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The relativistic motion of an electron is calculated in the combined fields of a transverse
helical wiggler field (axial wavelength is Ay=2m/k,) and the constant-amplitude, circularly
polarized primary electromagnetic wave (8Br,0,k) propagating in the z direction. For par-
ticle velocity near the beat-wave phase velocity w/(k + k) of the primary wave, it is shown
that the presence of a second, moderate-amplitude longitudinal wave (8EL,w,k) or trans-
verse electromagnetic wave (SBz,cuz,kz) can lead to stochastic particle instability in which
particles trapped near the separatrix of the primary wave undergo a systematic departure
from the potential well. The condition for onset of instability is calculated, and the impor-
tance of these results for free-electron-laser (FEL) application is discussed. For develop-
ment of long-pulse or steady-state free-electron lasers, the maintenance of beam integrity
for an extended period of time will be of considerable practical importance. The fact that
the presence of secondary, moderate-amplitude longitudinal or transverse electromagnetic
waves can destroy coherent motion for certain classes of beam particles moving with veloci-
ty near w/(k +ko) may lead to a degradation of beam quality and concomitant modifica-
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tion of FEL emission properties.

I. INTRODUCTION

It is well known that stochastic instabilities can
develop in systems where the particle motion is
described by certain classes of nonlinear oscillator
equations. Indeed, during the past several years,
powerful analytic and numerical techniques have
been developed that describe important features of
stochastic instabilities'~® that occur under a wide
range of physical circumstances. Particularly
noteworthy is the development of systematic (secu-
lar) variations of particle action and/or energy for
classes of particles that in the absence of the ap-
propriate perturbation force undergo coherent (e.g.,
nonlinear periodic) motion. Moreover, the “nor-
mal” coherent particle motion can be drastically
modified by the stochastic instability and develop
several chaotic features.

In the present article, we consider the possible
development of stochastic instability in cir-
cumstances relevant to sustained free-electron-laser
(FEL) radiation generation by an electron beam in a
helical wiggler field.”~'2. In particular, we consider
a tenuous relativistic electron beam with negligibly
small equilibrium self-fields propagating in the z
direction through a steady, monochromatic radia-
tion field. The relativistic dynamics of a typical
beam electron is investigated for particle motion in
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combined, constant-amplitude, electromagnetic
fields consisting of (a) an equilibrium transverse
helical wiggler field with axial wavelength
Ao=2m/kqy [Eq. (2)], (b) circularly polarized trans-
verse electromagnetic wave propagating in the z
direction [Egs. (3) and (6)], and (c) longitudinal elec-
trostatic wave propagating in the z direction [Eq.
(7)]. Both the transverse and longitudinal waves are
assumed to have frequency w and wave number k
and could represent the nonlinear saturated state of
a FEL instability. For zero transverse canonical
momenta’ P, =0=P,, the exact equation of motion
for the axial coordinate {=(k + ko)z —wt reduces
to Eq. (27), where v, =w/(k +k) is the (beat-wave)
phase velocity of the combined wiggler field and
transverse electromagnetic wave. For moderate
values of field amplitude and particle velocity dz /dt
in the neighborhood of v, =w/(k + ko) [Eq. (36)],
the dynamical equation (27) can be approximated to
leading order by [Eq. (45)]

d—2£+sin§=—3———£—-——— 1/2_li£d_2£_8 _ﬂ

dr ck+ko) T dr arr LTk
x . koa)
sin - ’
k+k0 kC/l\)T

where 7= 7t, the small parameter €, [Eq. (23)]
measures the strength of the transverse electromag-
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netic field, and 8, =& 7 /&% [Eq. (34)] measures the
strength of the longitudinal field. Here, &1 =const
[Eq. (28)] is the bounce frequency of a particle near
the bottom of the beat-wave potential in the limit
where er—0 and §; —0.

The assumptions and analysis leading to the ap-
proximate dynamical equation (45) are presented in
Secs. II and III. In Sec. IV, we investigate the sto-
chastic particle instability associated with the §;
driving term in Eq. (45) assuming that §; <<1. In
the absence of longitudinal wave (8; =0), it is clear
that the equation of motion is conservative with
(d/d7)(Ho + H,)=0, where Hy=(1)d¢/dr)?
—cos{ is the zeroth-order pendulum energy, and
H,=[w/c(k +ko)]e¥*dE/dr) is the (small) con-
servative energy modulation produced by the e}/
driving term in Eq. (45). On the other hand, for
6, 740, the right-hand side of Eq. (45) appropriately
averaged over the zeroth-order pendulum motion
can lead to systematic (secular) changes in the ener-
gy H or action J for a selected range of system
parameters. The associated stochastic instability is
examined in detail in Sec. IV. Introducing the ac-
tion J [Eq. (59)] and bounce frequency wr(J) [Eq.
(61)] associated with the zeroth-order pendulum
motion d?{/d7* + sinf=0, it is shown for §; <<1
and kow/k&d7>>1 that stochastic instability
develops for (low) values of bounce frequency satis-
fying [Eq. (81)]

o7(J) (@7 )er

=7o7 |In 16772—}— oo
I 8 7 2k k)b

That is, stochastic instability develops in a narrow
energy band (A H).,=(1—H,),, near the separatrix,
and particles in this region undergo a systematic
departure from their “trapped” zeroth-order pendu-
lum motion.

