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We analyze the dependence of the rate of associative ionization of two radiatively excited

atoms on the polarization properties of the exciting light. This provides a direct relation

between the observed ion-production rate as a function of the polarization and the ioniza-

tion rates for various combinations of the magnetic substates. We consider an atomic beam

irradiated by a single laser beam, as well as an atomic vapor. The description applies to a

recent experimental observation of a strong polarization dependence of the ionization rate

in an atomic beam, and at the same time we suggest alternate experimental methods of
analyzing the total cross sections of any inelastic or reactive binary collision of excited

atoms as a function of the magnetic quantum numbers.

I. INTRODUCTION

A detailed understanding of ionization processes
involving excited atoms is important in astrophy-
sics, in plasma physics, and in atomic-collision
physics. When the excited atoms are produced by
laser radiation, one must distinguish various possi-
ble ionization mechanisms, in particular multipho-
ton ionization and collisional ion production. ' In
the latter case the laser light can serve merely to
prepare the excited states prior to the collision,
or the radiation can actually induce or enhance the
ionization rates. These two cases can easily be
distinguished by observing the variation of the ion
production rates with the laser intensity.

In the present paper we restrict ourselves to pure-

ly collisional associative ionization, according to the
reaction equation

A*+B*~(AB)++e,

where the atomic species A and B may or may not
be identical. This process is the source of Na2+
ions in a thermal sodium beam when a weak laser is
tuned over the Na 3P resonances, as has been shown

by de Jong and van der Valk. In this situation the
excited atoms A* and B* are of the same species,
and the relative velocity has subthermal values. Re-
cently, ' we have studied the same process as a
function of the direction of the linear polarization
vector of the laser beam that prepared the excited
sodium atoms. The ion production rate was ob-
served to increase by a factor of 1.7 when the light
polarization was rotated from a perpendicular to a

parallel direction with respect to the beam direction.
Obviously, this polarization dependence of the ion
production reflects a dependence of the cross sec-
tion for associative ionization on the magnetic
quantum numbers of the excited atoms prior to the
collision. The precise relation between the M-
dependent cross sections and the observed polariza-
tion dependence is, however, less than trivial. In
the present paper we intend to elucidate this rela-
tion by analyzing the general expression for the to-
tal cross section for any inelastic or reactive col-
lision with initially polarized states of the collision
partners. The resulting expressions suggest a well-
defined set of measurements needed for a complete
determination of the parameters that fix the rate
constant for any pair of initial magnetic substates,
both in a single atomic beam, and in a vapor cell.

II. THE IONIZATION SIGNAL

We consider the ionization process (1.1), grhere
the excited atoms A* and B*before the collision are
prepared in states with electronic angular momenta
Jz and Jz. The most detailed theoretical quantities
describing the associative ionization are the scatter-
ing amplitudes

f(a vf~M&Msvo),

where Mz and Mz are the initial electronic magnet-
ic quantum numbers of the two atoms, vo is the ini-
tial relative velocity, vf is the final relative velocity
of the ejected electron, and o. indicates the relevant
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(but unobserved) quantum numbers of the molecu-
lar ion after the reaction. The initial states of the
two collision partners are generally described by the
density matrices pq and pz, defined by requiring
that (Mw Ip& I

~A ~ ((Ma
I pa I Ma )) be the density

I

of atoms A (B) in the magnetic substate

IJzMz)( I JaMa)). For the case of collisions be-
tween identical atoms we obviously have to take

pz
——pz. Then the ion-production rate per unit

volume can be expressed in the form

& = f dflf g g g [f(avf~M&Mavp)f (avf~MQMavp)(mvflp)]gy
M~M~ M~M~

«~. Ip. IM' &&Ma
I pa IMa&, (2.1)

where Qf indicates the direction of the final relative velocity vf, m is the electron mass, and p is the reduced
mass of the two initial collision partners. The average indicated in (2.1) is taken over the distribution of the
relative velocity vo before the collision. The integration over the direction of the ejected electron and the sum-
mation over the final quantum numbers a of the molecular ion clearly correspond to the detection mode that
all formed ions or electrons are detected, irrespective of the final state. In order to apply symmetry considera-
tions, it is advantageous to express the ion production rate in the form

8 =TrqTrgGpg pg, (2.2)

(2.3)

where G is a detection operator acting on the magnetic substates of the initial states of both atoms, defined by
the specification of its matrix elements according to the relation

(MgMa G
I MgMa) = I deaf g [f(avf~MgMavp)f*(avf~MgMavp)(mvf Ip)],„.

