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An equation-of-motion approach is used to develop the relativistic many-body theory of
atomic transitions. The relativistic equations of motion for transition matrices are formu-
lated with the use of techniques of quantum-field theory. To reduce the equations of
motion to a tractable form which is appropriate for numerical calculations, a graphical
method to resolve the complication arising from the antisymmetrization and angular-
momentum coupling is employed. The relativistic equation-of-motion method allows an ab
initio treatment of correlation and relativistic effects in both closed- and open-shell many-
body systems. A special case of the present formulation reduces to the relativistic random-

phase approximation.

I. INTRODUCTION

Treatment of relativistic and correlation effects
in many-particle systems has become essential in
many fields of physics. We introduce a relativistic
equation-of-motion approach! to deal with these
two effects in an ab initio manner.

In Sec. II we define the transition matrix in the
quantum-field theory and derive equations of
motion for transition matrices. Section III gives the
transition amplitudes in terms of transition ma-
trices. The kinematic structure of transition ma-
trices can be obtained by a graphical prescription’
given in Sec. IV. In Sec. V, we demonstrate the
solution of the relativistic equations of motion by
giving a simple example which reduces to the rela-
tivistic random-phase approximation (RRPA).}
The present formulation is, however, more general
and can treat both open- and closed-shell systems.
In addition, multiexcitations can be taken into ac-
count. Relativistic equations of motion for a
many-particle system with general n-particle in-
teractions can also be derived. These and detailed
treatment of open-shell systems are given in a
separate paper.*

II. EQUATIONS OF MOTION
FOR TRANSITION MATRICES

For many-fermion systems, the creation and an-
nihilation operators satisfy the anticommutation re-
lations

{eine]) =8, (1)
{Ci,cj]={CiT»C}} =0, 2)
26

where the curly brackets denote the anticommuta-
tion relation. The field operators are given by

Vol K1) = Dugi(X,0)c; 3)
ox0=Sul(x,0c, @)

where a is used to accommodate fields with more
than one component and u; form a complete ortho-
normal set. The anticommutation relations of field
operators are

(Yal X0, PHF 1)} =8,80X—% "), (5)
(Val X, 0,96(% 1)) = (YLZ,D,04F,0}=0.  (6)
For brevity, we write

(WE,0,0'(Z 0} =8%F-%"), 7
(W(X,0,0(X "0} = (¥'(X,0,9'(%",0} =0 ®8)

with the variable a implied.
A general many-fermion state is given by

W)= 4;...clc] -+ |0), )
"j P
where the coefficients 4;;... in general involve cou-

pling coefficients. The equations of motion for the
field operators are

ii‘”(;t‘—’”=[¢(i,z>,H] : (10)
tw
ii'ﬂé‘”"—”):[:pf(i,z),fl] : (1)

where H is the total Hamiltonian, and the square
brackets denote the commutation relation. The to-
tal Hamiltonian H is assumed to have the form
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H= [ &G L,0hZDYE,0
+5 [ &P, [ a9 G0t 0u(X,, B)Y(Ea 09,0, (12)

where A (X,) stands for a sum of all one-particle operators and v(X,X,) for all two-particle operators. Al-
though three-particle and, in general, many-particle operators can be included,* we will deal only with the
form (12). For brevity we write Eq. (12) as

H= [d’x ¢ (Or D)+ [dx, [d*xplgiwa2ip@i) . (13)

The nth-order transition matrix is defined as
Ty(l,..on;0,.. .,n')=%(‘l’i 171 - - Pl i) - - (1) | %) (14)

where i and f denote two general states of the many fermion system. In the usual application, ¥; and ¥ are
states with well-defined angular momentum given in the form of Eq. (9). We can easily show that
L1, 050, .,n") is Hermitian, antisymmetric, and satisfies the recurrence relation

n+1

- [d*,  Ta(l, . n 450, n410) (15)

Cp(l,.. 00 ,n')=

In Egs. (14) and (15), the primes are introduced for purely notational purposes so that operators, if any, to the
left will only operate on unprimed coordinates. However, as far as the integration is concerned, the primed
and unprimed coordinates are treated as if they were the same. These will become clear later.