For analytic simplicity, the parameter §; is as-
sumed to be small (§; << 1) in the analysis in Sec.
IV. Therefore, the energy range of particles ex-
periencing stochastic instability is correspondingly
small and located near the separatrix of the primary
beat wave. As §; is increased to values approach-
ing unity, however, the instability range is expected
to increase significantly, and deeply trapped parti-
cles will also undergo a systematic departure from
the potential well. The dynamical equation (45) is
currently under investigation numerically in this
parameter range.

An analogous stochastic instability can also
develop in circumstances where the longitudinal

electric field is negligibly small, but a second,
moderate-amplitude  electromagnetic = wave s
present.® The relevant assumptions and features of
the final dynamical equation are outlined in Sec. V
in circumstances where 8E, =0 and two constant-
amplitude, circularly polarized electromagnetic
waves (8B),w,k;) and (8B,,w,k,) are present.
For particle velocity dz/dt near to the beat-wave
phase velocity w,/(kg + k;) of the primary wave,
the exact dynamical equation (85) can be approxi-
mated by [Eq. (89)]

dzg .
+sin
dr? J
=_k1+ko sin k2+k0§_ Aa)T
kytko o |kitko” &gy |

where §=(k| +k0)2 —wht, T=C/L\)T1t, 82=&\)%‘2/C/L\)2T1,
Aw= [(k| + ko)wz—(kz + ko ) CO]]/(kl + ko), and
®r; and @7, are the bounce frequencies [Eq. (88)]
in the troughs of the two beat waves. Apart from
the (conservative) €}/* term in Eq. (45), the dynami-
cal equation (89) is similar in form to Eq. (45), and
can also lead to stochastic instability for particles
near the separatrix of the primary beat wave.
Moreover, for 8, of order unity, deeply trapped par-
ticles in the primary wave can be “untrapped” by
the second electromagnetic wave.

In summary, we have considered electron motion
in the combined fields of a helical wiggler and
constant-amplitude, circularly polarized primary
electromagnetic wave. For particle velocity near
the beat-wave phase velocity of the primary wave, it
is shown that the presence of a second, moderate-
amplitude longitudinal wave or transverse elec-
tromagnetic wave can lead to stochastic particle in-
stability in which particles trapped near the separa-
trix of the primary wave undergo a systematic
departure from the potential well. The condition
for onset of instability has been calculated [Eq.
(80)]. The importance of these results for FEL ap-
plications is evident. For development of long-pulse
or steady-state free-electron lasers, the maintenance
of beam integrity over an extended period of time
will be of considerable practical importance. The
fact that the presence of secondary, moderate-
amplitude longitudinal or transverse electromagnet-
ic waves can destroy coherent motion for certain
classes of beam particles moving with velocity near
o/(k +ko) may lead to a degradation of beam qual-
ity and concommitant modification of FEL emis-
sion properties.
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II. ELECTROMAGNETIC-FIELD
CONFIGURATION AND BASIC
ASSUMPTIONS

A. Electromagnetic-field configuration

Consider a tenuous relativistic electron beam with
negligibly small equilibrium self-fields propagating
in the z direction. In the present analysis, we exam-
ine the relativistic motion of a typical beam electron
in the presence of a helical equilibrium wiggler field
and a constant-amplitude circularly polarized trans-
verse electromagnetic wave propagating in the z
direction. All spatial variations of field quantities
are assumed to be in the z direction. The total mag-
netic field B(X,) is expressed as

B(X,1)=By(X)+8Br(%,0) , (1)
where the helical wiggler field ﬁo(i') is given by
Bo(¥) =B, (coskoz &, +sinkoze,) , 2)

and the magnetic-field components of the transverse
electromagnetic wave are expressed as

8B (X,1) =8B r[cos(kz —wt)E,
—sin(kz —ot)e,] . (3)

In Egs. (2) and (3), the wiggler amplitude B, and
the amplitude sBT of the circularly polarized elec-
tromagnetic wave are assumed to be constant (in-
dependent of X and #). In this regard, we emphasize
that B,=const is only a valid approximation,
strictly speaking, close to the magnetic axis where'?

k3(x2+pH «<1. @)

Throughout the present analysis, it is assumed that
Eq. (4) is satisfied.

With regard to the wave electric field SE(X,1) we
allow for both transverse and longitudinal com-
ponents, i.e.,

SE(X,t)=8E(X,1)+8E.(X,1) . (5)

The transverse electric field SET(X',t) cogsistgnt
with Eq. (3) and Maxwell’s equation V X8Er
=—(1/¢)(d/01)8B is given by

SEL(X,1)= — ;w;gBT[sin(kz —ot)e,

+cos(kz —wt)g'y] , (6)

where gBT =const. In addition, it is assumed that a
constant-amplitude longitudinal wave component
exists with

8E. (X,1)=¢,0E, sin(kz —wt) , 7

where 8E 1 =const.

