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We develop and compare four expansions for line broadening in simple fluids. The
dressed-cluster expansions (DCE) express the line broadening in terms of the dynamics of
small clusters (absorber and p perturbers, p =1,2...) and at the same time incorporate
properly the static p + 1 particle distribution functions of the fluid; i.e., the effects of “in-
itial correlations.” The hydrodynamic expansions (HE) are perturbative in the line-
broadening interaction and express the broadening in terms of dynamical correlation func-
tions of the fluid. Each expansion involves also a renormalization procedure (partial
resummation in the appropriate expansion parameter). We use two types of resumma-
tion, in the time and frequency domain, denoted POP (partial time ordering prescription)
and COP (chronological time ordering prescription), respectively. All four expansions
(DCE-POP, DCE-COP, HE-POP, and HE-COP) when truncated at the gth order yield
the correct first g moments of the line shape and allow us to use well-known fluid corre-
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lation functions in the calculation of collisionally broadened line shapes.

I. INTRODUCTION

The broadening of absorption spectral lines is
one of the most sensitive probes for dynamical in-
teractions in a variety of systems such as low-
pressure gases, liquids, and solids.'® The line
broadening of a two-level impurity in a fluid
(foreign broadening) or of a two-level fluid (self-
broadening) are usually treated using simple cluster
expansions® which at low pressures reduce to the
binary collision approximation (BCA).!~¢ In this
limit the relevant microscopic information for the
line broadening is finally expressed in terms of
two-body dynamics (absorber and a single per-
turber). The BCA was extensively used in the
literature not only for low-pressure gases but even
for liquids.

The dynamics of fluids is usually treated using
the hydrodynamic equations of motion which may
be used to evaluate various correlation functions
such as the dynamic structure factor S (k,w).'%!"
The phenomena of light scattering from fluids
(Rayleigh-Brillouin) are usually treated using the
hydrodynamic macroscopic equations. There is
therefore a difference in the traditional theoretical
approaches towards the treatment of the line
shapes in line broadening and light-scattering ex-
periments. The reason is that for ordinary line
broadening the absorption is a single molecule
property and the fluid is just causing the broaden-
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ing. On the other hand, for light scattering the
phenomenon itself is caused by macroscopic densi-
ty fluctuations in the fluid. This is why the micro-
scopic BCA approach is traditionally used for the
former and the macroscopic hydrodynamic ap-
proach is used for the latter. In this paper we
wish to formulate the absorption line broadening in
fluids in a form which will allow us to express the
relevant information in terms of well-known corre-
lation functions of the fluid. We shall develop two
types of expansions. The DCE still uses the few-
body dynamics of small clusters but incorporates
the exact static density correlation functions of the
fluid. The hydrodynamic expansion HE is pertur-
bative in the interaction responsible for the line
broadening but allows us to use exact dynamical
correlation functions of the fluid which may be ob-
tained from hydrodynamics. The role of the static
distribution function of the fluid (sometimes re-
ferred to as “initial correlations”) in line broaden-
ing experiments was recently given serious theoreti-
cal attention.'>'3 Burnett, Cooper, and co-
workers'? have developed a formalism which is
based on the reduced equation of motion for the
density matrix aimed at treating specifically these
effects. Ben-Reuven'® had treated strong field phe-
nomena using similar methods. The present ap-
proach is based on standard many-body techniques
and uses a systematic resummed expansion for the
line shape. In addition to the considerable simpli-
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city of the present approach, it has the advantage
of expressing the line broadening in terms of stan-
dard correlation functions of the fluid. Conse-
quently we get an insight regarding the microscop-
ic information content of the line broadening and
we are able to exploit the considerable progress
made recently in the hydrodynamic evaluation of
these correlation functions'®!""!* and use them in a
convenient way. We also make a simple connec-
tion to the macroscopic approach commonly used
in light scattering. Finally, the present theory is
directly applicable to the problem of ordinary line
broadening in liquids near critical points, where we
may use the known universal behavior of static and
dynamical correlation functions'* to predict the
line broadening. At the moment there is some ex-
perimental evidence for a significant increase in the

linewidth under these circumstances.!>!6
In Sec. II we present the basic model Hamiltoni-

an for line broadening in a fluid. In Sec. III we
develop the DCE whereas in Sec. IV we develop
the HE. Section V presents the analysis of the mo-
ments of the line shape and shows that a g-order
DCE or HE reproduce exactly the first ¢ mo-
ments of the line shape. Section VI gives the lim-
iting case of the Markovian limit for both expan-
sions whereas Sec. VII presents the static limit.
Finally in Sec. VIII we give explicit expressions for
both expansions to lowest order and discuss previ-
ous works.

