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For Hamiltonians with two potentials, differential cross sections are written as time-
correlation functions of reference and distorted transition operators. Distorted eikonal dif-
ferential cross sections are defined in terms of straight-line and reference classical trajec-
tories. Both elastic and inelastic results are obtained. Expressions for the inelastic cross
sections are presented in terms of time-ordered cosine and sine memory functions through
the use of the Zwanzig-Feshbach projection-operator method.

I. INTRODUCTION
Eikonal theory' ~!° of binary scattering is usually
presented from a time-independent viewpoint. Re-
cently, an alternate time-dependent description'!
has been used to rederive elastic eikonal cross sec-
tions.!> Using time-dependent'3~!® solutions of the
Zwanzig-Feshbach'®!” projection-operator method
inelastic eikonal cross sections have been obtained'®
which differ from the standard time-independent
treatment.!® Straight-line trajectories appear as a
common feature in these eikonal approximations.
However, distortions from linearity occur during a
collision and are expected to play an important role.
Thus it is desirable to build some distortion into the
trajectories. One way of doing so'!3 is to intro-
duce reference classical trajectories associated with

a reference Hamiltonian. This necessitates a two-
potential formulation for the appropriate cross sec-
tions in terms of distorted collision operators.'!
Such a time-dependent description is presented in
this paper.

In Sec. II distorted inelastic cross sections are de-
fined in terms of time-correlation functions. Eikon-
al approximations are defined in Sec. III while ex-
plicit results for elastic scattering are presented in
Sec. IV. Explicit inelastic results are given in Sec.
V in terms of cosine and sine memory functions.

II. TIME-CORRELATION FUNCTIONS

The generalized cross section!*2°

Tgen 15" —nR)=Tt[ | n;R)(n;R | N =i | 5B Y uh/p") (158" | ] (2.1)

is a convenient starting point for obtaining time-
correlation-function expressions for the differential
cross section. It involves a plane-wave density
| ;8" Muh?/p"){(1;8" | which is transformed into
a spherical density |7n;R){n;R | by the transition
superoperator 7 =2"Q}*). Here p is the reduced
mass, P’ is the incoming momentum and R is the
observation direction. The transition superoperator
is the product of the potential superoperator 7, #~!
times the commutator with the potential ¥, and the
Mpgller superoperator

Q'Fr):;_léglw expli Lt)expl —i(F +-Linlt] .
2.2)

26

Here, .7 is the full Liouville or von Neumann su-
peroperator, #~! times the commutator with the
Hamiltonian H =K +H;,,+V, % is the drift or ki-
netic superoperator, %~ times the commutator with
the kinetic energy K, and .Z;,, is the internal-state
Liouville superoperator, #~! times the commutator
with the internal-state Hamiltonian H,,. This ex-
act density-operator description'>? is equivalent to
the usual wave-function representation of the
scattering event.

The potential energy is now assumed to be the
sum of a reference potential ¥, and a second poten-
tial V. Associated with these potentials are the su-
peroperators 77y and 77, respectively. The refer-
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ence potential is assumed to operate on the transla-
tional motion only and, thus, commutes with the
internal-state Hamiltonian while the potential ¥V, is
responsible for the collisional coupling between the
translational and internal motions. With this choice
for ¥V the Mpgller superoperator becomes a prod-
uct,!! namely,

oi’=qfHait), (2.3)

of the reference Mpller superoperator

where £ f =#"'[Ho,f]_, Hy=K +V, and a dis-
torted Mgller superoperator

Q}ﬂb’: lim exp(i.Zt)exp[ —i( Lo+ -Lint]

t—>—o
X 2P (L) . (2.5)
Equation (2.5) involves the projection
-@c(JO)Aop=Pc(HO)Aoch(HO) , (2.6)

made onto the continuum of H,. Here Aqp is an
operator. Making use of the Lippmann-Schwinger

(+) _
& ,_l,lmw expli Zot)exp( —iX'1) , 24 equation for the distorted Mgller operator,
]
0
Q=P (Lo)—i f_w ds expli (Lo+Lin)s1 T p expl —i ( Lo+ Lins] 2.7)

the transition superoperator becomes

0
T =(Y 0+ 71)0LH0 ‘+’=Y0+f00£:)—i f_wds Voexp[i(fo-kfim)s]fpﬂij)exp[—i(.%f—k.fim)s] ,

2.8

where T p=7" IQ(H To obtain the last form of Eq. (2.8) the intertwining relation

exp(—iLos)QT =0 exp(—irs) (2.9)
has been used.

