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Atomic X- and L-shell Compton defects for the study of electronic structures
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An accurate treatment is developed for the calculation of Compton defects and their

physical interpretation. The case of atomic K and L-shells analyzed here exhibits the strong

dependency of Compton defects with overlapping properties of individual orbitals. For

given azimuthal l and magnetic m quantum numbers, a simple generalization allows one to

predict the sign of the Compton defect from the parity of 1+m.

I. INTRODUCTION II. THEORY

During the last few years very accurate experi-
mental Compton profiles for gaseous targets have
been found to disagree' with impulse approxima-
tion (IA) calculations. The observed discrepancies
or Compton defects primarily result from an asym-
metry of the profile leading to a shift 5q of the peak
maximum with respect to the position predicted by
the IA. In the framework of the first Born approxi-
mation, various attempts to explain these observa-
tions have been formulated. ' They include effects
of binding in the final-state representation of the
ejected electron.

A different approach had been proposed previous-

ly. ' It consists of a drastic expansion of the Born
propagator and yields corrective terms to the profile
Jo(q) in the IA:

J(q, k) =J (q)+J'(q, k}+J"(q,k)+. . . .

These corrections only imply a knowledge of the tar-
get in its initial state. The first two corrective terms
J' and J" are, respectively, antisymmetric and sym-
metric in q. For hydrogenic ions in 1s initial state,
their behavior has been investigated in a previous
work for a complete set of momentum transfers.
Very satisfactory results were obtained even for
those small values of momentum transfer where IA
is failing. The proposed treatment is presented here
under an improved approach making use of space
properties for individual orbitals (and for the
ground-state wave function in a general case. ) A
number of applications here concern the 2s, 2p„~,
and 2p, hydrogenic orbitals, with aim towards a fu-
ture extension to atomic systems.

When relativistic and exchange corrections are
omitted and the Born approximation is used for the
scattering of an electron by an ¹lectron target sys-

tern, the differential cross section can be defined in

terms of the Compton profile:

J(q, k)=k g f dt exp( itqk)F&—(t, k.}
p, =1

with

F„(t,k ) = (P, ~ exp[it (X+C„)] ~ P, ) .

X and C& are two operators given by

(2)

X i/, ) =(H 8, ) i/, ) =0-,

C~ ———ik V~.

H represents the target Hamiltonian and P, the elec-
tronic wave function describing the initial state of
energy E, . The Compton parameter q corresponds
to

q =(E—k /2)/k,

where E and k represent, respectively, the energy
and momentum transferred from the incident parti-
cle to the target. All the expressions are written in
Hartree atomic units. A similar result holds for
high-energy photon scattering (x ray or gamma ray).

For large k, the expressions (1) and (2) are simply
evaluated by assuming a commutation of X and C„.
This assumption yields the IA result

N
J (q)=k g f dtexp( irqk)&0, l

exp—(itC )
p, =1

(4)
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However, the Born operator exp[it (X+C„)]can be expressed using the exact relationship,

exp[it(X+C„)]=exp(itC„) 1+i f dt'exp( —it'C„)Xexp[it'(X+C„)]

which allows a series expansion of this operator. The translation operator exp(itC&) clearly brings the IA re-
sult from the first term. The alternately antisymmetric and symmetric successive terms give rise to corrections
to the IA. A leading contribution to the Compton defect thus comes from the first antisymmetric correction
which will be examined here.

This antisymmetric correction can be rewritten as

J'(q, k)=k g f dt exp( itq—k)F„'(t,k) (6)
277

with

F&}tk}=i(,}} exp}i}C&}f dt X(}}}}',j . '

In this expression

(7)

X{t'}
~ P, ) =exp( it'Cz )(H— E, )exp(—it'C„)

~ P, )

=[U(ri, . . . , r& —kt', . . . , rN} —U{ri, . . . , r&. . . , rN)]
~
})),) (g)

corresponds to the variation of the potential energy U in the target, due to the uniform translation kt' being
found for the pth bound electron under impulse assumptions. The next step consists in performing the integra-
tion in Eq. (7). This integration was approximated previously ' by a three-point method of Simpson.

An exact calculation may now be carried out. With R= kt, a one-dimensional Fourier inversion transforms
the Compton profile Eq. (1) in a sum of terms Fz(R, k) depending on space properties of the orbitals, some
of which are of current use in molecular physics. ' IA Compton profile (4) is simply the Fourier transform of
self-overlap functions $&(R) for the wave function,

F„(t,k)=$„(R)=(p,
~
exp(itC„)

~
(t}, ) =(}}{},(. . . , r„,. . . )

~ p, (. . . , r„+R,. . . )), (9)

which may consist in a sum of overlap functions for individual orbitals. In the IA scheme and after collision,
each electron undergoes a translation R= kt or, in an equivalent way, the center A of its orbital suffers a recoil
AA'= —R (Fig. 1). For one-electron problems, overlap integrals or autocorrelation functions" $(R) have been
evaluated for different orbitals' and have been used in the interpretation of Compton profiles in solid materi-