Assume that two states of an N-fermion system satisfy the equations

)

i (LGN W) =E(L. N W), (16)
i%(l,...,Nl‘l‘,-):Ef(l,. LGN, (17)

where E; and E; are total energies of ¥; and ¥, respectively. We can show that the transition matrix be-
tween i and f states satisfies

igat—l“f,-(l,. NV, G N ) =0T (1, N; U, ,N') (18)

where ws; =E;—E;. By integrating successively over the coordinates X; and by applying the recurrence rela-
tion (15), we obtain, in general,

)

ot

This is called the equation of motion for the nth-order transition matrix.

The equation of motion (19) can be written in terms of the total Hamiltonian H by using the equations of
motion (10) and (11) satisfied by the field operators. The left-hand side of Eq. (19) can then be reduced to

Cu(l,.. .m0, 0 ) =0T a1, 051, n') . (19)

Or. Q=L g 1wt - - e - - -
i il oms Vs eon )= =i (0 [0 - gl tn) - - (1) | W)

=%<w,. |t HIW'2) - -l gin) - - (1) | )
+%<w,- | @), HIW'3) - - g n pin) - 1) )+ -+
+#(\pi 1971 - - - gl )g(n) - - Y(3)[9(2), HI(1) | W)

+%<w,. i) - - @l gin) - - - w2)[w(1),H] | ¥y ) . (20)
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Using the explicit form (13) and carrying out the commutation relations in (20) we can write the equation of
motion (19) in coordinate-operator form:

n n
S h(OT (1, . 031, 0" ) =T (.. 01, . ,n") Y h()

i=1 i=1

+(1=8,) S [ (i) —v )T 4(1,. . o031, . 0"

i<j
n
+(1=8,0)n+1) [ dPx, 1 3 [0lin + D= (isn + 1)L, on + 51 on417)
i=1
—0uTa(L,. . nl. ') . (21)

Equation (21) is formally equivalent to the nonrelativistic equations of motion derived in the configuration
space.’

In calculations using basis wave functions, it is more convenient to express the equations of motion in the
occupation-number space. The transition matrix in the occupation-number space is defined as

1 ’ |
r_(f':)Emfd3xn+ld3le/)(N)¢;(n+])|‘llf><\l/[|¢1’(n+l )IllT(N)
1 .,
=, 2,0 e Wlel o

By applying the commutation relations (7) and (8), we can prove that Eq. (22) and the transition matrix in the
coordinate space are related by

Ta(l..n; Uyoon)=(1..,n [T |1,..,n") . (23)

A recurrence relation is satisfied by the transition matrices in the occupation-number space:
1 '

r";)szd%cmwn+1)r‘f7+”¢’f(n +1). (24)
Following a similar procedure as before, we obtain the equation of motion in the occupation-number space:
RTP —TWh +(1—8,)(14n —N)WTP —T0) 4+ (1—-8,5) e, TG+ T+ )/ = TE (25)
where J

h= [ d 0 (DR (DY) =Shucle , (26)

Kl
v=7 [d [ a0 (1) w1292 =1 3, vkimac/cicmen - 27)
kimn

III. TRANSITION AMPLITUDES

The most general interaction operator for an N-particle system is

N N N N
V=3 vi)+ Jvlij)+ 3 vlk)+---+ 3 vlj,....,D+--+v(l,...,N),

i=1 i<j i<j<k i<j--- <l

where v(ij, . .., 1) denotes a general n-particle operator; i.e., i,j, . . . , ] are n in number. The transition ampli-
tude from state i to state f due to V can be written in terms of transition matrices as