Since the generalized cross section is on the frequency shell of %, it can be exactly written as the sum

Ogen 18" —>nR) =0 (5" —R)8, +0 215" —nR) (2.10)
of a reference generalized cross section

T B >R =Trt[ | R)(R | N(=iT [ | B Y uh3/p") {3 | ] @.11)
and a distorted generalized cross section?!

Ty 1" —nR)=Tr[ | n;R ) (n;R | ((—iQ{>""T pQEIL LB Y wh/p" 1B |1, 2.12)
where the post-Mgller superoperator is

Q)= Em expli Lot)exp(—iF't) . (2.13)

0

Equations (2.11) and (2.12) are the starting points for deriving the time-correlation expressions for the dif-
ferential cross sections. The reference cross section is considered first.

A. Reference cross section

Following the procedure of Ref. 12, the generalized reference cross section becomes

03" —>R)=—(4mh*u/p")Im f0°° dpp*(pR | QY | B )Y(B" | t] | pR) (2.14)

when the relation?>23

Q(+)A Q§)+)Aop‘0'é)+ﬁ

(2.15)

between the reference Mpller superoperator and the reference Mgller operator
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Q5 = lim exp(iH ot /Aexp(—iKt /#)=1—(i /%) f ds to(s) (2.16)

t——o0

is used. Here t,=V,Q " is the reference transition operator. The last form of Eq. (2.16) is the Lippman-
Schwinger equation for the reference Mpller operator in terms of the time-dependent reference transition
operator

tols)=exp(iFH s)to=Vo(s)Q5T)(s) . 2.17
This latter operator is the product of the time-dependent reference potential
Vo(s)=exp(i#s)Vo=Vo(Top+ Pops /1) (2.18)

and the time-dependent Mgller operator

Q§H (s)=exp(i ¥ s)Q5T =T exp

(—irm) [ _dsivalsi) |, 2.19)

where T is the Dyson chronological operator.*?*

Using Eq. (2.16) in Eq. (2.14) the generalized reference cross section becomes the difference
o (B —>R)=0(B"—R)—a N8P (p"—R) , (2.20)
between the reference differential cross section
(0’(_’"—>R)—(4~rr2h;1./p” Ref ds f dppz(pR [to(s) | B ""|t0 ]pR) 2.21)
and the product of the reference total cross section
o0 = —(4mhu /p"Im(F" |1, |3") = [ dR (" —>R) , (2.22)

with a two-dimensional Dirac 8 function in the forward direction. Equation (2.21) is the time-
autocorrelation-function expression for the reference differential cross section. This process of relating the
generalized cross section to the differential and total cross sections is now applied to the distorted expression,

Eq. (2.12).

B. Distorted cross section

Using relations of the form of Eq. (2.15) for the various Mpller superoperators the generalized cross section
becomes

15" —>nR)=—(4rh*u/p"im [ 7 dpp*(n3pR | Q505706 | 157) (15" | Q60 |n3pR)
(2.23)
where tp =V, Q.("') is the distorted transition operator and where

Q(D+)— lim exp(iHt/#)exp[ —i(Hy+ Hiy ) /f]=P, (Ho)—(t/ﬁ)f ds tp(s) (2.24)

t——o
is the distorted Mgller operator. Equation (2.24) involves the time-dependent distorted transition operator
tp(s)=exp[i (Lo+ Lin)sltp =V ()25 (s) (2.25)
which is the product of the interaction-picture potential
Vi(s)=expli(Lo+-Lin)s1V (2.26)
and the time-dependent Mgller operator