S 12

A similar approach can be employed for the corrective terms to the IA. The antisymmetric correction
J'(q, k) thus corresponds to a pure imaginary function F„'(R,k),

Fq (R, k )=i [Vq (R, k ) Vq (R, k }]=i—h V~(R, k )

with

V„{R,k)= f dt'(P,
~

U( . . ,r„,. . . )ex.p(itC„)
~ P, )

=—(}){},(. . . , r„,. . . )
~
U(. . . , r„,. . . }

~
}}{},(. . . , r„+R,. . . ) )a

and

(10)

V&(R, k)= f dt'(P,
~
exp[i (t t')C&]U(. . . ,—r„,. . . )exp[ i (t t')Cz] —

~
exp(itC&)—P, ) . (12)

The two-center potential energy functions V„(R,k) have also been tabulated' for different orbitals. Since
V&(R, k) appears to depend on three distinct centers A, A', and A" (Fig. 2), its explicit calculation should be
performed by rewriting Eq. (12) as, with R'= kt',

"dR'
V„'(R,k)= f (({},(. . . ,r„,. . . )

~
U( . . , r„+It.', . . . ) .~({},(. . . , r„+R,. . . )) .

For hydrogenic ions, the V'(R, k) functions reduce to the nuclear attractive integral
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v'(R, k)=(p, (r) f P, (r+R)
/

r+R'/
' —1 /2

R

P, (r) J dR' (g —r) )t+R' RR—'(1—gr) ) P,(r+R) (14)

rewritten here in terms of elliptical coordinates'

f=(r +r')/R and r) =(r' r)/R-.
After integration over R', the following expres-

sions are obtained:

The behavior of Eq. (18} explains finally all ob-
served defects. The first-order antisymmetric
correction J' is found to possess, for q =0, the fol-
lowing slope:

y" dR' Z

/

r+R'/
Z /+1=——ln
k g —1

(15}

=—f dR REV(R, k) .

(19}

y" dR' Z Z 2
r k

(16)

and, by difference,

FLU(k, r) = ——ln
Z /+I
k g —1

(17)

This last expression proportional to Z/k is indepen-
dent of R. The binding effects acting upon the

ejected electron are taken into account through hU,
an estimate of the variation in potential energy dur-

ing the impulse motion (linear trajector) of this elec-

tron. b, U vanishes for short time interactions'
(large k). Quantum mechanics occurs finally, with

an average of hU performed upon the overlap:

EV(R,k)=($,(r)
~

hU
~ P, (r+R)) . (18)

In the case of more complicated atomic or molecu-

lar systems, the electronic repulsive terms may be
carried out in a similar manner.

Since hV appears to have a constant sign over all R
values, b, ' and hence 5q are found with the sign of
hV.

The antisymmetric correction J'(q, k} is then sim-

ply obtained by performing an analytical Fourier
transform of hV. For hydrogenic ions in 1s, 2s,

2p„~, and 2p, electronic states, the results are
presented in Figs. 3 and 4. With K =k/g, the func-
tions S and Kb, V (Fig. 3) are shown under universal
coordinates with abscissas z =JR. In the reciprocal
space and with Q =q/g (Fig. 4), the KZJ'(Q) func-
tions are found to correspond to the ECh V functions.
They are compared here at K =3 (a typical inter-
mediate case) to the antisymmetric part available
from the exact hydrogenic calculations of Bloch and
Mendelsohn.

A' A

FIG. 2. Geometrical representation of parameters used
in 6Vs integration of Eq. (13):

A -R and

FIG. 1. Geometrical representation of parameters used
in S's integration of Eq. (9): r„=r„+R

It

rIg = f~+R
(AA'= —R, AA"= —R') .
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FIG. 3. The solid line denotes the self-overlap function S(z) and the dashed line denotes the l(. [6V(x)] function. Both
curves are given in a universal representation.

O.I
2P„y

1 Q

2 I
I

Pz

p

FIG. 4. The dashed line denotes the hydrogenic antisymmetric Compton defects (universal representation). Curves are
independent of K and Z. The solid line denotes Bloch and Mendelsohn (Ref. 4) at K =3.
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III. RESULTS

A. 1s orbital Compton defect

121

The following results are found for 5V and J', respectively:

—z

EV(z,K)= [z +2z+(C+ln2z)( —z~/3 —z —1}—e E;(—2z)( —z /3+z —1)], (20)

where C represents the Euler constant' and E; the exponential integral function' and

J(Qk)16Q3arctanQ
3nKZ (1+Q } 4 Q

(21)

S is positive and hV always negative leading to a negative shift 5q. An excellent agreement is found for Eq.
(21) with the exact result over all physically allowed Q values.

