs63(p3)(0 | ¥ T3] 0), where .£p is the Boltzmann-Lorentz collision
operator. When .# 3 acts on any function of Pp, we
3.5) obtain
J
o0 2T - - . i
£pfBp)=— [ dBsps(By) [ bdb [ dy|Vp—V3|[f(Bs)—f (5], (3.6)

where b is the impact parameter, ¢ is the azimuthal angle, and * denotes the value of pp before the collision

which results in final momenta Pp and P;.
The linearized Boltzmann collision operator for the gas particle .Z . is related to T by

Lr=— lim [ dBsbs(ps) (0|7 Ty | ON1+25), 3.7)
s—0+
where 2,5 is the particle exchange operator which exchanges the labels on gas particles 2 and 3. The deriva-

tion of Eqgs. (3.2)—(3.7) is straightforward and the reader is referred to Zwanzig'® for details.
By inserting Eq. (3.1) into (2.8) a “naive” density expansion for Vr is obtained:

= PF
Vi=———— 1i dp Py |— (0 7Ty, | 0) (0 7T, | 0)0 | 2Ty | 0)
T= mMkyT? m f P H¢; pj)Fp | 7T, | + | 7°Tp,| | 2|

n — - = —
+—5(0| " Tp3| )0 | 7" T3 | 0)

n — - — —
+-L(0) 7 Tp3| OO | 7 Tpy | O+ - - - -
S

(3.8)

where ny is the gas number density and where the wave-number conservation rules [cf. Eqgs. (3.2) and (3.3)]
have been used. In addition, we have used the fact that the first T operator must involve the B particle and
the last must involve particle 2 in obtaining Eq. (3.8) (see, e.g., Ref. 10 for a discussion of this point). Equa-
tion (3.8) contains all terms involving up to two T operators. The expansion is termed naive since each term
diverges as s—0. The common approach is to resum the most (or next most) divergent terms in s at each or-
der of ny. This direct resummatlon procedure is most easily understood by using a graphical notation, intro-
duced by Bartis and Oppenheim.!* Roughly speaking, the different diagrams represent different types of col-
lisions. For example, in Fig. 1(c), B collides with particle 2 which had collided with a third particle at some
earlier time. In Fig. 1(e), B collides with 2 after colliding with 3, after 2 and 3 collided.

In Fig. 1 some of the terms appearing in Eq. (3.8) as well as some of the higher-order ones are depicted.
The graphs should be read from top to bottom. Each particle has a vertical line corresponding to free propa-
gation. The horizontal lines imply T operators involving the connected particles (notice that the first T in-
volves B and the last one 2). The wiggly vertical lines denote summation over an intermediate wave vector.
For example, the contribution of Fig. 1(d) to (0 |G(s)|0)is
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nge dl_(' — — —
—— (0| 7T k,—k) =
s? f (2mr)? | 52|

X——_.-L‘—_.—
S +lk'(vB—V2)

s+ik(Vz—V,)

(K,—K | >Tg,|0).
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(K,—K|#Ty|k,—K)

(3.9

In general, the sign of a given diagram is (—1)°, where o is the number of T’s, the power of the density is
given by the number of different gas particles (other than particle 2) taking part in the event, and the power of
s ~!is equal to the minimum number of horizontal strips not containing any intermediate wave vectors. The

intermediate wave-vector sums protect the divergence in s

~1. This protection is not complete, a In(s) diver-

gence still remaining.>®"!>1316 [Strictly speaking, this is true in two dimensions (2D). For three dimensions
(3D) the In(s) divergence occurs with a four-body collision.]

Clearly, at a given order in density, the most divergent diagrams are those containing no intermediate wave
vectors. These are known as the factorizable diagrams.!* At low enough density, it is sufficient to resum just

these diagrams. The result is

Vo— PF
T kaBT2 s—0+

L
(s —npLp) m

In obtaining Eq. (3.10), the equivalence of the gas
particles has been used. As we shall see, Eq. (3.10)
is equivalent to the results of the Boltzmann equa-
tion. No effects of correlated many-body collisions
are included.

The diagrams containing single intermediate
wave-vector sums are known as ring diagrams.
They are the next most divergent terms in s at a
given order in density. We distinguish between two
types of ring diagrams containing the B particle.
The nonexchange type, which begins and ends with
a T involving the B particle, and the exchange type
which contains an intermediate T after which B no
longer appears. For example, Fig. 1(d) is a nonex-
change ring collision and Fig. 1(e) is an exchange
one. Closed-form expressions can be obtained for
the sums of all these ring collisions in the following
way. Note (cf. Kawasaki and Oppenheim'? for
more details) that any of the nex (nonexchange ring)
diagrams can be written in the form

(—nf)"
s2

(0] 7 TpoAq lir) - Ag (in) 7 GoTp, |0,

(3.11)

where i; =B or 2 (2 need not be the special gas par-
ticle here) and

Pis

=k
2m 5T

: 5 = 1 S ~
lim [ dPpdPbs(Py WalpaIPa (017 T | D)

(3.10

%=1l or d, ij=2.

The so-called “loop” and “dot” operators are de-
fined as'?

A= [ dBsb(p3)Go? Ty, (3.12)
and

Ai2)= [ dB¢(p3)Go? Ty 255 . (3.13)
Summing over n, {a;} and {i;} gives

Rnex=sL2 [6’7/732

1
T A 2+ Ay + ALB)]

X7°GoT: |6 | (3.14)

where we have also used the fact that?
(0| #'Tp,Go? Ty, | 0)=0, (3.15)

since particles B and 2 can collide only once
without the intervention of a third particle.

In an analogous manner, the exchange rings sum
up to yield
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n
Re(B,2)=——% [ dBssips) |0

”
Th2 14-n,[A)(2)+A4(2)+A/(B)]

1

XGo

XGo? Ty(1+Py3)

The single ring sums no longer diverge like
(1/sH)Ins. In the standard applications of kinetic
theory (i.e., to molecular systems) they result in log-
arithmic terms in the density expansion of the
transport coefficients. As we now show they also
diverge when R/I— . It is for this reason that
they are kept here. Moreover, since it is just this
dependence which is under investigation, we omit
all ring diagrams which do not include the B parti-
cle (i.e., the host gas is dilute enough). That the
ring divergence is eliminated can be seen in the fol-
lowing way: Recall that a typical ring contribution
could be written as [see, e.g., Eq. (3.9)]

nf — = — 1
— | dk(0|VTg,|0)——==—
Sz f l BZI S+ik'VBz
X(D | ¥y | 0)——2—=— (0 | VT35, | 0),
N +lk'V32

where the k dependence of the T’s is omitted.
Treating the T matrix elements as constants, shows
that in 2D, a logarithmic infrared divergence sets in
as s—0, i.e., the contribution is O (s ~2Ins). In 3D
this occurs with a four-body collision.