Q5t(s)=Texp

(—ir) [7_dsivitsn) | 227
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To obtain distorted eikonal cross sections it is convenient to introduce a further transformation of these dis-
torted operators. In particular, using the relation

ittt =P, (H,y) (2.28)
the time-dependent distorted transition operator becomes
Q8§ ()85 =Soip(s) (2.29)
where the transformed transition operator
tp(s)=U(s)2p"(s) (2.30)
involves the potential
U()=05"V (906" =0V () =expli (7 + L5108 T, (2.31)
and the distorted Mgller operator
‘+’(s>—Texp[ —irh) [*_ds,U ,(s1>]. (2.32)
Equation (2.29) also involves the reference scattering operator
So=0§7"6 =1—G/m [ dstols) . 2.33)
Applying Egs. (2.24), (2.29), and (2.33) to Eq. (2.23) leads to the sum
o RA1F"—>nR)=8,10'(15" —1R) +oP(15"—>nR) —oln 8 P(p"—R) (2.34)
where

o D15 —nR)=(4rhu/p")Re f_: ds fow dp p*(n;pR | Soip(s) | LB Y L;B" | ThSE | n;pR)  (2.35)
is the time-autocorrelation-function representation of the distorted differential cross section, and where
(13" —1R)=(8whu/p")Re f ds f dp pX(pR | to(s) | B”)(1;B” | ST | 1;pR ) (2.36)

is the time-correlation-function representation of the coupling differential cross section; it represents quantal
interference between the reference and distorted motions. Also,

oD = —(4mhu/p"Im(1;B" | Sotp | B") = [ dR |[o'9(13"—1R) +2 o P(13"—nR) .37

n=1

is the total distorted cross section.
In summary, the full generalized cross section, Eq. (2.1), can be exactly expressed as the difference

Ogen( 18" —>nR) =0 (18" —>nR) — 0,8 P(5" — R) (2.38)
between the differential cross section
o(13"—>nR)=8,,[c" (3" —>R)+0'O1B"—1R)]+0P(15"—nR) (2.39)

and the product of the total cross section

(0) (D)
Oiot = Otot + Otot (2.40)

with the two-dimensional Dirac § function in the forward direction.
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III. EIKONAL APPROXIMATION

A. Reference cross section

The reference eikonal potential'!

VEA(S)=Vo(Top+Ps /p) 3.1)

is obtained from Eq. (2.18) when the momentum operator P, is approximated by a momentum parameter,
namely, P. Thus the reference eikonal Mgller operator is

QEA) (5) =exp [( —i/B) [*ds\Vo(Top+Bs /1) ] (3.2)
while the time integral of the eikonal transition operator is

[ ds(eR |t54(5)| ") =8((pR —5")-B)NiP/h) [ ” db bJo( | pR~B" | b /A){expl —i (p" /PXo(b)]— 1)
=uh8((pR —3")P)(pR | tE4(0) | ") , (3.3)
where, for central potentials,
XoB)=(u/p"B) [~ dz Vo((b?+2)"7) (3.4)

is the Glauber phase and where Jy(x) is the zeroth-order Bessel function. Choosing P to be %(pf{\ +Pp") and
using Eq. (3.3) in Eq. (2.21) gives the reference eikonal differential cross section, namely,

A © 2
o£A<°>(§"_>R)=(p"/ﬁ)2cosz(§9)l [, dbbIo(2p"b sin(56) /%) {expl —i sec(30Xo(b)]—1} |, (3.5)

’

where 0 is the scattering angle (R -p"'=cos@). This cross section reduces to the Born differential cross section

when the Glauber phase is small.