As a result of the detection mode, the symmetry
properties of the detection operator G merely reflect
the symmetry character of the initial-velocity distri-
bution. For any given velocity distribution, the
operator G contains all the information that can
possibly be obtained from a measurement of the ion
production rate. In order to extract this informa-
tion completely, an appropriate set of measurements
is needed where, in each measurement, the initial-
state density matrices act as a sieve which deter-
mines the piece of information gained.

%e analyze the information content of G in the
case of a single atomic beam and in the case of a va-
por cell. The analysis is by no means restricted to
the case of associative ionization, but it applies to
any binary-collision process where the total rate of
formation of the reaction products is detected. A
different treatment of total reaction cross sections
of initially oriented particles has been given by
Okunevich. " We expand both the detection opera-
tor G and the two density matrices in irreducible
spherical tensors Tkq which obey the same rotation-
al transformation properties as the spherical har-
monics Fk . ' The definition and some relevant
properties of spherical tensors are given in Appen-
dix A. The tensors Tk (A) with 0 & k & 2J&,
—k(q(k, form a complete orthonormal set of
operators on the (2Jq+1)-dimensional manifold of

I

substates
IJzMq ), and we write

pa = QakqTkq(A)
kq

with

(2.4)

a~ =Tr.p„Tkq(A } . (2.5)

The numbers ak, which determine pz completely,
may be regarded as multipole coefficients of the
atomic state. Likewise we expand

with

pa = g bkq Tkq(»
kq

(2.6)

bkq=Trapa T~(B) . (2.7)

After substituting the expansions (2.4) and (2.6) in
(2.2), we obtain a corresponding expansion of the
ion-production rate

R = gag(kq;k'q')ak bkq,
kq k'q'

where the set of coefficients g as defined by

g (kq;k'q') =Tr&TraGTk (A)Tk q (B)

(2.8)

(2.9)

determines the detection operator G completely.
When the initial states

I J~) and
I
Ja) of the col-
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lision partners are prepared by laser excitation, the
multipole coefficients aI and bi, q

are determined

by the polarization properties of the excitation radi-
ation. For each specific case, Eq. (2.8) equates the
observed signal to an appropriate linear combina-
tion of the expansion coefficients g. The number of
independent coefficients g depends on the symmetry
properties of G, which in turn are mainly deter-
mined by the distribution of the relative velocities.

III. SINGLE ATOMIC BEAM

We consider the case of associative ionization of
two identical atoms in a single atomic beam with an
axially symmetric distribution of the relative veloci-

ty. The initial state
I
JA ) and

I
JB ) of the collision

partners are taken to be the same excited state of
two identical atoms. This situation corresponds to

MA +MB +MA +MB . (3.1)

Furthermore, G is invariant for reflection about any
plane through the beam axis. If we select the xz
plane, this means that G is invariant under the com-
bined action of space inversion and rotation over m.

about the y axis. This leads to the relation

our recent experiment. ' The number of indepen-
dent parameters determining the detection operator
G is now restricted by four symmetry relations. As
the most natural quantization axis we choose the
beam axis. As a result of rotational invariance of G
for rotation about this axis, G is diagonal in the
quantum number for the z component of the total
electronic angular momentum of the collision
partners. Hence

(M„'MB
I
G IMAMB) =0

for

I I

(MAMB IG IMAMB)=( —)
" ' " '& —MA MB IG I

™A™B). (3 2)

Finally, by definition G is a Hermitian operator,
obeying the relation

(MAMB I
G

I MAMB ) (MAMB
I
G

I
MAMB ) ' .

(3.4)

By using the properties of the spherical tensors

Tk as mentioned in Appendix A, it is a simple
matter to convert the symmetry properties
(3.1)—(3.4) into relations for the expansion coeffi-
cients g. We find

g(kq;k'q')=0, for q+q'+0 (3.5)

g (kq;k'q')=( —) q+ q g (k —q;k' —q'),

(3.6)

g (kq;k'q') =g (k'q';kq),

g (kq;k'q') = ( —)q+q g*(k —q;k' q') . —
(3.7)

Because of the identity of the initial states of both
atoms, G must be invariant for an interchange on
both sides of the two states. Hence we obtain

&MAMB
I
G IMAMB) = &MBMA

I
G

I MBMA )

(3.3)

ranks of the multipoles with k (k', the number of
parameters is k+ 1 for k+k' even, and k for
k +k' odd. [Note that g (k 0;k'0) =0 for odd values
of k +k', as a result of (3.6).] Both multipole ranks
k and k' can attain integer values from zero up to
2J& ——2J&. For integer values the number of in-
dependent parameters determining G is equal to

(JA + 1)(4JA +5JA +3)/3,

and for half-integer values this number amounts to

(2JA+1)(8JA+14JA ~9)/12 .