The electromagnetic wave fields described by
Eqgs. (3), (6), and (7) correspond to a circularly po-
larized transverse electromagnetic wave propagating
in the z direction with 8B;=const, combined with a
constant-amplitude  longitudinal ~wave  with
O0E; =const, also propagating in the z direction.
Both waves are assumed to have frequency » and
wave number k and could represent the nonlinear
saturated monochromatic wave state of a FEL in-
stability.

B. Transverse electron motion

For the electromagnetic-field configuration
described in Sec. II A, the transverse canonical mo-
menta P, and P, are exact single-particle invariants
with’

P, =px—%Ax(z,t)=const , (8)

P,=p,— %A,(z,t) =const . 9)

In E(ls (8) Aand (9), the vector potential
K:A,’g_’x +4,€, _satisfies €XA=§0 + 8§T,
where By(X) and 6Br(X,t) are defined in Egs. (2)
and (3), i.e.,

A, (z,t)=—(B,, /ko)coskz

+(8By/k)cos(kz —owt) | (10)
Ay (z,1)=— (B, /ko)sinkyz
— (8B /k)sin(kz —ot) . (11)

Moreover, the mechanical momentum P and parti-
cle velocity V=dX/dt are related by p=ymV,
where the relativistic mass factor y is defined by
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2 2 2
Px Dy Pz
= |1+ + + , (12)
4 m2C2 m202 m2C2

where m is the electron rest mass and c is the speed
of light in vacua.

Throughout the present analysis, we assume that
the transverse electron motion is characterized by
the cold-beam constraints,”® P, =0=P,, so that
Eqgs. (8) and (9) give for the transverse particle
momentum

Dx =ymv, = —(eB,, /cky)coskyz

+(e§BT/ck)cos(kz —ot), (13)
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py=ymv, = —(eB,, /ckq)sinkyz inate the transverse particle dynamics in the axial
2 . equation of motion for dp,/dt. Substituting Eqgs.
—(edBr/ckisin(kz —at) . (14 (13) and (14) into Eq. (12), the relativistic mass fac-
In Sec. III, Egs. (13) and (14) will be used to elim- tor ¥ can be expressed as
|
eBw e SBT eBw edB T z

= |14+ cos[(k +kg)z —wt]+ (15)

v mc’k, me?k mc’ky | | me?k [ 0 ] m?2c?

In deriving Egs. (13)—(15), no approximation has been made regarding the size of the dimensionless parame-
ters b2 =(eB,,/mc?ky)? and b =(e8Br/mc*k).> In typical applications, however, b% << 1 and b2 < 1.

For future reference, Eq. (15) can be used to express ¥ in terms of z and dz/dt. Defining {=(k +k()z —wt,
and making use of d{/dt=(k +ky)dz/dt —o and p, =ym dz/dt, Eq. (15) readily gives

2 2 271-1

2

\ eB, edBr eB, edB; 1 d¢
=1 — Cco! - +o (16)
4 * mck, mck meky | | mek 6 ek +ko)? | dt

III. AXIAL EQUATION OF MOTION
A. Exact equation of motion

The axial equation of motion for an electron moving in the electromagnetic-field configuration described in
Sec. IT A is given by

dp,

dt
where ﬁo('i), 8§(3{’,t), and 8E,(z,?) are defined in Egs. (2), (3), and (7). Making use of Egs. (13) and (14) to
eliminate v, =p,/ym and v, =p,/ym, and combining all magnetic-field terms in Eq. (17), the axial equation of
motion can be expressed as

=_£ {vx[Boy(2)+06B,(z,t)] —v,[ Box(2) + 8B, (2,t)]} —edE,(z,t) , (17)
c

dp, —mcik+ky) | eB, edBr N
= in[(k +kq)z —wt]—ebE, sin(kz — .
ar Y metky | | metk sin[(k +kg)z —ot] —edE  sin(kz —wt) (18)

It is clear from Eq. (18) that the wiggler and transverse electromagnetic-field terms have combined to form a
beat wave with effective phase velocity v, =w/(k +k). In the special case where w~kc and the axial motion
is nearly resonant with the beat wave (dz/dt=v,~v,), we obtain the familiar consistency condition
k~ky/(1—v,/c) for the upshifted wave number.

For present purposes, it is convenient to rewrite Eq. (18) in the frame of reference of the beat wave. We de-
fine the dimensionless axial coordinate

E=(k +ko)z —owt , (19)
where d{/dt=(k +ky)dz/dt —w. Then, expressing

dp; |d ||ymdz 1| d d¢

dt [dt 7l I L b _lym ar 7|
Eq. (18) can be rewritten in the equivalent form

2 cXk+ko’ | eB 8B
d_§+ié1 LIS 0 2‘” L |sing
dt y dt | dt Y mc“kg mc°k
(k +ko) | ekBEL | . k ko
S el LY s Tk &— P (20)
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The expression for ¥ in Eq. (16) is used to eliminate dy/dt in favor of (§, d{/dt, d*¢/dt?). After some
straightforward algebra that makes twofold use of Eq. (16), we find