B. Distorted cross sections

The reference potential naturally contains a straight-line trajectory to which the eikonal approximation can
be made. However, the distorted potential U,(s), Eq. (2.31), has motion generated by the reference Liouville
superoperator, .%,, which quantally does not have an associated single trajectory. To define a distorted eikon-
al agproximation“ it is convenient to replace the exact quantal potential with an approximate quantal poten-
tial

U1CTA(S)=f dtdp | T,B Mo expli-Lins) s T+ Ps/u,B | Qijg [ViDo » (3.6)

which has motion generated by the classical reference Liouville superoperator (Poisson bracket with Hy).
Here, | T,8No=h >A(T,B) and | T,B ))s=A(F,P) are ideal observable and statistical state elements? of the
Weyl correspondence?® (Wigner equivalence representation?’) where?®

AT, B)= [ dRexp(—iR-B/#) | F—yR)(F++R| . 3.7
Equation (3.6) involves the phase-space function
s€F+Bs /B QLT 1V Mo = lim s{T+Ps/u,B|expli¥ tlexp(—iLoat) | ViDo
= lim sUT+B(s +0)/p,B | exp(—i Loat) | Vi Vo - (3.8)

Upon writing ¥=b +2p, b*P =0 and then defining ¢t'=t¢ +s +uz /p this phase-space function becomes
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s€T+Ps/p,B| QI(,;");{ [V »o=', lim s€b+Bt'/u,B | expli Lo,als +pz/p —t)]| V1 Mo
=V (Ro(s +pz/p | 5,8 Xep) (3.9)
yhere_?(op is the position operator associated with the internal-state Hamiltonian. The position trajectory

Ry(z | b,P) is a solution of Hamilton’s equations of motion subject to the initial condition

Ro(t | 3,5)1 ~ b+Pt/u. (3.10)

—_— —

Inserting Eq. (3.9) into Eq. (3.6) gives the classical-trajectory quantum potential from which the distorted
eikonal potential can be derived. That is, replacing p with P, a momentum parameter, in the classical trajec-
tory in Eq. (3.9) leads to the distorted eikonal potential

U $)=P/p) [ dt [ dP6 | B+Bie —s5)/) {expli Linls —0IWFAO}(B+B(t —5)/u| , (1D
where

WEA () =expli Lint) V1 (Rol2 | 6,B);X,,) . (3.12)
Thus the distorted eikonal Mgller operator, Eq. (2.32), becomes

AEA s =Texp |(—i/m) [*_ds, U sy)

=(P/u) f_:dt J d?% | 54B(t —5)/p) {expli Linds —)IGEA(; — 0)}{b+B(t —5) /| ,

(3.13)

where

GEA(t; — 0 )=Texp

(—ism) [ ds,WFAGs)) (3.14)

is the time-ordered group associated with the potential Wt (z). The time integral of the distorted transition
operator is then

f_w ds{n;pR | SEATEAs) | 1;B7)
=P/uh®) [ as [T dr [dP6(n | WEADGEAE;— o) [ 1)
Xexp{ —i (pR —B")-[6+B(t —s)/u]/Fitiw, (s —1)+(p” /P)Xo(b)}

=uhd((pR — ") P+ufio,;){n;pR | SEATEN0) | 1;3") , (3.15)

where 0, =#%"'(E, —E,). Therefore the distorted eikonal differential cross section is

oEAD(15"—nR)=Q2rh)? [ 7 dp(p?/p")8((pR —F")B+pfio,,) | (n;pR | SEAEENO) | 157 |2,

(3.16)
while the eikonal coupling differential cross section is
oBAO(1B" 5 1R) = —2(27hp)* Im fo“’ dp(p*/p")8((pR —3")-P)(pR | t54(0) | ")
X (1;3" | TEAT(0)SEAT | 1;pR ) . (3.17)

Finally, the complete eikonal differential cross section is the sum

oEA1B” —nR) =8, [FA(B”—R)+FA (13" —1R)] +0EAP (13" —nR) . (3.18)
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IV. ELASTIC CROSS SECTIONS