II. THE MODEL

We consider a fluid with N + 1 atoms contained
in a volume Q. Each atom has two states |a) and
| b). We shall assume that one atom denoted s in-
teracts with an external radiation field whereas the
other N atoms are bath perturbers which interact
with s and with each other. This model allows us
to treat foreign broadening. Self-broadening is a
special case when the s atom is identical with the
other bath atoms. The two relevant internal states
of the fluid are therefore

N
la)Y=as) [1 las) (1a)
a=1

and

lb>Elbs>INIla.,>. (1b)
a=1

The total Hamiltonian of the system is

H=|a)H,{a |+ |b)wy+Hy){b | , (2)
where
Ha=TS+E Ta+2 Vj“+2 | 254 (2
a a a>y
and
Hszs+2 Ta+2 V;"-&-E Ver. (2"
a a a>y

Here T and T, are the kinetic energy terms of the
s and a particles. V;%(Q,—Q;) and V;"(Q,—Q,)
are the interaction energies of the s and a, and the
a and y particles, respectively, all in the |a) state,
whereas V;® is the interaction potential of an s
atom in the |b) state with an @ atom in the |a)
state. Q; are the Cartesian coordinates of i so that
R
,——2—”’{?!‘.2, 1 =5a. (3)

g is the energy difference of | a;) and |b;).
The interaction with the radiation field is via the
dipole operator D,

D=3 u(Q,)|a)b|+|b)a]). (4)

The absorption line shape I(A) is given by’
~ 1

f(A)=—=ImI(a), (5)
T
where
I&)=—i [ " drexplian)(r) ®)
and
I(7)=6(7)(D(7)D(0)) . 7

Here A is the detuning of the photon frequency
from the two-level frequency wp,,

A=w—wy, , (8a)

D(r)=exp(iHT)D exp(—iHT) , (8b)
and

(D(T)D(0))=Tr[D(7)D(0)p,], (8¢c)

pa=%|a)exp(—BHa)(a| , (8d)

Z =Trexp(—BH,) , (8e)

B=(kT)~! is the inverse temperature, and 6(7) is
the Heaviside step function (#=1 for 7>0, 6=0
for 7 <0). For the sake of simplicity we shall
hereafter take u(Q,,)=1, i.e., it will be taken to be
independent on Q;. The inclusion of the Q depen-
dence of u is straightforward. We then have
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I(r)=Tr[exp(iH,7)exp(—iHy7)p,] - 9)

The formulations developed in Secs. III and IV
for I(r) are based on some expansion parameter.
For the DCE this is the fluid density (n) and for
the HE this is the line-broadening interaction
strength (A). It is always advantageous in the cal-
culation of correlation functions to use some
resummation techniques which are based on an an-
satz regarding its functional dependence on the ex-
pansion parameter. This is done by expressing
I(7) or I(A) as a function of some quantity and
expanding the latter. We shall adopt in this paper
two approaches.'” The POP approach uses the an-
satz

I(t)=exp[—F(7)], (10)

whereas the COP approach uses the ansatz

1
A—F()
It is clear that a low-order expansion of either F(r)
or F(A) in some parameter will yield an approxi-
mation for 7(A) which will contain terms to infin-
ite order in that parameter. The POP and COP
forms are based on the exact reduced equations of

I1(A) (11

motion which any correlation function obeys'’~2:
a0 __ Fora (12)
dt
for the POP and
dl(1) o~
o=~ JydrFu—nI) (13)
for the COP, where
F(A)=—i f0°° drexpliAr)F(r) . (13)

The names COP and POP signify that the di-
agrammatic expansion of F(A) involves only time-
ordered products of operators, whereas the dia-
grams of F(r) are not completely time ordered.'”?!
We shall thus obtain four different expansions
(DCE-POP, DCE-COP, HE-POP, and HE-COP).
We should emphasize that F(r) and F(r) are obvi-
ously not the same and the relation between them
is straightforward but not simple.

III. THE DRESSED-CLUSTER
EXPANSIONS

The purpose of the DCE is to express the line
shape in terms of the dynamics of small clusters of
atoms (one perturber, two perturbers, etc.' =22 but

at the same time retain exact static information
about the fluid, i.e., n-particle static correlation
functions. The effects of the initial correla-
tions'>!? are included in the present expansion in a
natural and obvious way. The advantages of such
an expansion are clear: It is easier to obtain static
information regarding fluids than to calculate the
dynamical correlation functions. In the mode-
coupling approach to fluid dynamics'* one uses
static information to get dynamics near critical
points. The detailed derivation of the DCE is
given in the Appendix. We shall present here the
final results.