1 dy 1 [de |d%  sing [ eBu ||eBBr |dg L [ae T
Y odr | 2 2 to >t 2 o | L R ARY] to
y dt cXk +kgy)? | at dt y? | mc*ky | | mck | dt cik +kg)* | dt
21
Making use of Eq. (21) to eliminate (1/7)(dy/dt)\d¢/dt + ) in Eq. (20) gives
2 —cUk+k,)? [ eB ebB
d_§= T 2 2T TR & to sing
dt Y mc’ky | | mek cik +ko) | dt
A 2
(k +kgo) | ekdE k
— 0 L - L 5 Li4 +o | |sin k I 2ot , (22)
ky m ek +ko)? | dt k +ko k
where y(§,d§/dt) is defined in Eq. (16).
Introducing the dimensionless parameter € defined by
-1
a a 2
eB, edBr eB, 2 edBy
er=|—— 1+ , (23)
d me’k, mc’k mekg me’k
the expression for y in Eq. (16) readily reduces to
1 1 d¢ 2 eB 2 edB a8
—=|l-———— |2 40| | 1—2epcost)~! |14 |—2 ! (24)
y? cUk +ky)? | dt @ reoss me’k, me’k

The (small) dimensionless parameter € defined in Eq. (23) is clearly a measure of the strength of the com-
bined transverse electromagnetic and wiggler fields in the equation of motion (22). It is also useful to intro-
duce the dimensionless parameter €; defined by

2 —-1/2

ekSE; eB, edB;
=12 2 2 2 ’ (25)
mc(k +kg) mc’kg mck

which characterizes the strength of the longitudinal field contribution in Eq. (22). Introducing the normalized
frequency Q,

[2]

Q=———, 26
clk +kg) (26)
the axial equation of motion (22) can be expressed as
. 2
d* e€rsing d¢ d¢
1-Q Q 1— Q
dt?  (1—2egcost) dt’ + dt’ *
21372
€L dg (k +ko) k ko
—_— |1— Q ——Qt’|{=0, 27
1 Z2eycost) 2 ‘ a’ + P R

where t '=clk +ko)t, §=(k +kg)z —Qt’, and €7 and €, are defined in Egs. (23) and (25).

Equation (27) is the exact dynamical equation for the axial motion assuming that the transverse electromag-
netic wave [Egs. (3) and (6)] and the longitudinal electrostatic wave [Eq. (7)] have constant amplitudes
8B =const and 8E; =const. No assumption has been made in deriving Eq. (27) from Eq. (17) that €7 and €,
are small parameters. Moreover, the factors in Eq. (27) proportional to powers of
[1—(d&/dt’ + )]V 2=(1—v2/cH'"? are related to mass modifications associated with the relativistic axial
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motion. Here v, =dz/dt is the axial velocity. Equation (27) can be solved analytically (in an approximate

sense) or numerically for a broad range of system parameters of practical interest. In Secs. III B and IV, we

will solve Eq. (27) iteratively in circumstances where the axial velocity v, is close to resonance with the beat-

wave phase velocity v, =w/(k +k), i.e., in circumstances where the normalized axial velocity d{/dt ' is small

with | Qd&/dt’ | <<(1—Q? [Eq. (36)]. In this case, it is useful to rewrite Eq. (27) in terms of the effective

transverse and longitudinal bounce frequencies defined by

dr=cXk +ko)(1—Q*Ver
-1

2 2 eB ] eB 2 edB
=c¥(k +ko)? |[1———2 L T w L , (28)
0 cUk +ky)? mecky | | mek me’k, mc’k
and
b1 =cXk +ko)(1— Q2 %,
~ a 2] 12
0)2 ekSEL eBw eSBT
= [1—-—= 5 > 5 (29)
c(k +kgp) m mc“ky mck
Substituting Eqgs. (28) and (29) in Eq. (27) gives the exact dynamical equation
d¥% k+ko) . k ko
i + 0%, §)s1n§+wL C,Q)  Sin| T Tk §—~k~cot =0, (30
where w5 (& ,ﬁ) and 0} (£ ,é’) are defined by
A2 2
2 s by or 12dE 1248 2. |48
S /= ) _Q —_ - - N
T = T ercast) || T g || TR0 g T e g, GD
> _§_ _§_ 21322
208 2y L 172 2
£, 8)=——"—""—"—"-|1-2Q¢7 —(1-0%) (32)
w6 (1—2ercost)!? T }

In Egs. (31) and (32), Q=w/c(k +kg), €7 is defined in Eq. (23), and r=& rt.
It is clear from Eq. (30) that the exact axial equation of motion has the form of a nonlinear equation for
coupled pendula with amplitude- and velocity-dependent frequencies wr(¢, § ) and wy (§ ,§ ).