When the initial excited state of the atoms in the
beam is prepared by laser irradiation, there is nor-
mally a quantization axis for which the density ma-
trix of these excited atoms is diagonal. For excita-
tion with linearly polarized light this axis coincides
with the direction of the linear polarization vector,
and for circularly polarized light this quantization
axis is determined by the laser beam direction. The
spherical tensors with respect to this quantization
axis are called tk, and when pz ——pz is expanded in

t@, only components with q=O appear, according
to the equation

(3.8)
P~ =Pa= ~~ktk0

k
(3.9)

From this set of symmetry relations the number of
independent parameters determining G can be
found. For a certain pair of values k, k' of the

For various excitation conditions explicit expres-
sions for the expansion coefficients ek can be ob-
tained with standard techniques, while accounting
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for possible saturation effects and hyperfine cou-

pling. A summary of the pertaining formalism is
given in Appendix B.

For given properties of the exciting radiation we
wish to obtain an expression for the ion-production
rate R as a function of the angle 8 between the
laser-dependent quantization axis and the z axis,
which coincides with the atomic-beam direction.
When we choose the x and y direction in such a way
that the laser-dependent quantization axis lies in the
xz Plane, the relation between the tensors tkq and

Tk is given by the transformation rules

tko= g Tk«d«o(8 } (3.10}

where dqq are the reduced rotation matrices' that
define the transformation properties of the spherical
harmonics Ykq or the sPherical tensors Tkq under a
rotation about the y axis. Substitution of (3.10) into
(3.9) yields an explicit expression of the expansion
coefficients ak bk ——as a function of the angle 8
between the laser-dependent quantization axis and
the z axis. The resulting expression for the 8-
dependent ion production rate is

R(8)= g g g(kq;k'q')ckckd«o(8)d«o(8) .
kq k'q'

From the symmetry relations

d«o(8) =(—)«d«o( —8)=(—)" «d«o(rr 8)—
=(—)«d" «o(8) (3.13)

one finds that R (8) obeys the identity

R (8)=R ( —8)=R (ir —8) .

Hence we can expand R as a Fourier series

(3.14)

(3.11)

The coefficients ck should be known from the exci-
tation conditions, and a comparison of (3.11) with
experiment gives direct information on the coeffi-
cients g determining the detection operator G. The
real reduced rotation matrices d«o are simply related
to the spherical harmonics by the relation'

e '~«d"o(8}=[4m/(2k+1)]' Ff, (8,$) .

(3.12)

Fourier components than exp(+ik8). The number
of parameters that can be determined from R(8)
for a certain excitation mode is therefore at most
2J& + 1. For excitation with linearly polarized
light, only coefficients ck with even value of k occur
in the expansion (2.9), and the highest k value is not
2J&, but 2J& —1 for half-integer values of Jz.
Hence in this special case of linear polarization of
the exciting light and a half-integer Jz value, the
number of parameters obtained from a measure-
ment of R (8) is no more than 2J&. A subsequent
measurement of R (8) with excitation by circularly
polarized light would provide us with another set of
2' + 1 measured parameters. A change of right-
circular polarization to left-circular polarization
would multiply ck with ( —)". One readily finds
that R (8) is not affected by this change, and that
no additional information is obtained.

Not all parameters g(kq;k'q') can be detected
from the signal (3.11). From the symmetry relation
(3.6) and (3.13) it is obvious that the coefficients
g!kq;k'q') with odd values of k +k' do not contri-
bute to the ionization rate. Furthermore, when the
excited atoms are prepared by absorption of linearly
polarized light, the multipole coefficients ck can
only be nonzero for even k values, so that in this
case only the coefficients g(kq;k'q') with even
values of k and k' contribute to (3.11). On the oth-
er hand, all coefficients g(kq;k'q') would contri-
bute to the ionization rate when the exciting radia-
tion has an elliptical polarization that is not purely
circular or linear.