Pui= [ w510+ [ @, [ dPxu(12)T5(12;12)
+ [ d, [ d; [ dxw(123)T50123;123)+ - -
+ [d; - [dy(1,.. ,NT4(L, . N1, N (28)
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In the occupation-number space, we have
Pu= [ d% (1[v TR 1)+ [d¥x [ dx, (12021 | 12)
+ [, [, [ @123 0¥ | 123) 4 - - -

+ [d%x - [dx (L N[V TR, N (29)
where an n-particle operator is defined as
1
v(")z;l—! [dixi - [d ') gfmus, . onpm) - 9(1) (30)
To evaluate Eq. (28) or (29) exactly, we would have to assume a corresponding Hamiltonian
N .
H= [ d’x g (Ory)+ 3 0" (31)

i=2

and obtain a hierarchy of equations* similar to (21) or (25). Transition matrices of all orders are then solved
and substituted in Eq. (28) or (29) to give the transition amplitude Pj;. Nevertheless, we will truncate the in-
teractions up to two-particle operators as in the assumption of Eq. (13) of the total Hamiltonian. Therefore,
we are primarily interested in the two lowest-order equations of (21) or (25). The third-order transition matrix
is to be approximated and related to the second-order transition matrix. The two equations of motion involv-
ing the first- and second-order transition matrices can then be solved in principle.

IV. FORMS OF TRANSITION MATRICES
The kinematic structure of transition matrices can be obtained by a graphical procedure.” The prescriptions

are as follows.
(i) First Order:

TaH(L1)= 3 (= 1) (N,N; )2 | g(a))(gi ()| , (32)
ab

where the summation is over all nonvanishing pairs. Other notations have been defined elsewhere.?
(ii) Second Order:

Cn(12;12)= 3 7(1=8,4—Pp)(1—8,4—Pyy)
(ab,cd)

><(—l)P"""“[Na(Nb—Ba,,)Nc’(N,}—Bcd)]"z|qf(ab)>(q,-'(cd)l , (33)

where the summation is over all distinct nonvanishing pairs with @ <b and ¢ <d. Other notations in Eq. (33)
have also been defined.? In the occupation-number space, we have

MY =3 (— 1 (N, N3)'2 | (@) (] (B) | cJey (34)
ab
ITP= 3 T(1—84—Py)(1—8g — Py )(— 1) BN, (N, — 8, )N (N —8,4)]'
ab,cd
X | qs(ab)) (g (cd) | ciefeqc, - (35)

Prescriptions for obtaining higher-order transition matrices can be similarly derived.

[

V. SOLUTION OF THE tions through one-particle operators. The initial
EQUATIONS OF MOTION and final states are assumed to have the forms
To demonstrate here the solution of the equations Vi=Ao¥o
of motion, we will cons1df=.r the trivial case. of + 3 Ba, e ‘I/“az,,_,) Ty e210 (36)
closed-shell atoms and restrict ourselves to excita- alqc
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Wf: 2 C“e‘l’[(az")ae].l ’ (37
ae

where the initial state is composed of the Fermi
vacuum and states with two particle-hole pairs, and
the final state is composed of states with one
particle-hole pair. Here we have used the shorthand
notations a =j,, etc., for the angular momenta of
subshells a, etc. In the second term of Eq. (36), the
subscripts indicate that there are 2j, —1 electrons in
subshell a and 2 electrons in subshell ¢ (i.e., 2 holes
in a and 2 particles in ¢), that J,, is the total angu-
lar momentum for both subshells a and c, and that
the total angular momentum of the configuration is
zero. In Eq. (37), the subscripts indicate that the
2j, electrons have a total angular momentum j,
which, in turn, couples with one electron in subshell
e to give the total angular momentum J of the con-
figuration. The weighting coefficients of configura-
tions are denoted formally by B%z‘ and C,,. The

transition matrices are obtained using the prescrip-
tions (32) and (33).
The first-order transition matrix is found to be