B. Approximate equation of motion

For present purposes, we now impose the (weak) restriction that the amplitude gBT of the radiation field be
sufficiently weak that

er<<l, (33)

where €7 is defined in Eq. (23). We further assume that the longitudinal electric field 8E, is weak in compar-
ison with the transverse electromagnetic field in the sense that
/\2

ar €L

== <l (34)
Tk T 100

Substituting Eqgs. (28) and (29) into Eq. (34) readily gives the requirement

eksEL me’k, mc2k
8L 2 2 ~
mc“(k +k0) eBw €8BT
2 2~ 12 172
eB, edBr > -
X |1 - «<1. (35)
+ me?kq me’k l cUk +ky)? <
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Finally, for present purposes, we also assume that the axial electron velocity v, =dz/dt is relatively close to the
beat-wave phase velocity v, =w/(k +k,). Specifically, in Eq. (27) [or Eq. (30)] it is assumed that

Qj_§7 «<(1-0?),
dt

where ¢t '=c(k +ko)t. Equivalently, defining
r=brt=c(k +ko)(1—Q%e*t ,

Eq. (36) can be expressed as

elr/zﬂ%g «<l1,

where Q=w/c(k +kg).

(36)

(37)

The exact dynamical equation (30) is now simgxliﬁed within the context of Egs. (33), (34), and (37). To lead-
ing order, we approximate w3 (£,5)=8% =867 and or(,0)=07(1—3Qe¥?dt/d) in Egs. (31) and (32).

Equation (30) then reduces to

d_2§_ A2 o ana2 1246 L o a2 (k +ko) . k _ﬁ ; 18

% +& 78in§ =300 T€7 ar sinf—8, 4 7 ©sin k +ko I Pl (38)
Introducing the dimensionless time variable

T=61t N (39)
Eq. (38) can be expressed as

AL 306288 e s KERO) _ ko 40

P +sin§ =3Qe7 demg 73 X sin k ko k oy , (40)

where Q =w/c(k +kg), and €7 << 1 and 8, << 1 have been assumed. Since 7=&rt, we note that time is mea-
sured in the basic unit 77 =&7 ', which corresponds to the bounce time of an electron near the bottom of the

beat-wave potential well in Eq. (40).

Since € << 1 and §; << 1 are assumed in Eq. (40), the lowest-order axial motion is determined from the
pendulum equation d?(/d 7 + sinf=0. In an iterative sense, replacing sin on the right-hand side of Eq. (40)
by —d?*¢/dr?, the equation of motion (40) can be approximated by

2 2 (k +kg)
d—§-+sin§=—-3ﬂe}/2‘1£i£—8 o sin

k ko o

dr? drd?* ' k

Defining an effective energy H by

H=H,+H,
2 3
_1l|ac| _ 12 |d§
=5 |z cosé + Qe ar | (42)
and multiplying Eq. (41) by d{/d, we obtain
dH _ o (k+ko d¢
dr Y k dr
k ko o
i _— (43)
Xsin % +ko k &y T

In Eq. (42), Hy=(3)(d&/d7)*—cost is the zeroth-

k +kg

T (41)

§—76T

[

order pendulum energy, and H, represents the small
c?gservative energy modulation proportional to
€r .

In the absence of longitudinal wave (8; =0), it is
clear from Egs. (41)—(43) that the equation of
motion (41) is conservative with dH/d7=0. On the
other hand, for 8,540, the right-hand side of Eq.
(43), appropriately averaged over the zeroth-order
motion, can lead to systematic (secular) changes in
the energy H for a selected range of system parame-
ters. This property and the associated stochastic
particle motion are discussed in Sec. IV. For future
reference, it is useful to simplify the notation in
Egs. (41)—(43). Defining k'=k +k, and introduc-
ing the dimensionless phase velocity V,,
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k
V,=—2 | (44)
kK &y

the equation of motion (41) becomes

a . .o 1/2_£_£
dr? sing = ok T dr dar?

k
k,(é‘—Vp'r)

-6, I;( sin (45)

and the time rate of change of energy can be ex-
pressed as

dH _ o k' df .
= 8. PR sin (46)
where
H=H0+H1
2
_1 iﬁ _ W 112
=3 |20 cosé + s (47)
For w~kc, note from Eq. (44) that

Vykoc/@r >>1.

IV. STOCHASTIC INSTABILITY
A. Zeroth-order pendulum equation

In this section, we briefly summarize properties
of the solutions to the approximate dynamical
equation (45) in the limit €e—0 and 8; —0, which
gives the pendulum equation'"!?

2
d—% +sin§=0, (48)
dr

where =@t and &7 is defined in Eq. (28). The
energy-conservation relation associated with Eq.
(48) is given by

1{ag |’

1
> |l an —cosé=H, , (49)

where Hy= const [Eq. (46)]. Equation (49) can
also be expressed as

2
11d¢ =K2—sin2£, (50)
dr 2
where
K*==(1+H,) . (51)

The solution to Eq. (50) can be expressed in terms
of the elliptic integrals F(,«) and E(7,k) where

417
d ’
F(n,k)= (L — ,
TE=do (12 k’sin’y’)!72 (52)
E(‘l],K):fondn’(l—l(zsinz'n')l/2 . (53)

We now solve Eq. (50), distinguishing two cases:
(1) trapped-particle orbits («? < 1) and (2) untrapped
orbits (k?> 1).