We shall now illustrate these general considera-
tions in some specific cases. The Fourier coeffi-
cients R„can be directly related to the parameters
ck and g by writing the products d«od«o as an
analogous Fourier series. We consider the case that
the multipole coefficients ck of the initial excited
state are nonzero only for k=0, 1, 2. This covers
the case of unsaturated excitation of any transition,
and also the case of saturated excitation of a state
with Jz ——Js (1, as well as the case of saturated ex-
citation of a state with Jq ——Jz ———, with linearly po-
larized light. We introduce the abbreviated notation
for the relevant independent expansion coefficients

g (kq;k'q')

g(0 0;0 0)=p,

R (8)= g R„cos(2n8) .
n=0

(3.15)

The upper limit n =2J& in the Fourier expansion
(3.15) follows from the definition of the reduced ro-
.tation matrices dqo which cannot have higher

g(1 0;1 0)=q, g(1 1;1 —1)=&,

g(2 0;0 0)=s,
g(2 0;2 0)=t, g(2 1;2 —1)=u,
g(2 2;2 —2)=U .

(3.16)
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Then the ion-production rate is given by the Fourier
expansion (3.15}with three coefficients Ro, R i, and

R2, which obey the explicit equations

2 & 2
Ro =cop + —,c i (q r)+——,coczs

+cz(lit —12u +9v)/32,
1 3

R i ———,c i(q +r)+ —,coczs

+3cz(t —v)/8,

Rz ——cz(9t +12u +3v)/32 .

(3.17)

(3.18)

(3.19)

When multipole moments ck with k&2 are also
present, we have to add terms containing these
higher moments to (3.17)—(3.19), and also higher
Fourier amplitudes R„with n &k arise in the ex-

pansion (3.15).

1A. Jq ——Jg ———
2

co ——n, /v 2, c, =0. (3.20)

In this special case only multipole terms with
k =0 or 1 can be supported by the excited state, and
the only unknown parameters are p, q, and r. When
the excited atoms are prepared by absorption of
linearly polarized light, the excited state is isotropic,
and we can write

& J~ =Ja=1

In this case of J=1, the detection operator G is
fully specified by eight independent parameters,
namely the seven coefficients (3.16), and the ima-
ginary coefficient g(2 1;1 —1), which does not con-
tribute to the ion-production rate (3.11). The seven
parameters (3.16) can be fully determined from a
measurement of R(8) in several excitation modes.
When the state is excited by absorption of linearly
polarized light driving the transition from a lower
state with J=O to this excited state, then only the
state with angular momentum component M=O
along the polarization direction is populated. This
corresponds to the values of the multipole moments

co=ne/V 3, ci =0,
cz =—ngv 2/3 .

(3.25)

with the light-beam direction as quantization axis.
The corresponding values of the multipole moments
are

Another independent excitation mode occurs when
the same transition is driven by unpolarized light.
Then the excited-state density matrix is

Pw =Pa = ".(
I

1 & & 1 I+ I

—1 & &
—1

I }

(3.26)

Ro n,p/2——, Ri ——0. (3.21)

The ionization signal is then obviously independent
of 8, and we find co=ne/V 3, el=0,

cz n, /V —6—.
(3.27)

co =ci =n, /i/2

which leads to the Fourier amplitudes

o
—n,'I —,'p+ —,'(q —r}l;

R, = ,'n,'(q+r) .-

(3.22)

(3.23)

A determination of these coefficients (3.21) and
(3.23) in these two cases completely determines the
expansion coefficients p, q, and r, and thereby the
three independent matrix elements of 6

&-,
'

—,
'

~
G

~

-,
'

—,') =(p+q)/2,

( —, ——, iG
i

—, ——, )=(p —q)/2, (3.24)

By exciting the atoms with circularly polarized
light, one often only populates the substate with the

1

angular momentum component M = —, in the direc-
tion of the light beam, corresponding to the mul-
tipole coefficient

and the multipole moments are

co n, /~3, ci n, /V——2, ——

cz ——n, /v 6
(3.28)