The ring resummation replaces the free propaga-
tors by effective ones—namely, propagation with
Boltzmann collisions with the other bath particles.
These extra collisions provide additional damping
and eliminate the divergence. To see this, we note
that the dominant contributions to the small-k parts

0

Ve
o 0 TA D5 Ag D)+ A3) + Ag(D)]

(3.16)

T
of the integrals is [cf. Eq. (3.14) and below]

1

fk<kcdk(0lVT82|0)m’

where we have again ignored the operator character
of the T ’s (this is corrected below) and inserted the
propagator appropriate for a hydrodynamic part of
the spectrum (e.g., a shear mode). The constant I
is of the order of the bath kinematic viscosity or
O(!). Finally, the size dependence of Ty, is O (R?).
Thus, the magnitude of the above integral is
O(k,R%*/l) in 3D. The cutoff accounts for our
neglect of the k dependence of Tp, and for the use
of the hydrodynamic approximation (see below). It
is O(R™") for R>>1 or O(I~}) for R <<I. In the
former case, we thus find that the integral in ques-
tion is O (R /1), which diverges when R — . Since
this integral is essentially the ring correction factor
to Tg, [see Eq. (3.14)], we see that for R >>I, more
than single rings must be kept. Physically, what is
happening is as follows: After colliding with B a
gas particle travels a distance O(/) where it en-
counters another gas particle. If //R >>1, the solid
angle subtended by B at this collision site is very
small. On the other hand, for large enough R,
1/R «<1, the B particle looks like an infinite plane
and the probability of recollision is close to unity.
The divergence of the nonexchange ring diagrams is
thus further renormalized by repeated rings.*?
Formally, this gives

1 = -
Rgr(B,2)= +:2"(O [ VTBZgBZVTBZ—_VTB2932VTBZ'?B2VTBZ+ e l 0)

1

_—

1 |
=——10
4|
where

Fpr={1+n[A(2)+As(2)+A(B)]}~'Gy

-1
= (65" 417 [ dB G Tast T+ 2291 |

VTBZ

6],

(3.17)

(3.18)
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The second equality in Eq. (3.17) follows when we recognize the repeated-ring series as a geometric series.
Notice that there is still a s ~2 divergence, which merely signals the fact that factorizable diagrams must be
summed. The second equality in Eq. (3.18) follows from Egs. (3.12) and (3.13). Rgy is referred to as the
repeated-ring operator. The quantity & p, is a propagator for the (B,2) pair of particles each undergoing un-
correlated binary collisions with the gas. Similarly, R., is modified by repeated nonexchange rings.

The general diagram will be composed of factorizable parts, nonexchange rings and repeated rings, involv-
ing B and some fluid particle (not 2) and either of Tp,, an exchange or nonexchange ring involving 2. As was
the case above, this generates yet another geometric series. The resummation is now straightforward and we

obtain

= PF . D g =B )
Vi=————— lim | dPgd (Pg)¢(P2)PpF g (s)
T mMbky T S_’0+f d D205 (Pp)by(P2)Pp I p
- 1 .
x| |0 |57 T2 |14, 52 [ dBss(ps V539 5V Tosl 1422 | |0
127 Te95, 122 f Bzf P363(p3) VT35 23V T3 23
1 Pal|ps s
—————— | | =——=kpT| |, 3.19
s—n;Lp m 2m 278 (3:19)
where the one-particle B propagator is defined by
-1
S 1 .
I3s)= |s+n; | dBsdalps) |0 | ————7"Tp;|0 , (3.20a)
B + ff P3é3(p3 157 Tp%,, 12
-1
Gy3= [G({l+nffdf)’4¢4(p4)[7/T24(1+@24)+7/T34(1+@34)]] , (3.20b)

Eq. (3.5) having been used. Equation (3.19) is most
easily proved by expanding the propagators defined
by Eqgs. (3.20a) and (3.20b) back into the binary col-
lision expansion, keeping the parts due to repeated
rings together [cf. Eq. (3.17)]. This form for V7
will be referred to as the repeated-ring approxima-
tion for Vy. Notice the similarity between Egs.
(3.19), (3.20), and Eq. (3.10).

The inclusion of the ring collisions has renormal-
ized the Boltzmann propagators as well as the (B,2)
scattering operator (this plays the role of the mode-
coupling vertex). No renormalization of the fluid
propagator appears since gas-gas rings have been
omitted.

The ring—repeated-ring resummation results
presented here differ slightly from the standard
ones. If the technique is applied to the friction con-
stant, one obtains

lim
§~1_ s—0+

= MZk T fd§B¢B(¥B)?ng)(S)ﬁB ’
B

(3.21

this being the well-known result.*

The main results of this section are Egs.
(3.19)—(3.21). A number of approximations have
been made: Only single rings have been included.

No fluid renormalization has been considered. As
was discussed above, this is not a full density expan-
sion and we have kept only those terms which are
important for the Boltzmann behavior or for a large
B particle [i.e., we neglect terms O (o /R) at higher
densities, o being the “diameter” of the host-gas
particles].

IV. HYDRODYNAMIC APPROXIMATION

As was mentioned earlier, the repeated-ring ap-
proximation has been used in many applications, in-
cluding self-diffusion,“*”*%) diffusion in a Lorentz
gas,!” and in the calculation of the friction coeffi-
cient.> The most common approach used in carry-
ing out these calculations is known as the hydro-
dynamic approximation (see, however, Ref. 18). In
short, this approximation takes a spectral represen-
tation for the one- and two-body propagators con-
tained in Eqgs. (3.19)—(3.21) and retains only those
terms corresponding to the densities of the con-
served variables. The motivation for this is the fact
that these terms are responsible for the anomalous
time dependence (i.e., Ins) which required the ring
resummations in the first place. The other terms
give a contribution O(plnp) or O(R InR) and are
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less important (see below). The calculation of £ is
somewhat simpler than ¥ and we consider it first.

A. Friction constant &
The friction constant £ has been studied within

the context of the repeated-ring approximation.’
The analysis, albeit quite complicated if carried out

rigorously, yields a rather simple expression for the
size dependence of £. Here, we present a cruder
version of the more general argument (see Ref. 5 for
more details), which is sufficient for our purposes.

In the wave-vector representation, for k’s smaller
than the inverse range of the interaction (i.e., R ™},
the k dependence of the T-matrix elements can be
neglected. In this case 5’ can be written as [cf.
Eqgs. (3.20) and (3.18)]

Fp(s)=|s+ns [ dP:6(5y)

1407 Tp: | O) f, _,

-1

X (0|7 Tg;|0)|

where k,~O(R™'). The integrand of the k in-
tegral in Eq. (4.1) is the Boltzmann propagator for
the B and gas particle (3). It describes the propaga-
tion of the pair, as influenced by multiple uncorre-
lated binary collisions with other gas particles.
How important are the various parts of this propa-
gator? Clearly,

Ve ~VEkpgT/M <<\VEgT/m ~V; (4.22)

since (m/M)<<1. Moreover, since .£p and .Z;
are Boltzmann-Lorentz and Boltzmann collision
operators, it is easy to see that

kT |2 [ksT

<o

Zg~R¥
B M

(4.2b)

Of course, these are operators, and hence Egs.
(4.2a) and (4.2b) must be treated with some care.
Nonetheless, for the present case, we can neglect the
parts of & p; which pertain to B.