(1) Trapped particle orbits (k* <1). Introducing
the coordinate 7 defined by

Ksinn=sin£2: , (54)
Eq. (50) can be expressed as

d 2

EL | —(1—ksin’y) (55)
dr

which has the solution for 7(7)
F(n,k)=Fy+T, (56)

where 1=sin"'[(1/k)sinf /2], Fy=F(n(7=0),),
and F(m,k) is the elliptic integral of the first kind
defined in Eq. (52). Several properties of the
(periodic) trapped particle motion can be deter-
mined directly from Egs. (50), (54), and (56). For
example, it is readily shown that the normalized
velocity in the beat-wave frame is given by

98 ken(Fy+1) (57)
dr

where cn(Fy+7) =[1—sn*Fy+7)]"/?, and sn(Fy+7)

=sinn=(1/k)sin{/2 is the inverse function to the

elliptic integral

1. ¢
Ksm2

F|sin~! K

For subsequent discussion of the stochastic par-
ticle instability in Sec. IV.B, it is useful to express
properties of the trapped particle motion in terms
of action-angle variables (J,6). Defining, in the
usual manner,

_ 1§48
J=J(Hy)=>-F—=d¢,

BT =S, (58)
s == [ %ac,
we find
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JH) =2 |E| Tk |—(1=dF | Z i ||,
T 2 2

(59)

where k2= (1/2)(1 + Hy), and F(7,«) and E(7,«)
are defined in Egs. (52) and (53). The unperturbed
equation of motion (48) in new variables (J,6) is
given by

dJ do A

dr =0, dr =or(J)/or , (60)
where &1 is defined in Eq. (28), and the frequency
w7(J) is determined from wr(J)/&dr=0Hy(J)/dJ,
ie.,
or)=s————5

2P (m/20) T

Near the bottom of the potential well, Hy— —1,
k*—0, F(7/2x)—m/2, and therefore o(J)—>dr,
as expected from Eq. (48). On the other hand,
near the top of the potential well, Hy— +1, K¥>—1,
F(7/2,6k)— 0, and the period 27 /wr(J) of the
trapped particle motion becomes infinitely long.

For future reference, neglecting initial conditions
in Eq. (57), the normalized velocity in the beat-
wave frame can be expressed as

(61)

i§—=2xcn(7')
dr

or 2 an—l/2
=8A— ﬁcos[(Zn—l)th] ,
Or n=1 1+a

(62)

where F,=0 is assumed, 7=&7t, and or=w1(J)
is defined in Eq. (61). Moreover, the quantity a in
Eq. (62) is defined by

a=exp(—nF'/F),
(63)
F'=F[n/2,(1—k})'?], F=F(7/2,k) .

Near the top of the potential well (i.e., near the
separatrix) where Hy— 1, we will find in Sec. IVA
that the particle motion becomes stochastic in the
presence of the perturbation force in Eq. (45). De-
fining Hy=1—AH, where AH << 1 near the
separatrix, we find k*—1, wr(J)—0, and

F~7In(32/AH) ,

m
Fe~—,
2

a)Tzw(’f)T[ln(32/AH)]—'l ’

(64)

a~exp(—mor/d7) ,

for small AH «<1.

(2) Untrapped particle motion (k*> 1). Although
the emphasis in Sec. IVB will be on the trapped
particle motion, for completeness we summarize
here properties of the solution to Eq. (50) when the
orbits are untrapped (k*>> 1). Defining n=¢,/2,
Eq. (50) can be expressed as
dn 2
dr

=K2

1— —lz—sinzn , (65)
K

where 1/k? < 1. Solving Eq. (65) gives for
§(r)=2q(7)

F(§/2,1/k)=Fy+«1, (66)

where Fo=F({(7=0)/2,1/k). The solutions (56)
and (66) clearly match exactly at the separatrix
where k*>=1.

B. Stochastic instability

In Sec. IVA, we considered properties of the
equation of motion in circumstances where the
right-hand side of Eq. (45) is negligibly small
(e7—0 and &; —0) and the lowest-order motion is
described by the pendulum equation (48). In this
section, leading-order corrections to the particle
motion are retained on the right-hand side of Eq.
(45) in an iterative sense. For consideration of the
stochastic particle instability that develops near the
separatrix, it is particularly convenient to examine
the particle motion in action-angle variables.!
Correct to order €}/ and 8, , we find

Tt (67)

where wr=wr(J), and

3
dHy o pd |df
dr ¢k’ T dr |dr
kde. [k
—SLk 4, sin k,(§ Vo) (68)

follows directly from Egs. (46) and (47). Here,
k'=k +kg and V, is the dimensionless phase velo-
city ¥V, =kow/kdr. For o~kc, note that

koa) koC

p=——~——>1, (69)
ka)T ar

in parameter regimes of practical interest. The
€2 contribution to dHy/dr in Eq. (68) is ex-
pressed as a complete time derivative. Hence,

correct to order e'T/ 2 we find from Egs. (67) and
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(68) that the €¥/* contributions to dJ /dr and
dH/dr are conservative and do not lead to a sys-
tematic (secular) change in action or energy when
averaged over a cycle of the zeroth-order pendulum
motion. Therefore, for purposes of investigating
the stochastic particle motion associated with sys-
tematic changes in the action J, only the longitudi-
nal wave contribution to dH,/dr is retained, and
Eq. (67) is approximated by

& _ s Orkdg

. (70)

k
dr L or k dr -l—cT(é‘—VpT)

For present purposes, we consider particle orbits
which are trapped and periodic (k? < 1) in the ab-
sence of the longitudinal perturbation in Eq. (70).