For elastic cross sections the matrix element of the distorted transition operator becomes
(pR | SEATEN0) [ B) =(P/uh®) [ dr [ d®b Vi(Rot | B,F)
(—i /M(pR —B") b+#(p" /PXo(b)]
+J_dsViR(s | 5,8)
=i(P/2mpuh?) [ d®b exp[—i (pR —B")'b/#i—i (p" /PXo(b)]

X {exp[ —iX2(b)]—1} , 4.1)

X exp

where the distorted Glauber phase is
X2®)=#" [ dt v, (Ry(t | 5,B)) . 4.2

To obtain Eq. (4.1) the § function in Eq. (3.15) has been used to restrict the momentum transfer to the b
plane. Thus the elastic eikonal differential coupling cross section, Eq. (3.17), becomes

oEMOB" > R)= —m~\(p" /#)* cosX(7)
X Im fo‘” db bJo(2p" sin(+6)b /%) {exp[ —i sec(+6)Xo(b)]—1}
X [ d?6" explip”(R—p")-b' /#i+i sec(76)Xo(b") ] {exp[iX{(b)]—1}  (4.3)
while the elastic distorted eikonal differential cross section is
oFAPYE" > R)=(p" /AP cosi(30) | (2m) ™" [ dPb exp[ —ip"(R—p")b /#i—i sec(56)Xo(b)]
X {exp[ —ixP(b)]—1} | 2. (4.4)

—*ll)

Again the momentum P has been taken as —( pR + The full elastic eikonal differential cross section is the
sum of the eikonal reference differential cross section, Eq. (3.5), and Egs. (4.3) and (4.4).

V. INELASTIC CROSS SECTIONS

Using the definition of the internal-state group, Eq. (3.14), the inelastic matrix element of the distorted
transition operator, Eq. (3.15), becomes
(n;pR | SN0 | 1B")
=(P/uh?) fd‘zbf dtin | WEA()GEA(t; — o0 ) | 1) exp{ —i[(pR —B")*b /Ai+(p" /PXo(b)]}
=(iP/2mph )fd‘z’b exp{ —i [(pR —B") b /#i+(p" /PXo(b)]} [GEA (005 — 0)—8,,] - (5.1)
It is of Glauber form due to the momentum-transfer 8 function. Taking P= %(pﬁ +P"') the distorted eikonal
differential cross section becomes
GEAD(15” 5nR) = (P/h)*A,, ‘ [ d¥6 exp{ —i[p" (AR —p")-5 /At (p" /PIXo(b)]}
X[Grf (03— o) =811, (5.2)

where A, =(1—2ufiw,;/p"*)!/?>>0. Because the momentum-transfer 8 function in Eq. (3.16) has been
evaluated the momentum parameter P becomes -2—p "(Ay lR +p") in Eq. (5.2). The coupling eikonal differen-
tial cross section, Eq. (3.17), follows in a similar manner.

This distorted eikonal differential cross section involves the group GF4(wo;— o), E q. (3.14), which is re-
sponsible for the internal-state motion along the given reference classical trajectory Ro(t | b,P). This group
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can be formally solved using the Zwanzig-Feshbach!®!” projection-operator method. However, rather than
using the standard energy-resolved solutions it is more convenient to use the explicitly time-dependent solu-
tions!3—13

GPA(t; — 00 )P =GFA(t; — 0 MEAC(t; — 00 )P —iGEA(t; — 00 IMEAS(t; — o0 )P . (5.3)

Here the P space is taken to be the initial state of the target so that its projection operator can be written as
| 1){1|. Therefore, only GEA(t; — o0 )P need be calculated for the cross sections. The orthogonal internal-

state projection to Pis then Q =1—P=3Y__ |n){(n | (where Hy, is assumed to admit N eigenstates).