The right eigenfunctions ¥ of the gas Boltzmann
equation satisfy

[—ik-V3—n; & ;(3)Y, +(B3)
=Ky, £(Py) . (4.3)

For a reasonable choice of the potential,® the
eigenfunctions are complete and there are five
eigenfunctions (@=1,...,5) whose eigenvalues van-
ish in the limit k—0. These are the hydrodynamic
eigenvectors. The left eigenfunctions are related to
the right ones through complex conjugation.’®
This implies that the eigenfunctions can be chosen

dk 1

< 27 s +iK(Vp—V3)—np[ L5 — L ,(3)]

4.1

I
such that

(Va, | ¥a,)= [ dBBsp3 W, (B30, 7(F2)
=844, » (4.4)

where the overbar denotes complex conjugation and
where the customary inner product ( | ) for kinetic
theory has been introduced.

Using Eqs. (4.2a) and (4.2b), we see that the ratio
of the convective term to that containing the col-
lision operator on the left-hand side (lhs) of Eq.
(4.3) is O (kD) [I~(nf02)'"1 is the mean free path].
For small enough k we can thus treat the convective
term as a perturbation [this will force us to take
k. ~min(/=,R~Y]. In this case we will use the
eigenfunction in the limit X —0 denoted by ¥ and
expand the eigenvalues in a power series in (k).
The manipulations are standard, and the reader is
referred to Refs. 14, 3(b), or 5(b) for details.

Consider what happens when (0 | ¥Tj, | 0) acts
on a function f(P3,Pp):

(0|7 Tps|0)f
= ["bab foz" A |V —V, |

X[f(Pg,B3)—f (P, 53] .
4.5)

For a large enough mass ratio, the change in —I;B is

O(Vm /M) and thus
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(0] 7Ty, | 0)f Thus (0 | 7Tps| 0) does not act on Py in a compo-
® 2 - site function of Py and P, (assuming the leading or-
= fo bdb fo dy |V —V;| der result is nonvanishing). Using Egs. (4.3), (4.4),
X[f(_lssyﬁs)—f(iss ) and (4.6) in (4.1) allows us to rewrite the one-
’ particle B propagator as
+0(Vm/M) . (4.6)
|
Fy'ls)= [S_"f ZLp+ f dB363(Py)(0 | VTg3| 005 (53)
: -1
=g =y (0) =y Y
X |Gz |a J APOBOBIO | VT0s|0) } : 4.7
where
-1
dk 1 ~
Qa o, =8a,a, fm 2 sl Aa(k)] , (4.8)
Tay,= [ dBsb(B30e (B30 | VT3] 008 (B3) | 5, o - 4.9

The quantity Aa(k) (™ denotes a unit vector) accounts for any directional dependence of ¥\°’ on k. In the hy-
drodynamic approximation only those terms for which a,a,=1,...,5 are kept.

The most important contributions come from those eigenfunctions whose eigenvalues are real [and hence
O(k?) in the hydrodynamic approximation]. For the case at hand, these correspond to the heat and shear
modes. That is,

1
AA k

B (B9)=(1—kK) B3/ (mkp 1), Qgpear = l31r_c2v ’ (4.102)

and
P} k. |7
—_ (4
Uha(P)=V2/55 o |5 =T keT | Qnea= |35 | (4.10b)
T

where v is the kinematic viscosity of the host gas and 'y is its thermal-diffusion constant, both are O (n f_l).
Neglecting all other modes, and assuming that the B particle is spherical, implies that 7 is diagonal. Hence

IV = [s—n;Lp—ny [ dBs(ps)(0| 7 T3] 0)

P
2m

2
B3 [ dBsdups)Bu0| ¥ Tpy|0)  S(kpT)

+
(3"2V/kc + Tshear)ka T (372FT/kc +Theat)
-1

——kgT
5 B

. p 5
x [ dBulps) |5~

TkaT (0| Tp4|0) 4.11)

The one-particle propagator is still an operator. In order to compute £~ ! [cf. Eq. (3.21)] its inverse must be
found. A common technique used in solving the integral equation which defines the inverse in Eq. (4.11) is to
perform a basis-set expansion, the basis functions usually being taken to be the Sonine® polynomials. The B-

particle’s momentum is one of the Sonine polynomials. Thus in the first approximation [cf. Egs. (4.11) and
(3.21)]
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dPy¢p(Pp)P ~ . " _
e {zBPB+ J dB:63p3)(0 |7 T35 | 0)

B dBsd(ps)B«(0 | 7 Tpy| 0Py
mkg T (317'2"/kc + Tshear)

2 (p3/2m —5/2kgT)
SkpT? (37T /ky + Theat)

2
= 5 = - =
X [ dBud(ps) =5 kaT |(0] 7 Tps| OFs
(4.12)
I
Since _P.B +P; is conserved in a (B,i) collision, one an adjustable parameter to be determined in a
can replace P by —P, in the last term in Eq. separate measurement of the B-particle diffusion
(4.12). This yields a factor Thea; shears Which we have constant, friction constant, momentum relaxation
already neglected. The remaining terms can be time, etc. In summary, then
rewritten as £
= (4.16)
Tihear = i Esk, /)

&= + M Tehear— N
37 v/ ke + Tyhear Notice that for />>R, k.~I"'! and thus the
Tehear ring — repeated-ring corrections are O (n fz)_

= . (4.13)
e [ 1 +Tshearkc /(3772V)]

. . B. Thermophoretic velocity V.
At very low density the Boltzmann result (in the P yrr

one Sonine polynomial approximation) is recovered, The calculation of P follows that for £ in prin-
1€, ciple, although it is somewhat more complicated.
E—Ep=n MTypear » 4.14) The expression for f’fr.[cf. Eq. (3.19)] split§ into two
parts, the part containing the *“exchange rings” (i.e.,
while at high density R.,) and the rest. In Appendix A we show that the
contribution from the exchange collisions is negligi-
g-»i’{ﬂ . @15 ble. : ¢
¢ The remaining part of V7 is made up of three
(n is the shear viscosity.) For k. ~O (27 /R) this is factors: the single-particle propagator ¥4 (s), the
the hydrodynamic result,'® ignoring for the moment (B,2) repeated-ring propagator, and the gas-
the question of slip or stick prefactor. In order to linearized Boltzmann propagator. As in the Sec.
remove k. completely, the small-k approximation IV A, we will use a one-Sonine polynomial approxi-
used for the T-matrix elements must be eliminated mation for 95'(s) as well as for (s —n L f)_l.
and details of the scattering event, on the scale of Noting that B,/m [p3/2m —(5/2)kgT] is a Sonine
the interaction, must be considered. This has been polynomial and using the results of the preceding
done® although for our purpose we can treat k. as section allows us to write
I
T P S, = [l 1 IRV Am
Ve oy S, RadBabs Boatpa By B e ey Tia B |5 o =T || 57
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where we have used Eq. (3.21) and have introduced the translational part of the gas thermal conductivity A,
given in the one Sonine polynomial approximation by*

—4m’T
25(kgT)°

-1= fdp2¢2(p2) “ ~2kpT 4.18)