Successive substitution of these values (3.25) and
(3.27} in (3.17)—(3.19) gives rise to six linear equa-
tions for the five unknown parameters p, s, t, u, and
v. (Note that the occurrence of q and r is
suppressed for ci ——0.) Five of these six equations
are linearly independent. Hence the measurement
of R (8) in these two cases of excitation by linearly
polarized light (where 8 is the angle between the po-
larization direction and the atomic beam) and by
unpolarized light (where 8 is the angle between the
light beam and the atomic beam) is sufficient for a
full determination of these five parameters. If the
ion-production rate is also measured with excitation
of right circularly polarized light, the initial excited
density matrix is
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with the quantization axis in the light-beam direc-
tion. Substitution of (3.28) in (3.17)—(3.19) yields
another set of three linear equations containing all
seven parameters (3.16). One verifies that these
equations are sufficient to calculate p, q, r, s, t, u,
and v from a measurement of R(8) in these three
cases. Then also, G is known apart from the ima-

ginary part Im(1 —1
~

G
~

0 0), which is equal to
the expansion coefficient ig (2 1;1 —1). This coeffi-
cient can be determined by a measurement of R
after excitation with elliptically polarized light. We
shall not give further details of the analysis. For
any specific case it can be carried out by the method
outlined in this paper. The relation between the ex-
pansion coefficients (3.16) and the matrix elements
of G is easily found from the definition (2.9).

C. Larger values of J~ and J&

s=A —8,
t =A —28+C

(3.30)

The coefficients g (k 0;k'0) are linear combina-
tions of the diagonal matrix elements (2.3) of G,
where Mz ——Mq and Mz ——M~. These diagonal ele-
ments

(M„M,
I
G

I M~Ms &=Z(M~Ma)

are the rates of associative ionization of atom pairs
in the magnetic substates

~ JISM&) and
~

JsMs)
with the atomic-beam direction as quantization
axis. The integrand in (2.3) is positive definite in
this case, whereas in the off-diagonal case Mz QMz
and Ms+Ms, the integrand is a product of two dif-
ferent complex amplitudes, which can be positive as
well as negative. If the phases of these amplitudes
vary sufficiently rapidly with the direction of vI,
the off-diagonal elements of G are expected to be
small compared to the diagonal ones. If we boldly
neglect the off-diagonal elements altogether, the
number of remaining unknown parameters

g (k 0;k'0} would be greatly reduced. It is precisely
this assumption that we adopted for the interpreta-
tion of the observed ion-production rate R (8) of ex-
cited Na in an excited state with Jz ——Jz ———,. '

Furthermore, the exciting light was linearly polar-
ized so that only the multipole coefficients ck with
even k could be nonzero. The only three remaining
unknown parameters contributing to the signal
R(8) were p, s, and t, which are related to the
specific ionization rates by the identities valid for

3
Jg ——Jg ———,

p =A +28+C,

with

C = —,[E(-, —, )+g (-, ——,
'

)] .

(3.31)

In the excitation mode which we used, by driving
with linearly polarized light the transition between
the hyperfine sublevels F=2~F=3 of the

Na(3S) g2~3P3/p)

transition, the relative populations of the substates
3 1

with ~Mz
~

= —,, —, are 1:5, which means that the
multipole coefficients are

co ——n, /2, c& ——0,
c2 ———n, /3, c3 ——0 .

(3.32)

IV. ATOMIC VAPOR

In the previous section we have seen in detail how
a dependence of the associative-ionization rate on
the initial magnetic quantum number gives rise to a
dependence of the ion-production rate on the polari-
zation of the radiation that excites the initial state.

Substitution of (3.30)—(3.32) in (3.17)—(3.19) gives
the relation between the three measurable Fourier
amplitudes Ro, R &, R2 and the three quantities A,
8, and C. One notices that we were not able to dis-
tinguish substates with opposite magnetic quantum
number +M, owing to the use of linearly polarized
exciting light.

Here we point out that more information can be
obtained on the specific rates E (Mz Ms ) by
measuring, in addition, the ion production R (8) as
a function of the angle 8 between the atomic beam
and the light beam, while using successively circu-
larly polarized light, unpolarized light, and ellipti-
cally polarized light. In principle, all the 16 in-
dependent matrix elements of G can be determined
in this manner.

It will by now be obvious that nothing precludes
the generalization of this analysis to associative ion-
ization of initial excited states with even higher
values of the electronic angular momentum. If the
ionization rate is independent of the initial magnetic
substates, the only nonzero expansion coefficient of
G would be g(0 0;0 0). A nonzero value of any coef-
ficient g(kq;k'q') with k+0 or k'+0 is a measure
for the M dependence of the rate of associative ioni-
zation.
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We shall now point out that effects of this depen-
dence can also be observed in an isotropic medium,
such as a vapor cell. Then the detection operator 6,
as defined in (2.3), is invariant for rotations of the
pair of collision partners. This means that the ex-
pansion coefficient g (kq;k'q') is proportional to the
Clebsch-Gordan coefficient

g(kq;k'q') =5I1,5q ~ ( —)~gl, , (4.1)

where the Kronecker delta's force k and k' to be
equal, and q to be the opposite of q'. The number
of independent real parameters gl, determining G
completely is equal to the minimum of 2' + 1 and

2Jii + 1, and the value of each one of these parame-
ters is all that one can possibly extract from obser-
vation of polarization-dependent ion-production
rates.