We define I,(7) as the dressed p-perturber spec-
trum. It is calculated for a system consisting of
the absorber atom and p perturbers in a volume ().
The “dressing” is reflected in the fact that for the
distribution function we use the reduced p +1 par-
ticle distribution function of the fluid?}

bp 41X, X1, X . X,)
Npa(Xs,Xb e

,,,,,

ETrp+1
where
Xo=(Q4,P,) . (15)

Equation (14) is valid both classically where Q,,P,
are classical coordinates, and quantum mechanical-
ly where Q,,P, are operators. ¢, should be dis-
tinguished from the bare cluster distribution func-
tion d>2+| defined for a system with an absorber
and p perturbers which is commonly used in the
ordinary cluster expansions of line broadening®:

4’3+1(XS,X|, Co X))
=exp[—BHP *V(X,.Xy, . . ., X,)1/ZP*Y,
(16a)
where
ZP+V=Trexp —BHY (X, X, .. X,)]
(16b)

Here the superscript (p + 1) denotes that the sys-
tem contains only p + 1 particles.
We thus define

L(r)=Tr[expliHP * " 'r)exp( —iHP ', 1]
(17)

It is easy to see that I, has the form® (see the Ap-
pendix)

- P]—‘— 18
I,(7) 1+q§] Iq Q‘IX"(T)’ (18)
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the gth contribution is of the (§) clusters of g per-
turbers. We thus have

1
I]=1+_X1)

o (19)
a2y L
= +QX1+QZX2,

etc. Equations (19) may be inverted to yield
X, = —1),
X,=Q1,-2I,+1), (20)

%= 1= [yt (1.

In the thermodynamic limit we consider N per-
turbers, where N — «, 0— o, and N /Q is finite.
We then have

N] 1 nf

[q ]-Q—‘l_’—q—!_ R (21
where

ns%—. (22)

Upon substitution of Eq. (21) in Eq. (18) we get in
the thermodynamic limit:

o q9
I(N=1+3 “=X,(r). (23)
q=1 q'

Equation (23) is an important intermediate stage
for the DCE expansions and is the starting point
for the POP and COP partial resummations.

Using the POP [Eq. (10)] we introduce the an-
satz

I(r)=exp[—F(1)]

o .4
=exp | 3 o Jy(7) 24)
q=1 q

J, may be obtained by equating the expansions (23)
and (24) term by term, i.e.,

® pi ® nd
> —Jg(m)=In |1+ > —X,(7) (25)
¢=19° q=19
Using (25), J, will be expressed in terms of X,
where ¢’ <gq, i.e.,
Ji(r)=Xx,, (26a)
Jom)=X,—X7, (26b)
J3(m)=X3—3X X +2X7 , (26¢)

etc. Turning now to the COP scheme (11) we

write
I(A)= 1~ = " !
A+ 3 (n9/gDJ ()
qg=1

A—F(A)

J,(A) will now be obtained by comparing Egs. (23)
and (27) and using Eq. (6). We thus have

| k
a2

f‘, JA)

. r® . < nd
= fo drexp(iAT) 1+q§1 qu(‘r)

(28)

In Eq. (28) all A should be understood A +ie€
where e—0. This guarantees convergence of all
the necessary integrations. Similar to the POP, we
see from Eq. (18) that .7; will depend on X, where
q' <q. We then have

Ji)=—i [ " drexplian¥,(), (29a)
Ty8)=—i [ 7 drexpliani¥y(r)

277(A)/A (29b)
.73(A)=-ifwdrexp(iA‘r)jf3(T)

+6J,(A),5(A)/A—6T1(A) /A%, (29¢)

etc. In concluding this section we note the follow-
ing:

(1) Equation (24) with (26) is our final result for
the DCE-POP expansion, whereas Eq. (27) togeth-
er with (29) is our final result for the DCE-COP
expansion.

(2) J, and j;, are given in terms of the p-
perturbers spectrum I,. The pth order DCE are
obtained by keeping the sums in Egs. (24) and (27)
to pth order. This should be done in practice by
calculating the spectrum of our absorber and p per-
turbers Eq. (17) using the static distribution func-
tions (14). We then get Xy - - X,. J; - J, and
Jy -+ J, are obtained from X, - - - X, using Egs.
(26) and (29). N

(3) As is clear from Egs. (26) and (29), J, and J,
are expressed as different combinations of
X; - Xq g <p. The usefulness of the POP and
COP expansions will depend on the statistical
properties of our system which will determine
which expansion will converge more rapidly. The
exactly solvable Anderson-Talman? model is de-
fined by taking V{¥=0 in Egs. (2), i.e., we assume
that the bath atoms do not interact with each other
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but only interact with the absorber. For this Ust=Vi*—v;°. (32)
model it is easy to show that J,(7) with ¢ >2 van-

ish identically and we have the exact result: We may then write

I(T)(AT)=eXp[nJ](T)] . (30) exp(—iHb‘r)zexp(——iHaT)
T

The COP expansion in this case is much more Xexpy [-—17» fo drU(r) ] , (33)
complicated and includes terms to all powers in
density.? where

U(r)=exp(iH,T)U exp(—iH,T) , (34)

IV. THE HYDRODYNAMIC EXPANSIONS and where
T
We shall now develop an alternative expansion €Xp+ [“’)‘ f o dnUln)

for I(r), this time in terms of dynamical correla-

tion functions of the fluid. The latter may then be
evaluated using hydrodynamic techniques.!®!!-14 , 7,
These techniques usually apply for long wavelength +(—id)? fo dr fo drU(r)U(r))+ - -~
phenomena but it was shown in several cases that