Hence, in the single basis function expansion, all that remains to be done is to evaluate the repeated-ring
contribution in Eq. (4.17). The way this is performed is exactly as was done in the calculation of £, that is to
use the hydrodynamic approximation. The result is

= 2mA
T s(k2T)€

f dB 262 B2)B2¥: (B2) |Q-

(Q+

2
s, r

om 2 ) (4.19)

. ~ P
X fdpzdPB¢B(PB)¢2(P2)¢(0)(P2)(0|VTB:IO);:Z

where we have used Egs. (4.8) and (4.9), and we have used the fact that B, +§B is conserved to replace i"B by
—7P- in Eq. (4.17). As before, only a,B corresponding to hydrodynamic modes are included. Of these, the
shear contribution is most important, and hence,

= 2mA 3rly Pz 5
V= dP,dPgéy Pp)Po(0| 7 Tp,| 0)— | =——=kpT |,
TN kg TVE Y f B2dP52(p2)¢p(Pp)P(0 | 7T, | om 2 B
ke A + Tshear
(4
(4.20)
which follows from Eq. (4.10a). Using our result for & [cf. Eq. (4.13)] gives
- 2

~ 2 A — - - P2 P2 5
Vep=—"———"—"— | dp,dPgds(p1)dp(Pg)P2(0| ¥ T, | 0)— | ——=kpT (4.21)
T=75 "f(kaT)3Tshm f P2dP3d(p2)bp(Pp)Pa(0 | B2| m | 2m 2B

All dependence on k. has dropped out. Moreover, Eq. (4.21) is exactly what would have been obtained had we
started in the Boltzmann limit [i.e., Eq. (3.10)]. Thus, the effects of rings-repeated rings completely drop out
of the thermophoretic velocity. The exact cancellation occurred largely due to the one Sonine polynomial and
hydrodynamic approximations. However, it is possible that this cancellation is more general. The cancella-
tion of the ring —repeated-ring corrections to Vr yields a result which is completely analogous to the mode-
coupling result for the Soret coefficient (remember that the two are essentially the same). In that case (cf. Sec.
III of I), the mode-coupling parts dropped out. In fact, technically the two theories have very similar struc-
tures, the main differences arising in the nature of the vertices and in the bare quantities. In any case, the full
effect of rings will occur as a ratio of the ring —repeated-ring corrections for the friction, to those involved in
Vr. This ratio should be O (1).

C. Relationship to the (B —2) scattering cross section and collision integrals

The manipulations leading to the expressions for £ [cf. Eq. (4.13) or (4.16)] and Vy [cf. Eq. (4.21)] have, to a
large extent, been independent of the choice of scattering law between the B and gas particles. The only way
this dynamical information appeared was via

1 - - 7 =,
Tshear= LT fdpz¢2(P2)Pz(0 | 7" Tp2| 0)P2 (4.22)
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and
P2 5
s= [ dB::ps) [ dPpop(Ps)Px0| 7 Tp, |0 0) oSk T (4.23)
Pz 5 = =,
= fdpzdPB¢2 P2)¢B(PB) m _E'kBT (0|7 Tp,|0)P2, (4.24)

where the last equality follows from stationarity. When M >>m, we can neglect the motion of B in the col-
lision and thereby obtain

j23
2m
In both Egs. (4.23) and (4.25) we need the quantity (6] 7 Thp, | 0)p, | ¥ ,=0 which, for the case of potential

scattering, is easily obtained from a knowledge of the scattering cross section. For this case, using Eq. (4.5),
we find

(0|7 Tgz| 0)Bs | (4.25)

s~ [ dp2¢2(P2 5o

5
—2k
JksT

g © 2
Tohear= - k - [ dB2:(p)— fo bdb [ dy(1—cos) , (4.26)

where the scattering angle 0 is given by

cosO=P, P3/P3 . 4.27)
The cross section is given by’
bdb
7P20)="Gr0 do (4.28)
and thus
Tehear= 2k - f dp,62(p2)p3 f d (cos6)(1—cos6)a(p,,6) . (4.29)

Similarly, using Eq. (4.24),

2
I = ——kB

[ d(coso)(1—cosB)o(ps,6) . (4.30)

It is generally accepted that the dynamics of the host-gas — B-particle collisions cannot be described solely in
terms of potential scattering. Processes which lead to energy accommodation and diffuse scattering (e.g.,
roughness) are likely to be important. In order to include such processes here, we rewrite*®

$2p2)0| 7 Tpa| OF2=~ [, _, 'R [ dBiK (B2—P2| R)Babalpr) =K (B2 B2 | R)Bathalp)]

(4.31)
T
where K (Py— P | R) is the probability density per K(B3—p,|R)=0
unit time that particles with momentum i)"z initial-
ly, leave the B particle with momentum P, after a for (4.32)
collision at unit vector R on the B surface. This f‘\ﬁz >0 or By R <0,
form can be used in Egs. (4.22) and (4.25) in order
to obtain 7y, and # once K is specified. Clearly, detailed balance,

for nonpotential scattering, there is a great deal of , - =B
freedom in choosing K. Nonetheless, some condi- $2(p2)K (P2 —>P2 | R)
tions can be imposed; for example, =¢,(p)K(—P,——P2 | R) (4.33)
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and normalization, $kyT 172 4R?
I - _1'2\ ‘ Tshear = m _3_ (4.35a)
P2 [ dBK(F; P2 R), RPr<0.
m and
4.34) 172
8wkyT 2

o = =22 | 2Ry (4.35b)

[See Ref. 3(c), Chap. III for a discussion of these m 3

symmetries.]
The use of an inelastic scattering mechanism in K
does not follow from the theory presented here. We

Scaling the more general scattering law expressions
by the hard-sphere results gives

1/24
_RZQ(I,I)‘
3

had assumed that B’s internal degrees of freedom
separated from the rest. The use of an inelastic
scattering kernel represents the opposite limit; that
is, the internal degrees of freedom behave in a sto- and
chastic manner. This is therefore an additional
phenomenological assumption in the theory [see
Ref. 3(c) for a more detailed discussion of this
point]. Before specifying K further, we return to
Tehear aNd £

If the B-gas interaction is taken to be that of elas-
tic hard spheres (0 =R?/4), we can easily evaluate
the integrals in Eqgs. (4.29) and (4.30) with the result
that where the reduced collision integrals are defined as

87TkBT

(4.36a)

Tshear =

172

8mkgT .
Lg_ %R Z(kBT)Z( 69(1,2)

m

_SQ(I,I)‘)

(4.36b)

Q(l,s)'= m
R¥s + 1))(2mkyT)

iy J 4507 7B [ 3 @R [ dBA KB B2 | R)Babalp)
—K (B3~ P2| R)$2(p3)P3] -

(4.37)

The collision integrals defined by Eq. (4.37) are the same as those introduced in Ref. 20.
In this work we adopt Cercignani’s model*“"® for the transition probability in the B-gas atom scattering
event. Namely, we let

(1—a;)’p,p}
a mkgT

|pillp1 |
m2m(mky TV (2—ay) °
B P} +(1—a,)pi?] 3 [B)—(1—a))B)|)?
2mkgTa, a|(2—a)2mkgT