A. Binary gas mixture

We consider a dilute mixture of two gases of the
atoms A and 8, and we assume that associative ioni-
zation can occur when two atoms collide in initially
excited states with angular momenta Jz and Jz.
The excited states of the two species are prepared by
irradiation with two lasers, so that their polariza-
tion properties can be chosen independent of one
another. One will notice that the total ion produc-
tion may include the ions A2+ and 82+ as well as
the ions AS+ which we are interested in. The back-
ground of the homonuclear ions can be indepen-
dently determined by performing measurements
with only either one of the lasers switched on.

We assume that both lasers are linearly or circu-
larly polarized. Then the density matrix of the ex-
cited atoms of both species are diagonal with
respect to a properly chosen quantization axis,
determined by the polarization direction or the laser
beam direction for linear and circular polarization,
respectively. However the quantization axes of both
species can be independently selected, and we call 8
the angle between these two axes. The multipole
coefficients of each excited state with respect to its

(kq;k'q'
i
0 0),

indicating that the two anisotropies of both partners
can only be recoupled to an overall tensor of rank
zero. This is equivalent to the statement that 6 is
diagonal in the total electronic angular momentum
of the partners A and 8 combined. We parametrize
G by writing for the expansion coefficient the rela-
tions

own quantization axis are denoted as ak and bk,
analogous to Eq. (3.9). Before we can apply the
general result (2.8) for the ion-production rate, we
first have to relate the multipole expansions of both
atoms to a single quantization axis. This can be
done by applying a rotation over an angle 0 about
the axis perpendicular to both quantization axes,
giving rise to a rotation matrix element'

dtia(8) =PI,(cos8), (4 2)

where Pk indicates a Legendre polynomial. The re-
sulting expression for the ion-production rate R as a
function of the angle 8 takes the simple form

R (8)= g ai, bi,gl, Pi, (cos8) .
k

(4.3)

B. Pure gas

Finally, we consider associative ionization of
identical laser-excited atoms in a pure gas, where
both collision partners are now excited by a single
laser beam. The initial excited state has electronic
angular momentum Jz ——Jz. Obviously, changing
the direction of the incident laser beam cannot alter
the total ion-production rate in this isotropic sys-
tem. However we wish to point out that the ion-
production rate does depend on the polarization
properties of the exciting radiation. When the
excited-state density matrix is diagonal with respect
to some quantization axis (as is the case for linear
or circular polarized radiation and in the case of un-
polarized light), we can introduce the multipole mo-
ments ck of the excited state of both partners in
analogy to (3.9). The ion-production rate then takes

Since the Legendre polynomials are a complete set
of functions, the parameters gI, can be determined
from a measurement of R for each value of k for
which both ak and bk are nonzero. After saturated
excitation with circularly polarized light, this is
usually the case for all k values from zero up to the
minimum of 2J& + 1 and 2J+ + 1. Hence a mea-
surement of R (8) as a function of the angle 8 be-
tween the two circularly polarized laser beams is
usually sufficient for a complete determination of
the detection operator 6. The relation between the
parameters gI,

——g(kO;kO) and the ionization rates
K(MzMz) is easily found by applying Eq. (2.9). If
these rates are all equal, the parameters gk for k & 0
vanish, and R becomes independent of 0. In this
isotropic system the rates K(M&Ms) are usually
not independent, since these (2J& + 1)(2J&+1)
quantities are all determined by the parameters gk.
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the form

R=gckgk ~

2

k
(4 4)

but it is applicable to analyze the polarization
dependence of the total rate of any inelastic or reac-
tive binary collision.

which is just a special case of (4.3) for 8=0. When
the exciting radiation is elliptically polarized, we
have to include multipole coefficients ak~ ——bk with

q+0, and the general expression for the rate R is
found after substitution of (4.1) in (2.8)

R =g lakql
kq

where we used

(4.5)

akq =(—)'ak,
due to the hermiticity of pq ——pz. The independent
parameters gk can be determined provided that one
performs measurements of R in a sufficient number
of different polarizations. Obviously, this number
must be larger for larger values of the angular
momentum Jz ——Jz.