=1-iA [ drU(r)

they may be useful even for microscopic proper- (35)
ties.?* Let us define the perturbation responsible Upon substituting Eq. (33) in Eq. (9) we get
for the line broadening:
1r={exp [_m [Tdn U |p Y. G
AU=H,—H,=3 U, (31 + 0 e/
e For the subsequent manipulations let us intro-
where duce the following moments:
J
my(1y, ..., 7)) =(UTU(ry) - - Ulr ) =T U(r)U (7)) - - - Ulrp)bp 4 1( X, Xy, ..., Xp)] . (37)

We note that since U is a sum of single perturber terms [Eq. (31)], the product U(r,) - - - U(7,) may depend
on p +1 particles at most (s +p perturbers). This is why we may write ¢, ., instead of p, in the definition
of m,. Alternatively if we introduce the Fourier transform

U(Q)=2exp(ikQ)Uk , (38)
k
we have
mp(Tl.TZ) s :Tp) 2 UklUk2 o Ukp<exp{ikl[Qs(Tl)_Qal(‘rl)” exp“kZ[Qs(TZ)_Qaz(TZ)”
klkz...k
aa o
X exp[ikp[Q,(Tp)-—Qap(Tp)]}) (39)

or, equivalently,

my(7T1,Ty. . 3 Tp)= > f ce fdr, cdr,Ur)U(rp) - - Ulry)
@,
><(S[Q,(T,)—Qal(rl)—rl]8[Q,(Tz)—Qa2(Tz)—r2]

X+ 8[Qul7p) —Qa () =1, 1) - (40)

We note that m; =(U) is time independent. Without loss of generality, we may include (U ) in wy,, i.e.,
use the transformation

Wpa—0pa +{U) , (41a)
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U->U—(U), (41b)
so that
m =0. (410)
Using Egs. (36), (37), and (41) we get
. T T . T T )
I(r)=1+(—i}A)? fo dr fo d72m2(71,72)+(—tk)3 fo dr fo dr, fo dryms(1,72,73)+ *** . (42)
Equation (42) is the starting point for the POP and COP resummations. Using the POP ansatz
I(r)=exp | 3, (—iA)K (1) (43)
g=1
we get, upon comparing (42) and (43) term by term,
K, =0, (44a)
T 1
K2=f0 dT] fO demz(Tl,Tz) , (44b)
T T 72
K3=f0 dTl fO de fO dT3 M3(T1,T2,T3), (44c¢)
T T 2 3
K4= fO dTl fO d’)’z fO dT3 fO dT4[M4(T1,T2,T3,T4)—mZ(Tl,Tz)mz(T3,T4)
—my (1, 73)my (1, 74) —my (T, 74)my (13, 73)] (44d)
etc., whereas when using the COP ansatz
1(a)=—— (45)
A+ 3 (—iMK,(A)
g=1
we get
y(8)=—i [ " drexplianK,(7) , (46)
K(1)=0, (47a)
ky(r)=my(7,0), (47b)
= [ drimyr,7,0), (47c)
. T T
(= [ dr [ drlma(n,7,7,0)=mo(r,m)my(1,00] (47d)

etc. The various terms in the expansions of K, and K are given by the closed expressions which may be
obtained from the corresponding reduced equatlons of motion, Eqgs. (12) and (13),"

3 (irfKym=ln 1+ exp, | —it [ dnuUm |- 1) |, 48)
g=
2 (—i)) qK (T)=(—iA) <U T)exp [—l)\,f dmQU(r) (0)>, (49)
I
where we introduce a projection operator Q by its sion. In both expansions we are able to express the
action on an arbitrary operator A4, relevant information for the line broadening in
QA=A —Tr(Ap,) . (50) terms of m, [Egs. (37), (39), and (40)]: The lat.ter
may be expressed as standard correlation functions
Equation (43) with (44) is our final result for which appear in fluid dynamics.!®!""!* Therefore,
the HE-POP expansion, whereas Eq. (45) with (46) one may use, e.g., hydrodynamic (small k) approxi-

and (47) is our final result for the HE-COP expan- mations for their evaluation.



26 DRESSED-CLUSTER AND HYDRODYNAMIC EXPANSIONS FOR . .. 623

V. THE MOMENT ANALYSIS

The spectral moments of the line-shape function
1(a) provide a convenient means for evaluating the
accuracy of various approximations and are widely
used in comparing experimental and theoretical
results.?>2¢ In this section we shall analyze the
significance of the DCE and the HE using the mo-
ments of the line shape. We shall start with the
POP expressions. Both expansions (24) and (43)

may be written in the form
I(A)z—l—Refwdrexp(iA'r)exp[—F(T)] , (51)
' 0

where
1

A

I(A)=—Re fow dtexp(iAt)exp

1
T

where we have included F(0) in A, i.e., we modify
it slightly,

A—A—iF(0), (55)
and where
. 0 q .
F0)=—3 “J,(0) (56a)
g=1 9

for the DCE, or

F(0)=— 3 (—iL)K,(0) (56b)
g=1
for the HE. Note that iF(0) is real so that the
transformation (55) is merely a static shift of the
line. We now introduce the moments of the line
shape:

Mi=[" aafa)ak, k=01,....  (57)
Using the properties of Fourier transforms we have
dk
My =(—ik——
T
T .
X exp —fo dr(t—71)F(1)) |r=0‘
(58)
Using Eq. (58) we get
Mo= [dAafa)=1, (59a)
M= [dAT(A)A=0 (59b)

[the reason for the transformation (54) and (55)
was to make M, =0],

© pq
—F(r)=q§ ;TJ,,(T) (52a)

for the DCE, and

—F(r)= 3 (—iMK, (1) (52b)
qg=1

for the HE. For the sake of convenience let us use
the identity

F(N=FO)+FOr+ [[dr(r—r)Fr), (53

where F", f', etc., denote time derivatives. Since
F(0)=0 we have using Eqgs. (51) and (53)

~ [ dnr—r)F) | (54)

[
d’F(0)

M,= , 59

2 dTZ (59¢)
.d*F(0)
- , (59d)
3 dr
d*F(0) 1 d*F(0)

M,=— — ) (59

s it 2 ar o

It is clear that M, depends only on the first p
derivatives of F(r) at r=0. An important proper-
ty of the functions J; and K|, is that their first

g — 1 derivatives at 7=0 vanish. For K, this is ob-
vious from Eqgs. (44), since K, involves g integra-
tions in time. For J, this is shown in the Appen-
dix. We thus have

dlg(0) d*J,(0)  d97(0)
dr dr* dr?~! ’
(60a)
dK,(0) d’K,(0)  d?7'K,(0)
dr dr’ dri~!
(60b)

Equations (60) guarantee that both expansions (24)
and (43) when truncated at the gth order reproduce
exactly the first ¢ moments of the line shape. This
arises since, by virtue of Egs. (58) and (60), Jg and
K, with ¢’ > g cannot contribute to the first g mo-
ments.

Turning now to the COP expansion we should
bear in mind that by construction the g-order COP
or POP expansions reproduce I (1) exactly up to g
order in the expansion parameter. That is both g-
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order COP and POP expansions reproduce the
DCE expression [Eq. (23)] up to the term O (n9)
and differ only in the subsequent terms O (n9+!),
Similarly for the HE they both reproduce Eq. (42)
up to O(A9) and differ only by O(A9*!). Equa-
tions (60) show that terms O (n?+') or O(A?*!) do
not contribute to the first ¢ moments of the line
shape. We have thus obtained the very important
result that all four expansions, DCE-POP [Eq.
(24)], DCE-COP [Eq. (27)], HE-POP [Eq. (43)]
and HE-COP [Eq. (45)] when truncated at qth ord-
er reproduce exactly the first ¢ moments of the line
shape.

We shall now write explicit expressions for the
various moments. Using Eq. (59) we have

My=1, (61a)

M,=0, (61b)
and

MP=(U"), p>2. (61c)

[The easiest way to get (61) is to use the HE-POP
expansion, but Egs. (61) hold for all the four ex-
pansions.] In order to express Egs. (61) in terms of
well-known functions of the fluid let us introduce
the following static correlation functions?*:

ny(ry,ra)=N{8(r; —Q,)8(r,—Q;)) , (62)
N!
Mppi(rp, ... ,rp+1)=m(8(r1—Qa)5(r2—Qﬁ) s O(rp 41— o)),
Ny 1(F1s7g o5 75,0)
8p+1(rsra, .. 1p)=0 LASRE 2p P (63)
n
Note that g, || are dimensionless.
We now separate each M), according to the number of different perturbers,
M,=(U*)=3 (U(Q;—Q,)U(Q;—Qp)) = 2(0 -0 N+ 3 (U WU(Qs—Qp))
aB a#p
=Nfdr1dr2U2(r|—rz)(S(Qs—rl)S(Qa—rzn
+NIN =) [dridrydrUr,—r)U(ry—r3)(8(Q— r3)8(Qq —r1)8(Qp—7)) . (64)
Making use of the definitions (62) and (63) we have
My=n [dTUXTgy (D) +n? [dT\dT,U (F)U(Fy)g:(T),T)) - (652)
Similarly we have for the higher moments
=n [ dT UND)gy(D) +n? [ dTdTLUNT)U(T,) + UATU(F)gs(F), )
+n3fd?1df'2df’3U(?1)U(FZ)U(F’3)g4(?,,?2,?3) , (65b)
My=n [ UPD)gy(D)dT+ - - - +nP [dTdT, - - - dT,[UTDUT) - - UTp)1gp 1 (F1T .., Tp) -
(65¢)

In general, M, will depend on all the g-body static
correlation functions g, with ¢ <p +1 (p perturbers
and the absorber atom).