K(3'—P|R)=

X exp , p1<0, p;>0 (4.38)

where | and || denote the components normal and parallel to the B surface at R, respectively, and I is a
Bessel function. The parameters a, and a; are accommodation coefficients for the part of the relative kinetic
energy corresponding to motion in the R direction and transverse momentum, respectively. As Cercignani has
shown,*»® Eq. (4.38) can be derived on the basis of a stochastic model. Moreover, Eq. (4.38) has been used to
compute detailed angular scattering cross sections® with good agreement with experiment. The accommoda-
tion coefficients must satisfy

0<a; <1, O<a <2, (4.39)

in order that Eq. (4.34) hold. In addition, K defined by Eq. (4.38) satisfies detailed balance [cf. Eq. (4.33)].
When ¢ and @, vanish, the scattering process reduces to elastic hard-sphere scattering (i.e., K becomes a 8

function). What about using a more realistic potential? As is easily shown, if R >>0, the range of the true

surface potential, then the details of the potential are unimportant since p) = —p) + O (o /R) no matter what
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the potential (assuming that it is short range and neglecting grazing collisions). When a); or &, becomes uni-
ty, this corresponds to full thermal accommodation in the || or L directions. Finally, a);=2 corresponds to
the || momentum being completely reversed on impact, a situation which is related to the rough sphere
scattering model.>®

When Eq. (4.38) is used in Eq. (4.37) we find (see Appendix B for the details)

Q" =14 2@y =1+ Fl -3, - 1L —a)] (4.40a)
and

Q“'Z"=l+%(a”—1)+—g—{%F[-%,—%;l;(l—al)]+§F[—%,—%;1;(1—:11)]} , (4.40b)
where F is a hypergeometric function. Using these results in Egs. (4.36a) and (4.36b) gives

2

fshear=% 1+%<a“—1)+%F[—%,—%;1;(1—a1)] (4.41a)

and
27RUkpT)’C 3
=——3—B-—— 1+%(a“—1)+T”{F[—%,—%;1,(l—al)]——F[—%,—%;1;(1—(11)]} :
(4.41b)
In the last two expressions, the mean speed
172
o | BksT (4.42)
m™m
was introduced. Combining Egs. (4.41a), (4.41b), and (4.22) gives
3
| M= D+ SRl 5 = 1L —a)] = Fl - 5, — 1 L —a)]]
VT=5— ) , (4.43)
Ph 1+;(a”—1)+%F[~},—§;1;(1_a1>]
where p, =nskpT is the ideal gas pressure. It is interesting to note that if we let
4F[— 5, —3;;(1—a)]—3F[— 3, — 13 1;(1—a))]
a= { 2 2 1 ] 2 2 1 } i (4.44)

1 1

1+%(a|1*IH’%U‘"[—%,*7;1;“—“1”“”_7’”

1

3 L(1—a))]}

then Eq. (4.43) is identical with the result obtained by Waldmann® for the thermophoretic velocity, although
at the level of the scattering kernels K, the theories are still quite different.

The thermophoretic force is easily obtained once the friction constant is known [cf. Egs. (4.16) and (4.13)].
Using Eq. (4.41a) we find that

k 1
§l=rr+
3’y 47R% |

o |14 3l =D+ TFl— 1, — 3l —ay)]

(4.45)

At very low density, only the second term on the rhs of Eq. (4.45) is important (i.e., the Boltzmann limit).
Unlike before, introducing a via Eq. (4.44) does not yield Waldmann’s expression for the friction in the
Boltzmann limit except for total (@, =a) =1) or no accommodation.

In order to facilitate comparison with experiment, we introduce scaled velocity, friction, and thermophoret-
ic force by scaling these quantities by their Boltzmann limit values when B is a hard sphere. Thus
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. -~ 5
% EVT‘-;%h— : (4.462)
. 4Rk,
R a2 L , (4.46b)
9 1 T 1 1
and
Fr=¢£sp+ . (4.46¢)

Notice that unlike Waldmann® we, in general, do not have F*=1. In addition, unlike Mason and Chapman7
(who assumed a diffuse scattering mechanism), we do not have V*=1.

We are still faced with the problem of determining the accommodation coefficients & and @,. They are ex-
pected to be more or less independent of py, unless p, is made so low that any adsorbed gas molecules desorbe.
We are not interested in this regime and thus by choosing the density to be sufficiently low so that the ring
corrections can be omitted we, in principle, can determine ) and «, from velocity and force measurements.
Of course, a better way would be to have detailed angular patterns for molecular beam scattering from a sur-
face of the material making up B and comparing with the patterns calculated by using the scattering kernels,

Eq. (4.38). Since | enters into the expressions in a simple way, a, can be determined by noting that

. 1 T
lim F* ———1|=— l
pf—>0 V 8
a“,alconst

(4F[—5,—3:;(1—a)]=3F[— 3, — 53 1;(1—a)]} . (4.47)

This function is plotted in Fig. 2. In the next section we compare our theory with experiment.

V. COMPARISON TO EXPERIMENT

In the previous sections we have shown that the
thermophoretic forces and velocities depend on the
heat conductivity of the host gas, the pressure, the
temperature, and the temperature gradient. A part
of these quantities are control parameters in the ac-
tual experiments and the others can be easily mea-
sured independently. In addition, there are the two

0.50

0.0 T T T
0.0 0.25 0.50 0.75 1.0
FIG. 2. Combination of the scaled force and velocity
which leads to an unambiguous determination of a, in
Cercignani’s model for gas-surface scattering in the
Boltzmann limit [see Eq. (4.47)].

l
accommodation coefficients which can be extracted,
in principle, from molecule-surface scattering data.
However, we are not aware of experiments in which
the surface materials were the same as those making
up the B particles. In addition, the pressures in sur-
face scattering experiments are many orders of
magnitude smaller than those typifying thermo-
phoretic measurements, and thus the nature of the
B surface may be quite different. Finally, there is
the parameter k, whose value in a dense gas is
determined by the nature of the hydrodynamic
boundary conditions: free (slip) or rigid (stick).

For the sake of comparison to experiment it is
convenient to introduce a reduced force, defined by
the ratio of the actual force to R?VT. The reason is
that the reduced force depends, for a given a|, a,
and T only on the ratio //R. This can be seen from
Eqgs. (4.43), (4.45), and the low-density formulas for
the heat conductivity and the pressure. A conse-
quence of this property is that the reduced forces
corresponding to different values of R should lie on
a single curve, as a function of //R. This conse-
quence is born out experimentally as seen in all the
figures (3—6) (when one disregards scatter in the
experimental data).