V. CONCLUSIONS

We have analyzed the polarization dependence of
the rate of associative ionization of laser-excited
atoms in several cases. In the first case a single
laser beam resonantly excites identical atoms in a
single atomic beam. A measurement of the ion-

production rate as a function of the polarization
vector of the light or of the laser-beam direction can
then give complete information on the ionization
rate for any combination of magnetic substates.
This analysis is given in Sec. III, and it is directly
applicable for the description of our recent experi-
ment' on the associative ionization of excited sodi-

um atoms. Furthermore, we consider in Sec. IV the
case of a vapor cell. For a gas mixture both atomic
species can be excited by a different laser beam with

an independently chosen direction and polarization,
which provides a method of investigating the
dependence of the ionization rate for various com-
binations of magnetic substates. Finally, we consid-
er a pure gas, excited by a single laser beam. Then
the direction of the laser beam cannot affect the to-
tal ion-production rate, but this rate is affected by
the choice of the polarization of the laser. It is
therefore essential to specify the polarization prop-
erty of the exciting light when providing data on ex-

perimentally determined associative-ionization cross
sections.

The formalism presented in this paper is in no

way restricted to the case of associative ionization,

APPENDIX A: SPHERICAL TENSORS

p= gak Tk (J) with ak =TrpTk (J) . (A3)
kq

Furthermore, the tensors obey the relation

Tk (J)=(—)qTk q(J), (A4)

and a Hermitian density matrix has multipole coef-
ficients obeying the identity

ak, =(—)'ak, . (A5)

It often occurs that an excited state of an atom is
prepared by irradiating a certain hyperfine transi-

tion, and the density matrix is conveniently ex-

pressed as an expansion in the spherical tensors

Tk (F), where F is the total angular momentum of
the excited hyperfine sublevel. If this excited state
serves as the initial state for a certain inelastic col-
lision process, it is usually fully justified to assume
that this collision is not affected by the nuclear
spin. Then it is convenient to reduce the expansion
in Tk (F) into an expansion in Tk (J) by taking a
partial trace over the nuclear spin I. This partial
trace obeys the identity'

We give some relevant definitions and properties
of spherical tensorial sets. ' ' Density matrices of
an atomic state with angular momentum J can be
represented as a (2J+ 1)-dimensional matrix. It is
often convenient to expand a density matrix in
spherical tensors Tk (J), which are defined by the
explicit expression for their matrix elements

(JM
l Tk, (J)

l
JM')

=(—)' ~&Jm;J I'lk—q), (Al)

where k and q can attain the values k=O, 1, . . . ,
2J, q = —k, —k + 1, . . . , k. The rotational
transformation properties of the spherical tensorial
set Tk for a fixed value of k are the same as those
of the spherical harmonics Yk . The tensors Tk
form a complete orthonormal basis, as indicated by

TrTkq(J)Tk q (J)=5kk 5qq, (A2)

and every density matrix can be expressed as a
linear combination of these tensors, according to the
relation
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TrlT (F)=(—) + +"+ (2F+1)

J J k
X F F I Tks(J) . (A6)

p+.u =(JiipiiJ')Ti (JJ')Iv 3, (Ag)

where (J( ~p~ ~

J') is a reduced matrix element that
determines the strength of the dipole transition.
The spherical unit vectors u for 0 =0, +1 are de-
fined by the equation

This equation can be applied to obtain an expansion
of the reduced density matrix TrIp in tensors
Tk (J), from an expansion in tensors Tk (F) of the
full density matrix p for nuclear and electronic an-

gular momentum states.
Transition operators coupling an initial state with

angular momentum J' to a final state with angular
momentum J can likewise be expanded in terms of
spherical tensors coupling these states, defined by
their matrix elements

(JM
~

&k (JJ')
~

J'M') =(—)

X (JM;J' —M'
~
kq) .

(A7)

Let us consider a transition dipole operator p +',
coupling the lower state

~

J') to an upper state
~

J).
According to the Wigner-Eckart theorem, ' ' the
spherical components of this dipole operator are
simply proportional to the spherical tensors of rank
1, and we write

where A is the Einstein coefficient for spontaneous
decay. If we denote the upper-state populations as

NM and the lower-state ones as nM, then the rate
equations for the populations are

NM AN —r—(M;M—~}(NM —nM .),—
riM gA (M——;M')NM +I'(M'+0;M') (B3)

X (N~ + nM') ~

In the stationary limit the ratio of NM and nM is
determined by the relation

irradiated with light with polarization vector u .
Stimulated transitions only couple an excited state