VI. THE MARKOVIAN LIMIT

The Markovian limit is the important case when
all the relevant correlation functions of the perturbers
vanish much faster than the observed broadening.’

[

In this limit the line shape assumes a simple al-
most Lorentzian form. We shall derive here the
expressions for the line shape in this limit using
our four expansions.

A. The POP line shapes

Within the POP formalism the Markovian limit
is obtained whenever the typical time scale of F (),
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T, is much shorter than the observed broadening
T,ie.,

Mr.<<1. (66)

This implies that the short-time behavior of F(r) is
irrelevant for our line shape. For times 7>> 7, we
then have

[ dnr—r)Fn)

~T fow dnl":'(‘r])— fow drmﬁ(‘r])

=({A'+D)r+7. (67)
Here,
iAM+TT= fow dTﬁ(T) (68a)
and
n=n'+in'= fom drrF(r). (68b)
We then have
f(a)= expl—7') F2 5 cosn”’
T (A—=A")"+T
A—A' .
———  sinp”’ | . (69)
(A—an4rz

Typically, 7 is quite small so that the line shape
(69) is basically a Lorentzian with a slight asym-
metry caused by the dispersive term (the second
term in the brackets).?’ In the extreme case when
| 7| —0 we have

i1 r
T (A—A)Y4+T?

I(A)=

(70)

To summarize, in the Markovian limit the line
shape is given by the three parameters I, A’, and

" which are given in terms of F(r) [Eqs. (68a)
and (68b)], where
. © 4.
F(r)=— 3, —J,(1) (71a)
g=1 q!
for the DCE, and
2 (—iA) "K (71b)

qg=
for the HE.

B. The COP line shapes

Within the COP formulation we obtain the Mar-
kovian limit by ignoring the frequency dependence
of F(A) in (11), i.e., by set

F(A)=F(0)=A"—iT . (72)

We then have

fay=t_— T (73)
T (A—A)?+T

where

—X+iT= 2 ”— (0) (74a)
for the DCE, and

_K+iF= S (—inR, (0 (74b)

q=2

for the HE.

Upon comparing Eqgs. (68) and (71) with (74) we
note that to lowest order [O (n) for the DCE and
O (A?) for the HE] then =T and A’=A’. In the
Markovian limit, therefore, the COP and POP for-
mulations yield the same result for the width and
shift of the line. There is, however, still one
difference: the 7 factor which appears in the POP
and not in the COP and which is responsible for
slight asymmetry of the line, even in the Markovi-
an limit.»26:27

VII. THE STATIC LIMIT

The static limit holds when the motions in the
fluid are much slower than the observed line
broadening. This is the reverse of the Markovian
limit and requires I'r, < 1. Formally we get this
limit by neglecting the kinetic energy of the Ham-
iltonian H, and H, in Eq. (9). We then have

I(1)=(exp(iAUT)p, )

=<ﬁ [1+fsa(f)]pa>, (75)
a=1

where
fsaT)=expliU®r)—1 . (76)

Equation (75) may be expanded according to the
number of perturbers:

I(T——1+2 ((fslfsz 'fsp)

an+](r1,r2 c e rp’r_\-)) .
(77

Upon introducing the ansatz
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© P
=exp 2 —' (78)
and comparing term by term with (77) we get?*28
(T):fdr, ccedrgfor fp T plry rprs)
(79)
where ¥, are the Ursell distribution functions?
.71‘—"1](7’]) , (80a)
.72:n2(r1‘r2)——n,(r1)nl(rz) , (80b)
and
Fr=ny
k—1
3 e
—1
' (80c)

VIII. EXPLICIT EXPRESSIONS FOR
THE DCE AND HE TO LOWEST ORDER

We shall now evaluate the lowest-order approxi-
mation for the line shape using the four expansions
developed in the previous sections. Starting with
the DCE to lowest-order COP or POP we need
only X,(7). The DCE-POP line shape becomes

I'POPYA) = fow drexp[iAt+nX,(7)],

(81a)

whereas the DCE-COP line shape assumes the
form

1
A—in [ " drexplianX,(r)

(81b)

I(A){COP)Z

X](T)—_—n fdQOdPO —i fodeIUSI(Tl)

exp

where I'(py) is the Maxwell distribution of momenta:

[(Py) =47~ 22mkT) 3% exp( — P} /2mkT) .

In the static limit we have

Xitat(,r)znfdQ{exp[iUT]—l}gZ(Q) .

where
X1(1)=Q Trlexp(iH > r)exp( —iH, 1), —1] .
(82)

Here H\* and H,(,Z " include one perturber and the
system atom. Denoting the eigenstates of H, and
H, by |a) and | B), respectively (not to be con-
fused with the notation of Sec. II where Greek
letters denoted the various perturbers) we have

—0 (a|BYBla')b)ua
aB
X [expliwggr)—1] . (83)

To lowest order in density (ordinary cluster expan-
sion)®
(62)aw—($Daa

and we get®

nzp

P(a)dyy (84)

)| {a|B) | *[expl (iwggr)—1] .