Before comparing the theory with experiment, we
wish to analyze the role of the parameter k.. Fig-
ure 3 is a plot of the reduced force versus //R for
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REDUCED FORCE

FIG. 3. Reduced force [Fr, /(R2VT)X 10? in cgs] as a
function of //R. The curves labeled a —d correspond to
values of k.=3w /41, 37 /61, 37 /4R (slip), 37 /6R (stick),
respectively. In all cases, the host gas was air at 307 K,
a;=1.0, and a;;=0.5. Notice the small difference be-
tween the choice of slip (a,c) and stick (b,d) and the more
rapid approach to the Boltzmann limit when k. ~1/1.

different values of the cutoff parameter k.. The
material parameters correspond to air as a host gas
(see Table I). The (dotted) curve a corresponds to
k.=3mw/4l, the (dotted) curve b corresponds to
k.=3m/6l, curve ¢ to k. =3m/4R, and curve d to
k.=3m/6R. Thus curves c¢ and d are constructed
so that the friction attains its Stokes value for free
and rigid boundary conditions, respectively [see Eq.
(4.15)]. Curves a and b correspond to choosing the
cutoff appropriate to the dilute (/> R) region (see
Sec. 1IV), extrapolated beyond their range of validi-
ty. Their numerical prefactors (37/4 or 37/6) have
been chosen to match ¢,d at [ =R. We see that the
use of k,~1/] causes the approach to the
Boltzmann limit (when //R — o) to be faster than
when k. ~1/R. On the other hand, there is only a
small difference between k,=3m/4 or 3mw/6 corre-
sponding to slip or stick, respectively. According to
Sec. IV we must choose k.~O(1/]) as a cutoff
when />R and k. ~O(1/R) when R > /. This cor-
responds to choosing the pair of curves (a,c) for

TABLE 1. Data (cgs) used for the comparisons with
experiment.

Air Ar
T 307 K 299 K
vT 49.4 K/cm
n 1.85x10~* 2.27x10~*
A 19872 1770

®This is just the translational part of the thermal con-
ductivity, Aans= 15k /4m.

!> R and I <R, respectively, or the pair (b,d). Since
curve a for / >R and curve ¢ for / > R do not con-
nect smoothly [the same holding for (b,d)], one gets
a break in the curve, which is merely a reflection of
the breakdown of the theory at / =R. In Figs. 4—6
we smooth this break (dashed lined) by interpolating
between the / > R and ! < R regions. In addition, we
use “‘stick” boundary conditions, since these seem to
be consistent with accommodation processes. It is
worthwhile mentioning that the heat conductivity A
used in generating the graphs, for molecular host
gases, includes an Eucken correction® so that A con-
tains only the translational contribution. This is
consistent with our assumption (see I) concerning
the separability of internal degrees of freedom. The
value of the mean free path is deduced, in all the ex-
periments we refer to, from the viscosity 7 of the
host gas via the formula
n=§—’2’pc-1, 5.1)

where p,c,1 are defined in the previous sections.

Now we turn to actual experimental results.
Schmidt*® performed measurements of the ther-
mophoretic forces and velocities for silicone oil
droplets in argon. The relevant experimental
parameters are given in Table I. For a given tem-
perature and temperature gradient the measured
thermophoretic velocity is independent of the parti-
cle radius R and is a function only of the mean free
path / (in accordance with our theory). We find, us-
ing Schmidt’s data for ¥y vs I that

10
8+ //.
6 ',///

REDUCED FORCE
>
1

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
L/R

FIG. 4. Reduced force for silicone oil droplets in Ar at
299 K. The experimental points are due to Schmidt [Ref.
2(a)]. The solid curves result from our theory for pairs of
(ay,a))) accommodation coefficients (from top to bottom)
equal to (0,0, (1,1), (0.78, 0.37), and (1,0), respectively.
The best fit (a;=0.78, a;;=0.37) resulted from the in-
dependent thermophoretic velocity experiment and the
lowest-density force measurement.



27 THEORY OF THERMOPHORESIS. II. LOW-DENSITY ... 1651

REDUCED FORCE

T T T T

T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

FIG. 5. Reduced force in air at 307 K. For pairs
(ay,a))=(0,0), (1,1), (1,0.5), and (1,0) from top to bot-
tom, respectively. The experimental points due to
Schadt and Cadle [Ref. 2(b)] are for NaCl.

Vr=0.18x10% (5.2)
in cgs units. This means that
V7~0.79 . (5.3)

Schmidt’s experimental values of the force are de-
picted as x’s in Fig. 4.

In order to obtain the value of a; we have used
the value of the force F at the lowest measured den-
sity (rightmost x in Fig. 4). We then computed
F*[(1/V*)—1]. As explained in the preceding sec-
tion, this expression depends only on «,. Figure 4
shows the dependence of F*[(1/V*)—1] on a,.
Thus, we find that a,=0.78. Next, we used Eq.
(4.46) and the observed value of ¥* to find o), with
the result that @;=0.37. From atom-surface
scattering data,”® a difference in o and a, is to be
expected, the latter usually being larger. Using
these parameters we have calculated the reduced
force I/R. The result is plotted in Fig. 3 (second

10
8 /
7 .

g 6 x’///——""’-'—
o e .
8 T
8 4 .
& . -7

24 -

T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

L/R

FIG. 6. Same as Fig. 4, except that now the experi-
mental points are for Hg.

curve from the bottom). The agreement with exper-
iment is good. For comparison, we also plotted the
reduced force for other values of the accommoda-
tion coefficients. The top curve corresponds to
a;=a) =0, i.e., a hard-sphere potential and no ac-
commodation. Second from the top is the case
a;=a)=1 corresponding to full accommodation.
In the limit of zero density (//R — «) both the top
curve and the curve next to it reduce to the hard-
sphere result for the force. This is also Waldmann’s
result. As is obvious from the experimental data
the actual force is smaller than the hard-sphere
value. The bottom curve corresponds to ;=1 and
a) =0, i.e., no longitudinal accommodation. This
curve lies below the experimental data and in fact is
the lowest possible curve obtainable from our
theory. We wish to stress that the best-fitting curve
is not a fit, since we have deduced the accommoda-
tion parameters on the basis of a single point on that
curve and the velocity data.

The obvious crossover of the force from a low-
density behavior (/ > R, reduced force —;_, const)
to a high-density behavior is due to the crossover of
the friction coefficient from its value predicted by
the Boltzmann equation to the Stokes value. The
fact that our interpolation between the dilute
Boltzmann limit and the Stokes limit works so well
can be taken as support of the repeated-ring approx-
imation.

As mentioned in the preceding section when
-, F*—%a” is a function of a, alone [see Egs.
(4.43) and (4.46)]. A numerical calculation of the
hypergeometric functions that appear in these equa-
tions shows that F' ‘—-;-a” is a monotonously de-
creasing function of a, bounded by

0.5<F*—sa;<1. (5.4)
Since 0 < @ <2 we obtain bounds for F*:
0.5<F*<2. (5.5)

The upper bound is achieved when ;=2 and
a;=0 and the lower bound is reached for a;=0
and a;=1. In the same way it follows that

a
0.8927... <¥*——ll <1 (5.6)

1
2
or

0.8927... <V*<2.

Thus, if one believes the validity of the Cercignani
model for accommodation, both the reduced ther-
mophoretic velocity and force are bounded (when
1/R— ). The data available to us are compatible
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with those bounds.