B. 2s (hydrogenic) Compton defect

New results are in this case

—z Z4 Z2
EV(z,K)= z /3+2z~+4z+2(C+ln2z} — ———z —1

E 15 3

Z4 Z2
2e E;(—2z—) — ——+z —1

15 3
(22)

J'(Q, k) = 32 Q i
4Q Q4

8 arctanQ
(

2
Qp Q4}

n.KZ (1+Q')' ' 3 Q
(23)

The situation is found quite similar to the case of a 1s orbital. However, both S and 5V have larger spatial ex-

tension, giving rise to a larger Compton defect.

C. 2p„,» Compton defect

When the momentum transfer k is used for Oz, these 2p orbitals have their axis perpendicular to the direc-

tion of k. The following expressions are found for EVand J':

—z 4 Z4
b, V(z,K)= —z +2z +4z+2(C+ln2z) —z —3z —3 —2e+E;( —2z) —z +3z —3

15 15
' 15

(24)

J (Q K)
64 Q arctanQ

15mKZ (1+Q~)4 Q
(25)

The curves still correspond to those of a 1s orbital although the defect J' is slightly more important. Excellent
agreement is found with the exact calculation referred to above.
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D. 2p, orbital case

In this situation the orbital axis is parallel to the k direction. A completely different behavior of the dif-
ferent function is found, due to the following expressions:

—z

EV(z,K)=
z4 z3 z z z———4 +2z +4z+2(C+ln2z} +2 ———z —1
3 15 15 15 5

z4 2z' z'
2e E—;( —2z) — ——+z —1

15 15 5
(26)

J'(Q,K)=
2 5

(5+ 10Q —24Q arctanQ) .
15rrKZ (1+Q')'

(27)

A node exists in a widely spread self-overlap function S, and h, V exhibits large positive values giving rise to a
positive Sq and the most important defect.

IV. FINAL DISCUSSION

Table I reports the calculations of KZh' [Eq.
(19)] as were performed for these various orbitals
from Eqs. (21), (23},(25), and {27). These slopes ex-

actly correspond to those derived from Bloch and
Mendelsohn's exact calculations at the limit of high
momentum transfers. When discussing the behavior
of calculated J' Compton defects for a given set of
orbitals, the average energy loss k /2 should be re-
ferred to their binding energy Z /2n . In order to
obtain energetically similar situations, all curves
JVCZ have been represented for a constant value of

K =k/(Z/n) =3,
which corresponds to an average energy loss equal
here to 4.5 times the binding energy whatever the or-
bital may be. The differences observed here (Fig. 4)
no longer result from the energetic features of the
binding but only from geometric properties of the
orbitals.

Under the previous conditions, Table I and Figs. 3
and 4 show that the magnitude of the defect is relat-
ed to the overlap S(z} extent. Likewise, discrepan-
cies between the proposed treatment [Eqs. (6) and
(7)] and Bloch and Mendelsohn's calculations stand
out with large overlap extents (2s and 2p, ). An ex-

planation holds in the close correspondence between

S(z) and EV(z,K) in their spatial extent. Similar
features are well known' in molecular physics.
Here, important overlaps allow for a prediction of
large discrepancies between the impulse path and the
real Born trajectory, resulting in a deflection due to
the electrostatic fields acting upon the ejected elec-
tron. Moreover, these spatial extent effects are
transferred to the intensity of the antisymmetric
correction by a Fourier transform. The treatment
proposed will certainly have a slower convergence
for such orbitals with a wide spatial extent [and
hence a wide S{R}function] in the momentum-
transfer direction.

Equations (6) and (7) establish a link between the
antisymmetric J' Compton defect and some poten-
tial energy integrals specific of the target system.
Average values of this new operator may then be
(and have already been' ) determined experimental-
ly. Their calculation is simple for atomic systems
and a detailed study has been performed in the case
of He. With molecular targets the defect also de-

pends on the orientation of molecular orbitals in re-
lation to the k direction.

The Compton defect has been shown to depend
primarily on the Z/k factor as caused by binding
energy effects [Eq. (17)]. Furthermore, it strongly

TABLE I. J'(KZ} slopes at Q =0 for different orbitals.

1s

4
3'

4 88
3m 5

2',y

4 16
3m 5

2pz

(32)3'

2p (average)

4 128
3m 15

L shell

(average)

-(8)3'
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depends on the spatial properties of individual orbt'-

tals and their orientation in relation to the k
momentum-transfer direction. The situations sum-
marized in Table I lead to a strong positive Comp-
ton defect for a 2p, orbital, while negative defects
occur for 2p„y 8Ild 2s orbitals. Some simple con-
siderations relative to the shape of d and f orbitals

allow one to generalize the results in Table I, with
the following rule: For a given orbital with azimu-
thal I and magnetic m quantum numbers, the Comp-
ton defect (just like 6') has a positive sign for an odd
I+m value and a negative one for an even I+m
value. Compton defects for the first-row atomic ele-
ments will be discussed in a further article.
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