~

FM ) to a lower state ~F'M —0 ), and spontaneous
decay couples the state

~

FM) to the lower states

~

F'M') with M'=M, M+1. The stimulated tran-
sition rate I (M;M —0 } between the upper substate

~

FM) and the lower substate
~

F'M —o) is

I'(M;M —0 ) =3 [ (FM
~

F'M cr;—1lT ) )

XB(F~F')P,
where 8(F~F') is the Einstein coefficient for
stimulated emission, and I' is the spectr'al intensity
of the laser radiation at resonance. The spontane-
ous transition rate A(M;M'} from the state ~FM)
to the state ~F'M') obeys the equation

A (M;M') =
i (FM

i
F'M', 1M —M') i A,

(B2)

u+i ——(+x iy )/~—2, up=z (A9) I'(M;M 0)nl— [A +——I (M;M cr)]NM, —

where x, y, z are the unit vectors in the x, y, z direc-
tion. Note that radiation propagating in the z direc-
tion with right circular polarization has u~ as its
polarization vector, and the polarization vector uo
corresponds to light that is linearly polarized in the
z direction.

(B4)

whereas subtraction of the two equations (B3) gives
rise to the stationary-state relations' '

NM ——g ( (FM,
~

F'M cr; 1M i M—+0 ) )
—NM, .

(B5)

APPENDIX B: STATIONARY EXCITED
STATE

The rate equations determining the density ma-

trices of an upper state and a lower state coupled by
polarized light are well known. ' ' When the po-
larization vector of the radiation is equal to any one
of the spherical unit vectors u, it is sufficient to
consider the populations of the magnetic substates
of each level. We consider the transition between

two isolated states with angular momenta F' and F,

Equation (B5) demonstrates that in the stationary
state the ratios of the populations of the excited
substates are fully determined by Clebsch-Gordan
coefficients alone, irrespective of the laser intensity

and the strength of the transition. If the lower state
has a substate ~F'M') that is not coupled to an

upper substate by stimulated transitions, then

I (M'+o",M') =0 .

One notices from the second equation in (B3) that
all NM are zero in the stationary limit and all the
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atoms are trapped in this substate of the lower level.
For circularly polarized light (o =+1) a station-

ary upper-state population is only possible if
E=F'+ 1, and the only populated substates are
~FM) and ~F'M') with M=+F, M'=+F', for

0.=+1, and the ratio of these populations is fixed
by Eq. (84). [Notice, moreover, that the relevant
Clebsch-Gordan coefficient in (81) is unity in this
case.] The excited state is thus a pure state in this
case.

For linearly polarized light (o =0) the situation is
slightly more involved. For E=F'—1, the excited
state is not populated in the stationary limit, since
the substates ~F'M') with M'=+F' are not affected
by the field.

For E=F' where F is an integer, again there is no
excited-state population in the stationary limit,
since the Clebsch-Gordan coefficient

(F 0
I
F 0;1 0) =0,

so that I (0;0) disappears. Hence in the stationary
limit all atoms mill end up in the lower substate
iF'0).

The only nontrivial cases for linear polarization
arise when E=E' and E is a half integer, and when
F=F'+ 1. From (85) one may derive the ratio of
populations of neighboring substates, in the case
that o =0, and one finds

=N~ I I (FM —1 ~F'M;1 —1) I 2. (86)

In the case that E=F', the Clebsch-Gordan coeffi-
cients in (86) are opposites of each other, and we
conclude that all excited-state populations X~ are
equal for excitation with linearly polarized light of
a transition between two states with equal half-
integer angular momenta. Then obviously the excit-
ed state is fully isotropic, and all multipole com-
ponents ck with k&0 vanish.

In the case that F=F' + 1, the equations (86) are
solved by

NM n,——I (2F—1 0 IF —1 M'F —M) I

(87)

as has been shown by Macek and Hertel. ' The to-
tal excited-state population n, depends on the laser
intensity and the coupling strengths.

In each of these cases with a stationary popula-
tion of the excited state (circular polarization and
E=E'+ 1, linear polarization and E=E'=half-
integer linear polarization and F=F'+ 1), half of
the atoms populates the excited state in the satura-
tion limit.

The multipole moments of the excited state can
be directly obtained from the populations of the
magnetic substates. When the states

~

F) and
~

F')
are hyperfine sublevels, the multipole expansion of
the total density matrix can be reduced to the mul-
tipole expansion of the electronic state by applying
Eq. (A6).
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