For comparison, we mention that if one uses en-
ergy accommodation (e.g., Waldmann’s assump-
tions) one obtains F*=1 and V* <1, which is in
disagreement with experiment. —Mason and
Chapman’s assumption of a diffuse scattering
mechanism yield V*=1 and F*>1, again in
disagreement with experiment. We conclude that a
correct choice of the accommodation mechanism is
extremely important for the understanding of the
thermophoretic data. Moreover, the sensitivity of
the experiment to accommodation coefficients sug-
gests that such experiments can be used to measure
accommodation coefficients in relatively dense
gases, where standard beam experiments do not
work. (Beam experiments are at pressures much
less than 1 torr whereas thermophoresis experi-
ments can be done even at pressures of hundreds of
atmospheres.)

Figures 5 and 6 correspond to thermophoretic
forces acting on particles with high heat conductivi-
ty. Figure 5 shows the experimental data of Schadt
and Cadle for NaCl particles in air at 307 K and a
temperature gradient of ~49.4 K. Figure 6 shows
similar measurements for mercury particles in air.
Unfortunately, we know of no velocity measure-
ments in these cases. F* in this case is ~0.54, so it
is close to its lower bound [Eq. (5.4)]. This corre-
sponds to a;~1. Indeed, the two lowest curves,
having a;=1 and @;=0 and 0.5 (from bottom to
top) seem to be in good agreement with experiment.
It is interesting to note that Epstein’s theoretical
prediction in this case is about 30 times too small.?!
This is so because his formula overestimates the
role of the internal heat conductivity of the parti-
cles. In fact, it seems from our agreement with ex-
periment that this internal heat conductivity can
play only a minor role, at least when the density of
the host gas is not too high. The theoretical reason
has been given in the previous sections.

In conclusion, our theory is in good agreement
with experiment. The latter seems to be sensitive to
the accommodation processes but not to the internal
heat conductivity of the particles. It is important to
perform more experiments and measure both the
thermophoretic forces and velocities. In addition,
independent measurements of the accommodation
coefficients, for example, by molecule-surface
scattering, may eliminate the remaining two param-
eters appearing in our theory.

VI. DISCUSSION

We have shown that thermophoresis, although
being a macroscopic, nonfluctuating effect is of

nonhydrodynamic origin. Firstly, the linearized
Navier-Stokes equation (with the usual boundary
conditions) predicts no thermophoresis. This solu-
tion is stable to nonlinear perturbations. Secondly,
the fluctuating hydrodynamic equations (mode cou-
pling) yields a vanishingly small renormalization of
the bare thermophoretic effect. This is consistent
with the low-density results, but is not very useful.
Finally, kinetic theory shows that the effect is of ki-
netic origin and is not renormalized by higher-order
(ring) or correlated events, which are typical of the
hydrodynamic regime. We have also shown that
the observed thermophoretic force changes its
behavior as one moves from a dilute host gas to a
denser host gas. This change reflects the crossover
of the friction coefficient from its Boltzmann value
to its Stokes value.

The guest B particle can be grossly described by a
hard-sphere potential. The use of such a potential
yields results which are in qualitative order of mag-
nitude agreement with experiments. To achieve a
better fit of the data one needs a more detailed
description of the interactions between the guest
particle and the host-gas particles. It turns out that
a small attractive potential tail, which is always
present is not significant as far as thermophoresis is
concerned. The reason is that the typical range of
such a potential is angstroms whereas the typical
size of the guest particle is about a um. Another
mechanism of relevance to the scattering of host
molecules of the guest particle is accommodation.
We have shown that the simplest accommodation
models cannot possibly account for the data.%’
Only when a more sophisticated model, allowing
different degrees of accommodation for transverse
and longitudinal components of momenta, is intro-
duced can one achieve a good fit to the data.
Indeed, the sensitivity of thermophoretic phenome-
na to the details of the gas-surface scattering pro-
cess, suggests that thermophoretic measurements
could be used to experimentally determine the ac-
commodation coefficients. This takes place in den-
sity regimes many orders of magnitude too large for
conventional “beam” experiments to be of much
use.

We stress that unlike in Epstein’s formula, the
internal heat conductivity of the guest particle does
not appear in our formulas. This is because we did
not directly take internal degrees of freedom into
account. They were included phenomenologically
through the accommodation mechanism. On the
other hand, as explained by Waldmann,?! this inter-
nal conductivity is unimportant for dilute enough
host gases. This is because the particle does not
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stay for a large enough time in any region in space
in order to equilibrate with its surroundings. Thus,
Epstein’s formula cannot be right (and indeed does
not compare well with experiments) for highly con-
ducting particles. In the case of a dense host fluid
(or a liquid) one in general cannot neglect the inter-
nal degrees of freedom of the guest particle. This
case is quite complicated and no microscopic theory
of thermophoresis, valid in the dense fluid regime,
is known to us.

On a more general level, we have shown that the
thermophoretic force coefficient is related in a sim-
ple way to the Soret coefficient. Since it is well
known that the latter is sensitive to microscopic de-
tails (i.e., scattering laws), so is the thermophoretic
force coefficient.

There are several approximations in our work.
One of them was mentioned before: the neglect of
internal degrees of freedom of the guest particle.
Another approximation is the use of the lowest or-
der Sonine polynomial expansion in solving the in-
tegral equations associated with the repeated-ring
approximation. Only in this approximation do the
repeated-ring corrections exactly cancel in Vr.
Higher-order corrections in the Sonine polynomials
will renormalize both the velocity and the force.
Such a (multiplicative) correction will have the
form

R
1+C|‘I_+C2 —l" +
2 )
ey |7 |+es |7 [+

the ¢;’s being constants. As / decreases (denser gas)
the result will tend to c;/c; of the lowest order re-
sult (assuming ¢ >>c,,c3 >>¢4), then ¢, /¢, of it,
etc. Such a qualitative change is indeed observed in
some experiments.?! Still another approximation is
the neglect of the k dependence of the binary col-
lision operators and the introduction of a cutoff k,
to compensate for this approximation. It has been
shown in the case of Stokes friction that such a pro-
cedure can yield qualitatively correct results.>??> A
more severe error associated with k. is the hydro-
dynamic approximation, whereby only the hydro-
dynamic part of the operators, as well as the small-
k forms of the hydrodynamic eigenvalues are kept.
This has the advantage that analytic results can be
obtained. As discussed in Sec. IV, the cutoff is
O(min{1/R,1/1}). The precise numerical factors
are important as far as free (slip) versus rigid (stick)
boundary conditions are concerned. However, the
thermophoretic force seems to be relatively insensi-

tive to the choice of these boundary conditions.
What does matter, however, is the point where the
cutoff changes from one behavior to the other. We
have chosen ! =R for the transition. At this point
one gets a break in the approximate curves describ-
ing the force versus / /R, which merely indicates the
fact that the theory breaks down for /~R, in the
absence of a small parameter. One can eliminate
the need for k. in a numerical study and we are ac-
tively pursuing this direction.

Another approximation is the inclusion of only
ring and repeated-ring events. This involves
neglecting ring within ring, three-body collisions,
etc. These events should yield well-behaved
higher-order (in density) corrections although their
relative importance is unknown. In addition, we
have neglected static correlations. This is reason-
able for a dilute enough host gas, although certainly
not for a liquid.X® Finally, for large enough tem-
perature gradients, nonlinear terms in VT should be
considered.