If we wish to evaluate (82) using classical mechan-
ics we first rewrite it as

Xi(1=0 [Trexp+ [—i [ dnun)

¢2_1] . (86)

Classically we set

U(r)=U(Q(7)|Qo,Po) , (87)

which is obtained by solving Hamilton’s equations
using H, and where Q, and P, are the initial
values of the relative coordinates and momenta of
the perturber and absorber. Also,

Tr— [ dQodP, . (88)

We then have

1 ]g2<Q0)r(P0> , (89)

(91)

In the Markovian limit the line shape is given by Eq. (69) where the parameters are given by

A+ilC=n fowdril(r) ,
n'=n fowd‘rr)(l(r),

(92a)
(92b)
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where quantum mechanically

521(7')=2 (a| B)(B]a')(¢2)a'awiﬁexp(iwaﬁ) , (93a)
aB

or classically

Xi(1)=—n [ dQodPo[(U™(1)) +iU* (7 ]exp[—zf dr U (1)) |g5(Qo)T(Py) . (93b)

We note again that the only difference between the POP and COP Markovian perturbative results is the
presence of 7 in the former. For the COP 17=0 and A and I are the same as for the POP. Equations (81)
were recently analyzed and compared for simple model systems, both quantum mechanically (using Eq. 85)
and classically (using Eq. 86).%

We shall now turn to the HE. To second order in A (and setting A=1), the HE-POP line shape is

JPOPY(A) f drexp(lA‘r)exp[ fOTdTl(T—T1)<U(T])U(O)> ) (94a)

whereas the DCE-COP line is

1
A+i fow drexpliAr){(U(r)U(0))

1(A) Y= (94b)

where

(U(NU(0)) =m;y(1,00=nQ Y, U U { exp[ikQ, (1) ]exp[ —ikQ; () lexp(ik'Q, Jexp( —ik'Q;))
k'
+n?Q? Y, U, Uy exp[ikQ,(7)lexp[ —ikQ, () lexplik'Qglexp(—ik'Q;)) . (95)
ki

We thus see that (U (7)U(0)) includes two- and three-particle correlation functions. There is one limit in
which {(U(7)U(0)) may be further simplified. This is the Brownian particle limit in which s is much
heavier than a so that we may ignore the time evolution of Q, in (95) and set Q;(7)=Q(0). In this case
we have

(UMU©)=3 3, Uy Uy (explikQ,(7)]exp(ik'Qp)) . (96)
a,B kk'

Using the definition of the dynamic structure factor'®!'!

o [ drexp(—ion) S explikQu(r)lexp( —ik'Qg) =S (k)8 ©7)
0 a,B
we have
(UOUO) = [7 do | Uy | S (koexplior) . (98)
402

Equation (98) when substituted in Egs. (94) results in our lowest-order HE approximations for the line
shape. The relevant information which enters Eq. (98) is the interaction potential Uy, and S(k,w) which is
well known from other experiments (neutron scattering, light scattering, etc.!®!""14),

In the Markovian limit the line shape assumes the form (69), where

r+ia'= [ dr(UnU©)

1
w+ie

_f drf da)lek|zS(kwexp(th —tf dw2|Uk S (k,w)

so that

C=7lim Y | Uy |’S(ko), (100a)
w—0 k
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and
*® P k,w)
_PPf_wdw§|Uk| i (100b)
Also,
W= [ drU@UO) =i ["dr [7 do 3 017 B0 exption)
S Ldo 3 | Uy |28S(k“’) L (101)
dw w+i€
I
so that ments. In the former, one directly probes S(k,)
5 S( k w) 1 since the density fluctuations are responsible for
n'=PP f do 2 | Up | ————, the light scattering. Here we get that in the limit
@ of weak coupling (second-order HE) then the line
(102a) broadening of a heavy two-level impurity in a fluid
is basically monitoring the same function S (k,w).
and We should note that for the sake of clarity in the
., ) , 38 (k,0) presentation, space degeneracy was not introduced
n =”(},L“})2 | Uk | T e (102b) explicitly in this paper. It may be easily included
k at the final equations by considering |a) and |b)
As already noted in Sec. VI, the only difference be- to be manifolds of degenerate levels and adding ap-
tween the POP and COP in this limit is that propriate summations over these levels. When this
n'=n""=0 for the latter. I" and A’ are the same. is done different tensorial components of S (k,w)
Equation (100a) was recently derived by Madden may contribute to the line-broadening and light-
and Hills'® who treated line broadening in liquids scattering spectra. In the Markovian limit the line
near the critical point. Our present result is a gen- is not sensitive to the details of S (k,w) as only the
eralization of their result. In concluding this sec- ©=0 component contributes to I" and 7"'in Egs.
tion we note the following: (100) and (102).
(1) Equation (98) when substituted in Egs. (94)
ACKNOWLEDGMENTS

gives us two expressions for the line shapes which
are not limited to the Markovian limit.