Ta(K1)=T(1)+C_(1;1), (38)

where the positive- and negative-frequency parts
r.(1;1') are

r+(1;1')=21.“—t—-{—“~1', (39)
aa’ J

r_(1;1')=2(_1)a—a’1.—“>—1—a>':1’. (40)
po 7

Here the graphical notations have been defined else-
where.? The exact form of the second-order transi-
tion matrix is more involved and will be presented
in a separate paper.® For our purpose here, we only
need an approximate form

I‘f,-(12;1’2')z %(I—Plz)(l—Pl'z')
X1 (2;2') (41)
where I';;(2;2') has been defined in Eq. (38), and
Io(1;1') is the density matrix for the Fermi vacuum

To1)=3 l—s 1" . 42
b

The approximation (41) amounts to treating the
spectator particles in an average manner in deter-
mining the kinematic structure.

Define a Dirac-Fock operator

hPF(1)=h(1)+0PF(1), (43)

with the DF potential given as

vPR()= [ d’xu(12)1—P,)Ty(2;2') . (44)

Examples of 4 (1) and v(12) are

h(1)=cd"B1+c?Bi+oy(1), 45)
1 1

v(12)=———— | (& d>)
rp 2ryy b

. (46)

((7‘?]2)((?2'1_"12)
)
12

with the positive-energy projection operators im-
plied. Consequently, we can reduce the first-order
relativistic equation of motion as

RPF(T 5(1;1) —T (15,19 PF (1) — w3 T (151

= [ d’x,[v(12)(1—Ppy)—v(12)(1—Py,)]
XTo(1,1)T (2;2) . @7

From symmetry consideration, we can separate Eq.
(47) into positive- and negative-frequency parts as
RPF(DT (1;1)—T (1,10 PF (1) — 0, T, (151)

= [ d¥xw(12) (P — D11 (22

(48)
T_(L1RPF(1)—hPR(T _(1;1) 40, T_(1;1)

= [ dx(12)(Pyy — DTG 1;10T (232" .

(49)

Both the positive- and negative-frequency equations
can be expanded on a complete orthonormal tensor
space. For each basis tensor, we obtain a radial
equation. The final results are

[ha:—(e,,iwﬁ)+ S vt fug s =0. (50)
b

Here u, 4 denotes the radial part of the excited or-
bital, and

o (F) |4 _ K
N dr r
hy= PR , (81
a 2 _9p2
c dr+ , ] vy(r)—2c

where c is the speed of light in a.u. and
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O Mg =04 Uge+ 3 [(—1P"Pw(b 7b)+w(bb +)]ug s (52)
<
v u, =[b)? [vo(bb)ua—-EDk(ba)vk(ba)ub , (53)
k
1
w(bc)ua'i=WCJ(aa’)CJ(bc)v,(bc)ua+(—l)b“EAk(aa'bc;J)vk(ba Ju, , (54)
k
© + rk
v (be)= fo drzub(2);(TiT)uc(2), (55)
>

for the Coulomb interaction. Here we have used
the notation [b]=(2b+1)'/?, etc. A more compli-
cated expression can be derived for interactions in-
cluding the Breit interaction, etc.* The angular cou-
pling coefficients in Egs. (53) and (54) are

2

a k b\~
Dk(ab)=<i0 1) kD) (56)

2 2

a k b
Cilab)= (—1)7+12[ab] { | o _ o1 |Uaky),
-3

2

(57)

ablJ
Ak(abcd;.l)z(—l)k“Ck(abcd){d c k}’ (58)

Cilabed)= (—1)**¥[abcd|

<ak c)(bk d)
Xt 1
70-3/\70 -3

X Ik kly) , (59)

r
with the parity function

1, a+k+b even

Makb)= 10 44+k+b odd.

Equations (50) agree with the relativistic random-
phase approximation (RRPA) equations.’ The
present procedure can be used to derive the RRPA
equations involving parity-nonconserved interac-
tions,® the multiconfiguration relativistic random-
phase approximation (MCRRPA) equations,’” and
the RRPA equations for open-shell systems. These
and4other applications are given in a separate pa-
per.
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