It is well known that near the separatrix (Hy— 1
|

dJ ® gn—12 .
E=—48L E PERE Y sin

k
n=1 l+a k,§+

where k'=k+kgy, o7 =wr(J), and a is defined in
Eq. (63). Near the separatrix d{/d7~2 <<V, in
Eq. (71). Therefore, the first term on the right-
hand side of Eq. (71) acts as a nearly constant
driving term for some high harmonic numbers

s (>>1) satisfying the resonance condition

“)T(Js) k
2s Z“k—, P

o
or equivalently,

wr(Jy) ﬁ—k— =1 wko
T 25 k' P 25 k+ko

(72)

Here, J; is the action corresponding to the reso-
nance condition for resonance number s. From

Eq. (72), it follows that the distance between the
adjacent resonances s and s + 1 is given by

or k
S, EwT(JS)_wT(JS+l)2—2_§F f
2k’

(k +ko)
 kdrV,

kow

wr(Jy)=2 oFJ,) .

(73)

On the other hand, for a (small) change in the ac-
tion AJ;, the characteristic frequency width of the
sth resonance can be expressed as

(0]
2n-D—"L-5V,

S
bi

and k*— 1) Eq. (70) can lead to a stochastic insta-
bility that is manifest by a secular change in the
action J and a systematic departure of the particle
from the potential well. Near the separatrix with
Hy— 1, it follows from Egs. (49) and (62) that the
particle is moving with an approximately constant
normalized velocity d{/dr~2 for a short time of
order 77 =&71"'. Moreover, this feature of the par-
ticle motion recurs with frequency wy(J) <@,
and can lead to a significant change in the action J
in Eq. (70).

We now examine the implications of Eq. (70)
near the separatrix, keeping in mind that ¥, >>1
and that the sine term on the right-hand side gen-
erally represents a high-frequency modulation.
Making use of the zeroth-order expression for the
normalized velocity d§/dt in Eq. (62), it follows
directly that dJ /dr can be expressed as

. | k T k
» |7 |—sin k,g— (2n—1)aT+k,Vp T ],
(71)
T
dor(J)
Aor(Jy)= —dj— A

where Awr(J;) <<wr(Jy) is assumed. The condi-
tion for appearance of stochastic instability’ is
Awr(J) >> 8, or equivalently,

’

dcor(Js)
dJ;

AJ, | >>2 or(Jy) . (74)

A

pr

To estimate the size of AJ;, we express wr(J) as
orJUy)+AwrWJ,) and inteFrate Eq. (71) over a time
interval of order 7r=&7 (AT~1) in the vicinity
of the sth resonance defined by Eq. (72). In an
order-of-magnitude sense, this gives for the charac-
teristic magnitude of AJ

—1
as—1/2

dor(Jy)
1+023——1 § e AJ,

AJ, ~28.67 A,
s

Solving for AJ; and eliminating s by means of Eq.
(72) gives

48.a°~ 2 /(14a* ") wrd,) |7

|dor(Jg)/dT | kV,/k’

wie|

(75)

Substituting Eq. (75) into Eq. (74) then gives as the
condition for stochastic instability,
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dwT(Js) as—l/2
L dJ 1+a%®-!
3
or(Jy) | k+k
>> TA 1, (76)
woT kO

where use has been made of k'=k +k, and
Vp = kow/ka\)r

We now estimate that various factors in Eq. (76)
near the separatrix where Hy— 1 and o(J;) >>d7.
From Egs. (64) and (72), it follows that
a’~exp(—mswy/dr) and

kO [2]

a*~exp | ——————|, (77)
2 k+ko &y

where a® <<1 and a*~"2/(1 + a®*~Y)~a*~172,
Also from Eq. (64), In[32/(1 —Hy)]~md1/wr gives

aHo/aJ C?)T d(OT(J)
1—Hy, o) dJ

Making use of dHy/dJ=w1(J)/d1, we obtain

A2
ar dwT(J) 1 R
o) dl T 3 exp[dr /wr(J)] .

(78)
Substituting Eqgs. (77) and (78) into Eq. (76) gives

C?)T ﬂkow
T— | >>1

SL kow
a)T 2(k+k0)(’z\)1‘

—¢X
27 (ktkgloy T

(79)

as the condition for stochastic instability. Equa-
tion (79) can also be expressed in the equivalent
form

A 1612 Tkow
Or <<7oT |In —
8L 2(k +k0 )wT
‘ITkoa) -1
— n—
20k + koo
=(o7)e - (80)

In Eq. (80), (wr ) is the critical bounce frequency
for onset of stochastic instability when o < (@7 )

Since a >>Ina for a>>1, Eq. (80) gives

1672 Tkow
n
73 2k +ko)or

A
or

(81)

T

(wr)cr -

to good accuracy. In a regime where

In(1672 /8, ) >>wkow /2(k +ko)d7 ,

Eq. (81) gives md1/(w7)e=~In(1672/8,). From In
[32/(1 —Hy)l~m& /w7, the condition for onset of
stochastic instability can then be expressed as

AH <(1—Hg), =28, /7, (82)

where AH =1—H,. On the other hand, in a re-
gime where

11'1( 1617'2/8L ) <<1Tk0(0/2(k +k0)a)y‘ ,

Eq. (81) gives @7/ w1 )~mkow /2(k + k)&, and
the condition for onset of stochastic instability can
be expressed as

mkow

AH _(1—Hy)y~32exp | — — 200
st T ok i ETPRRrS

(83)

Unlike Eq. (82), the energy band for instability in
Eq. (83) is exponentially small.