We feel that the next step should be a better ki-
netic treatment (perhaps a numerical one) where
some of our approximations can be relaxed. A
promising method seems to be the variational ap-
proach.

Internal degrees of freedom should be taken into
account as a first step towards understanding ther-
mophoresis in dense fluids. Finally, since the B
particles in experiments may be charged one should
investigate the effect of charge on thermophoresis.

Since the existing experiments rarely measure the
forces and velocities separately, we believe that
many experiments should be performed in order to
measure the dependence of thermophoresis on the
physical properties of the host fluid and the guest
particles. In addition, independent gas-surface
scattering measurements would be very useful in
providing a qualitative check of the accommodation
coefficients deduced from thermophoretic experi-
ments, although, as mentioned above, one should
exercise some care in comparing beam data
(py ~10~% torr) with thermophoretic data (pj, ~10*
torr).
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APPENDIX A
In this appendix we show that the exchange rings are negligible. Physically we expect this to be the case

since they involve two bath particles in a coherent way (i.e., both must collide with B). The contribution of
the exchange rings to V7 [cf. Eq. (3.19)] is

2

—Ps B g g = (1)
Vp)=——2L— [ dPydP,dPsbs(Ps) By 94(s)
(Vr) Mk T f 8d P2d P3dp(Pp)s(p2)d3(p3)Pp I (s

o 1 = 1
0| —————7Tpy9p5:7 Tp3937 T3(1+P»3) |0 | —————
X 117 T, 95, 2282 1p37n/in +%n —n, 2;)
Ba|P: 5
222 _20,T, s—0+ . (Ala)
m |[2m 2
Carrying out the one Sonine polynomial expansions described in the text yields
Procm —2225 [ 435,05 162(Pa)bslp2)hspy B
Tex~5§(kBT)3 BG P20 P3¢0p L )02\p2 )03\ p3)Fp
= 2
= 1 >(P2|P2 5
———————— P Tp,95:7 Tp39537 To3(14+ P3) |0 |— | ——=kpT
X |0 197 T3, %35, T3 827 Tp39 37 T3(1+ P3) m | om 2 e
(A1b)

The combination of operators (142" Tp,¥ p2) " 17 Ty, is exactly the same as what appears in & Ws), al-
though we do not consider only the (0 | | 0) matrix element. On the other hand, since we neglect the k depen-
dence of the T'’s and will evaluate the expressions within the context of the lowest-order hydrodynamic ap-
proximation, we can write

3 (= 1 > o & Py B
P (0| ————7Tph|k,—k |= —_———, A2
B (1+7/T32g32) B2 nf M m ( )
and hence Eq. (A2) becomes
= —2mA 3 3 = M
(VP)exm~—————~ | dPpdP.dPids(Pp)d,(D1)ds(P3) |Pp——P
D™ G kg T f d P2d P3dp(Pp)d2(P2)b3(P3) (Pp m P2
— =2 2
dk » = P2 (P2 5§
X fk<kc -(ZT):’(k’—k | 9827 Tp33237 Ta3(14+P13) | O)Tn” 'i;__z"kBT ’
(A3)
[
where, as in the text, £ has canceled. Of the two Yp,and ¥, ;. The latter will behave as
terms on the rhs of Eq. (A2), only the one in Pp is 21
important. Since P, is the lowest-order shear eigen- I~k k <k (A4)
mode (it can be shown that the longitudinal contri- while
bution is much less important), p,¥ g, < P,. On the
other hand, p,Tz; vanishes and thus the term in P, Gpr~Ep/M)Y, k<k, . (A5)
makes no contribution in the lowest-order hydro-
dynamic apprqximati'on. ' Unlike the analysis given in the text, we must keep
_A crude estimate is now sufficient to show that Zp in I p, since it protects part of the divergence
(Vr)ex is negligible. The operator appearing in Eq. at k=0. Moreover,

(A3) is singular as k—0. The singularity results — - )
from the hydrodynamic parts of the propagators P3(0| VT3] 0)~mR% (A6)



and
(0| VT | 0)~co?, (A7)

where the mean speed ¢ is given by Eq. (4.42) and R
and o are typical dimensions for the B and gas par-
ticles, respectively. Finally, inserting estimates for
the size of (B,/m)[(p3/2m)— ks T] gives

~ R?d’k,
(VT )ex""l g v ’ (A8)
B

since v~I¢, £g ~mR ZEnf, and k, ~min(R ~',/~1),
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~ A o?
Ve~ .
(Vr)ex nkpT I max(R,])

(A9)

We are using kinetic theory and thus require that
o <<l. Moreover, for our formalism to hold, we
must consider a large B particle [i.e., (m /M) <<1
and 0 <<R]. Thus
o’k
l

which implies that (Vr)ex is small with respect to
Vr [cf. Eq. (4.43)].

«<l1,

APPENDIX B: DERIVATION OF EQS. (4.40a) AND (4.40b)

The integrations appearing in Eq. (4.37) are best considered in two parts. Using Eq. (4.34) we find

m

[ dBdpp3e B,

d*RK (B,—p5 | R)Bata(pr)=1 .

R¥s + DI2mkg Ty +1/224172 | K |=R
(B1)
The remaining term in Eq. (4.37) is equal to (we choose m=1)
.= —2m [, dBdBl+B) ) " BrBL+B B B)K(BF—BIR). (B
(s + DN2kp Ty +1/2 Jpi 50
p; <0
Following Cercignani®® we note that [the reader should be aware that there are many misprints in Ref. 3(c)]
172
KE =B R)= [ | 6:0) | pph | 3 (1= =)™ (5B (B3)
kBT Imn
with
2
- Pl Pyl P2 mn -1
(p)=L ——— —— (2" *"mn!) , (B4)
lplmn p ] 2kBT m ‘/E'kB—T n \/E-](B—T

where L; and H,, are Laguerre and Hermite polynomials, respectively. The functions ¥, are orthogonal in

the sense that

172
2

{'l’lmn ’¢I’m’n'} = kE T

Using Egs. (B3)—(BS5) in (B2) gives for s=1

({PLsVimn } 2 +2{P)), 1, P1mn }D)

S, 5098 21820 (B trm(B) =818y B (BS)

A=3 (1—a)(l—g)ym tr(—1)m+"

Imn

4k T ’

(B6)

where we have used the parity of the Hermite polynomials under inversion in writing the last expression.

Since
P =VksT Yoo (B7)
and noting that
Zirp-2
.1_ fmdplpn+le"P}/2L (BP2/2)=(2k T)n/Z 2 2 (B8)
kgT Jo L ! B IT(—n/2) ’
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we have
I —5)?
IPr(—5)?

M=ﬂqhh+%2U—mV
!

(B9)

The series on the rhs of (B9) is a hypergeometric series. Hence, adding Egs. (B1) and (B9) yields Eq. (4.40a).
In essentially the same fashion, Eq. (4.40b) can be obtained, the details being left to the reader.
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