Equation (5.3) involves the motion groups (S =P,Q)
GEA(t; — w)=ST exp| —(i/A) [ _ds SWi(s)s]s (5.4)
in the P and Q spaces, as well as the cosine memory operator
MEAC(; — o) =Tcos | [ ds B*A(— coss) | (5.5)
and the sine memory operator

M55 0)=Tsin [ [ ds BE(— oo | . (5.6)

These memory operators have motion generated by the self-adjoint B operators; that is,
BEA(— o035) =117 'GP — 00;8) P TA(5)QG G (55 — 00 )+ 'GEA — 0038)QWEA (5)PGEA(s; — o) . (5.7)
The inelastic eikonal differential cross section is then the sum
oBA1B"—>nR)=8,[0FAO($"—R) +0FAO15"— 1R) +oFAP (15" — 1R) ]+ oFAP(15” —nR) ,
(5.8)

where the elastic eikonal differential cross section involves the eikonal reference differential cross section, Eq.
(3.5), the eikonal coupling differential cross section

EAC1B" > 1R)=— 7~ (p" /%)* cos’(56)
XIm fow db'b'J(2p" b’ sin( -;'6 )/#){exp[ —i sec( %0 Xolb")]—1}
X [ dPb exp{i[p"(R —p")-b /fi+sec(560)Xo(b)]}
X[{1] GFM o0;— a0 )IMFA (05 — o) [ 1) *—1] , (5.9)
and the elastic distorted eikonal differential cross section
oFAD(13” > 1R)= (p" /#)* cos*(56)

X [(217)—‘ J a6 exp{—i[p"(R —p")-b /fi+sec(30)Xo(b)]}

2
X [(1]GEM 03— 0 IMFAN (a0} — o) | 1) —1]] . (5.10)

Finally, the inelastic eikonal differential cross section is (n541)

UEA(D)(II)’H_)nﬁ): (pu/zmz)m I)\‘n lﬁ_’_ﬁn l 2
X ](2fr)~‘ J d Y5 exp{—i[p"(AniR —p")6/A+2Xo(b)/ | AR +5" | 1)

2
X {n |GG oo;— 00 IMEAS(a0; —0) | 1) | . (5.11)
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Equations (5.10) and (5.11) are equivalent to Eq.
(5.2) since no approximations to the internal motion
have, as yet, been made.

Two different types of approximation schemes
can be applied to these distorted eikonal cross sec-
tions. In one, the standard time-independent ap-
proach,”1° the time scale for internal-state reorien-
tations is assumed to be much larger than the dura-
tion of the collision. Thus the sudden approxima-
tion to Eq. (3.14) is used to describe the internal-
state dynamics. That is, the motion generated by
H,, is neglected so that the group becomes a simple
exponential of the time integral of the potential
Vl(l—io(t | E,?);f(op). This approximation is applied
to Eq. (5.2). On the other hand, if the time scale for
internal-state reorientations is of the order of, or
less than, the duration of the collision, then the
motion due to H;, cannot be neglected. In this
case, an approximation scheme'® based upon Egs.
(5.10) and (5.11) is more appropriate. That is, the
memory operators are represented in the time-
disordered approximation while a perturbation ap-
proximation is applied to the Q space group. Both
approximations involve all orders of the potential
Vl-

VI. DISCUSSION

Exact expressions for the differential cross sec-
tion involving two potentials have been presented in

terms of time-correlation functions. They were ob-
tained directly from the generalized cross sec-
tion'®? rather than from scattering amplitudes.
Since both density operators and wave functions are
equivalent descriptions of the scattering event, ei-
ther one of them could have been used to derive
these exact results. The density-operator descrip-
tion was used here since it emphasizes the observ-
ables, namely, the cross sections.

Distorted eikonal differential cross sections were
obtained in terms of straight-line and reference clas-
sical trajectories. Inclusion of curved trajectories in
eikonal theory, which is a high-energy semiclassical
approximation, is expected to give a better represen-
tation of the collision event since the translational
motion is treated in a more realistic fashion. It is to
be noted that these distorted eikonal cross sections
reduce to the standard straight-line eikonal cross
section when the reference potential is taken to be
zero.
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