V. STOCHASTIC INSTABILITY
FOR TWO MODERATE-AMPLITUDE
ELECTROMAGNETIC WAVES

An analogous stochastic instability can also
develop in circumstances where the longitudinal
electric field 8E, is negligibly small but a second,
moderate-amplitude electromagnetic wave is
present.6 In this section, we briefly outline the as-
sumptions and relevant features of the final
dynamical equation. We consider circumstances
where 6E, =0 and two, constant-amplitude, cir-
cularly polarized electromagnetic waves (3B1,w,,k1)
and (6B,,m,,k,) are present with polarization simi-
lar to Egs. (5) and (6). The second electromagnetic
wave (0B,,w,,k,) may also be a consequence of the
FEL amplification process, with frequency and
wave number (w,,k,) nearby to (w,,k;). Defining

b = eB,, _ eSB1
YT meky | = mek, |
A (84)
_ e832
2= me?k, |’

after some straightforward algebra, it can be shown
that the axial equation of motion can be expressed
as
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[bwbl Cz(k1+ko)—w1% sin[(kl +k0)2—(01t]

+bwb2 (Cz(kz +ko)—wz‘z—j ‘sin[(k2+ko)z—-a)2t]

kg —ky)—(@3—01) % [sin[(ky—k )z —(@p—w1)t] | , (85)

1 1 |dz ?
-

{(14b2+b3+b3

—2b1waOS[(k1 +ko)2—0)1t] —2b2waOS[(k2 +k0)2 —Cl)zt]

+2b|b2005[(k2—k1)Z—(wz—w])t”—l . (86)

The form of Eq. (86) is somewhat analogous to Eq. (27). If we neglect the b,b, terms in comparison with
b,b, and b,b,, and examine particle motion with axial velocity dz /dt in the vicinity of the beat- wave phase
velocity w,/(k, +kg) of the primary wave, then for |w,dz/dt—w/(k,+ko) | «<c¥ky+ky)?—w?, Eq. (85)

can be approximated by

ky+ko
k wrzsln[(k2+k0)z wzt] 0 (87)

bwa ’ (88)

(k 1+k) 2-4—(;)T1sm[(k1+k(,)z co,t]+
0
where
- w? [cXky+ko)?—wl]
ar1 1- 2 2 2 byby ,
c (k|+k0) (1+bw)
2 | o} [cXky+ko) —ww(ky+ko)/(ky+ko)]
T2 T 2y ko (14b2)

and only leading-order terms proportional to b, b, and b, b, are retained in Eq. (87). Introducing

=(k,+ko)z—o1t, Eq. (87) can be expressed as

d* .o . ki o .
Eg— +a)2T151n§+ k—,m2ns1n
2

’

k3
—,§—Acot
ki

where k}j =k, + kg, ky=k,+kg, and
ACO—-—(kla)z-—kza)l)/kl

Analogous to Eq. (41), if 8= wn/wn is treated
as a small parameter, the dynamical equation (89)
can lead to stochastic instability for particles near
the separatrix. For Aw/&7;>>1, the general
features of the instability are similar to those dis-
cussed in Sec. IV. For Aw/@r; <1, using tech-
niques similar to Zaslavskii and Fxlonenko, it can
be shown that the energy band AH corresponding
to instability can be much wider than in the case
Aw/dr >>1.

=0,

VI. CONCLUSIONS

In summary, we have considered electron motion
in the combined fields of a helical wiggler and
constant-amplitude, circularly polarized primary
electromagnetic wave (By,,k). For particle velo-
city near the beat-wave phase velocity w/(k +kg)
of the primary wave, it was shown that the pres-
ence of a second, moderate-amplitude longitudinal
wave (5E L,0,k) or transverse electromagnetic wave
(SBz,coz, ,) can lead to stochastic particle instabili-
ty in which particles trapped near the separatrix of
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the primary wave undergo a systematic departure
from the potential well. The condition for onset of
instability has been calculated [Eq. (80)]. The im-
portance of these results for FEL applications is
evident. For development of long-pulse or steady-
state free-electron lasers, the maintenance of beam
integrity of an extended period of time will be of
considerable practical importance. The fact that
the presence of secondary, moderate-amplitude
longitudinal or transverse electromagnetic waves
can destroy coherent motion for certain classes of
beam particles moving with velocity near

o/(k +kgy) may lead to a degradation of beam
quality and concommitant modification of FEL
emission properties.
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