(2) The POP expression predicts a certain asym- I wish to thank A. Baram, A. Ben-Reuven, D.

metry of the line even in the Markovian limit [Eq. Grimbert, and J. Jortner for useful discussions.
(69)]. This asymmetry was found experimentally The support of the Israeli Acader.ny 9f Sciences
in dilute gases.”’” We have derived here Eqgs. (102) and the Alfred P. Sloan Foundation is gratefully
which give that asymmetry (due to 7”') in terms of acknowledged.

S (k,w).

APPENDIX: THE DRESSED-CLUSTER

(3) The formulation of Sec. IV may be used to
EXPANSION

derive higher-order corrections to Egs. (81) and
(94) which will involve higher-order density corre-
lations of the fluid.

(4) The simple result (98) is limited to the
Brownian limit (heavy absorber and light per-

We shall now expand our line-shape function
[Eq. (9)] in dressed clusters. To that end we shall
first partition the Hamiltonian (2) as follows:

turbers). Therefore it cannot be used as it stands H,=H,+V, (Ala)
to treat self-broadening. Consequently, the
analysis of Madden and Hills'® who used Eq. (98) Hy=H,+V, (A1b)
to treat the self-broadening of O, and N, near crit- where
ical points if fraught with some difficulties and the
more elaborate correlation function (95) should be Hy=T;+ E T,, (A2)
used instead of (96).

(5) Equation (98) provides a simple connection V= 2 vier S ver, (A3a)

between light-scattering and line-broadening experi- as>y
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and

V=3 Vvi+ 3 V. (A3b)
a

a>y

Let us introduce the positive and negative time-
ordered exponentials as follows:

exp( —iH,7)=exp( —iHy7)

xexp,. |~i [ dn¥(r)

, (Ad4a)

exp(iH,7)=exp_ [i fOTdT]i;(T]) exp(iHgy7) ,

(A4b)
where

A(r)=expliHy7)4 exp(—iHyT), A=V,V (AS)

exp4 1—1’ fOTdTIV(Tl)
=1—i [ drV(r)+(=i?

T T
x [Jdn [ dnymVin)+ o,

(A6a)
exp_ [i fOTdTIV(‘rl)
=14i [ drVin)
+it [Tdr, [ Ay V4
(A6b)

To simplify our further manipulations let us de-
fine the time-ordering operators 7, and T_ as
follows: T, (T_) when operating on a product of
V’s (V) at different times orders them in order of
decreasing (increasing) times from left to right,

T . V(V(ry) - Virg)
=V(r)V(r) - Vi), (A7a)

|

10:1 5

1
11=I+<fs1¢2(Xs,X1))El+h_X| s

I =1+ [{f102(Xs, X 1)) + ( f5202(X;, X)) ]

T_WV(r)V(ry) - - - V(7))
ZV(Tk)i;(Tk_l) tet 17(7'1) ,
TI>Ty * >Tk . (A7b)

Ty ** T, is a permutation of 7} - - - 7;,. We thus
have

exp(iH,7)exp( —iH,T)

i fO d’Tli;;(Tl)

=T, T_exp

—1i fOTdT] V(Tl)

X exp (A8)

To proceed further we shall now introduce the
functions:

fix(T)=exp

if OTdTl 7 (r,)

X exp -1, (A10)

—i fOTdTl ij(v'l)

where j and k run over the absorber as well as the
perturbers j,k =s,1 - - - N. In addition let us in-
troduce a third ordering operator 7*. When T*
operates on a product of ¥ and V¥ terms rearranges
them such that all ¥ are to the left and all ¥ to the
right. We can now define:

T=T_T,T* (A9)

so that

exp(iH,mexp(—iHyT) =T [ [1+fp(r)] .

N+
=1

Jk
(A11)

Using these definitions we may rewrite Eq. (17) in
the form

+

P

Ln=Tr [T T [1+fu("]pa | - (A12)
=1

=

J»
Equation (A 12) is our starting point for the cluster

expansion. To proceed further we shall consider
the series of p perturber spectra I,

(A13a)

(A13b)

+[{fo1f5203( X5, X1, X))+ f51 f1203( X, X 1, X))+ 52 f1203( X, X 1, X)) fo1 fea f1203( X5, X1, X)) ]

2 1
El-i-?)‘XH-"Q—ZXz.

(A13c)
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Here Q is the volume and ¢, (X, X}, . .., X,) is
is the reduced P + 1 particle distribution function
[Eq. (14)],

(fijfa - Spa V=T Trg . p(fijfu " bpy1) -

(A14)

In Eq. (14) each term containing k different atoms
requires them to be close and is thus O (1/QF). It
is easy to see that the general term I, will be given

by

p
% Xk - (A15)

1
=1+ % L
p & Qk

Equation (18) is identical with (A15).

Since each X involves a product of at least k
factors f and since f(0)=0 it is clear the the first
k derivatives of X, at 7=0 vanish. This property
is used in the moment expansion (Sec. V).
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