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Theoretical photoabsorption cross sections for alkali-metal atoms in a static electric field
F are derived for energies near the zero-field ionization threshold (€ =0), extending a previ-
ous development for hydrogen. Spectra result from zero-field dipole matrix elements and a
density-of-states matrix Df;. The factors Dfj=({¥'| ¥ )~!);; represent a renormalization
of the photoelectron’s wave function W; necessitated by the long-range Coulomb plus Stark
potential. The matrix D contains all spectral information on quasidiscrete Stark levels
and continuum resonances, expressed as an algebraic function of (1) quantum defects y,
embodying core effects, (2) a frame transformation between spherical and parabolic coordi-
nates in the pure Coulomb field outside the alkali-metal core, and (3) factors Hf; and hf;
calculated from asymptotic amplitudes and phases of hydrogen-Stark wave functions of the
parabolic dissociation channels. Hydrogenic parameters are calculated semianalytically
within the WKB approximation; u; and dipole matrix elements are known independently.
Predicted cross sections for photoionization of the excited 3%P;,, state of Na agree with ex-
periment. The theory reproduces (a) asymmetric resonances observed at € <0,
parametrized as a Beutler-Fano profile for a simple case, and (b) the oscillations observed
at € >0, attenuated by factors cos2mu,; from their predicted depth in H. Dependences on
light polarization are sorted out for two-photon excitation.
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I. INTRODUCTION

Theoretical studies of the Stark effect of Rydberg
spectra have traditionally focused on the shifts and
broadening of the discrete levels of hydrogenic
atoms photoexcited from the ground state. Howev-
er, recent experiments performed on Rb,? Na,*—*
Ba,’ K, and rare-gas atoms,’ rather than H, have
shown two additional effects in the photoionization
cross section near the Rydberg series limits (¢ =0):
(i) A pronounced asymmetry in the profiles of the
high-lying Stark levels, and (ii) a series of
polarization-dependent =~ modulations  extending
beyond the zero-field threshold. The asymmetric
line shapes are evidently caused by interference ef-
fects between continuous and quasidiscrete channels
that are coupled by a nonhydrogenic core. The res-
onances (ii) were discussed by Rau,® in the general
context of external-field effects on Rydberg spectra
near threshold. Subsequent explanations®~!! have
based their qualitative success on a hydrogenic
model, whose potential (in atomic units)

V(if)=—1/r+Fz (1)

also pertains to the region outside an alkali-metal
ion core, r >ro~O0 (1 a.w). (F=F-%is a static uni-
form electric field.) The influence of the core has
not previously been evaluated explicitly. The
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present paper describes a theory, recently outlined
elsewhere,'? which combines the hydrogenic Stark
problem with field-independent core effects and
which reproduces the available alkali-metal spectra.

Our treatment of the nonhydrogenic Stark effect
rests on the fact that the Coulomb term of the po-
tential (1) overwhelms the Stark term whenever
r<<F~12.1000 a.u!'®"® Since an alkali-metal
core’s electrons are confined within a radius ry~O
(1 a.u.), where the Stark field can be ignored, the
photoabsorption process proper is adequately
described by zero-field parameters, namely, quan-
tum defects and dipole matrix elements of the
relevant atom. These quantities can be obtained
from experimental spectra'* or ab initio calcula-
tions. The photoexcited electron, on the other hand,
escapes to z— — oo in the long-range potential (1)
without regard to details of the ion core, whose po-
tential departs from a pure Coulomb form only at
r <ro. Thus, the separate physical stages of photo-
absorption and ionization are herded into separate
regions of physical space.

The closed-shell core potential, though compli-
cated, is spherically symmetric whereas the
Schrodinger equation with the potential (1) is separ-
able'>!6 only in parabolic coordinates (£,7,4). The
field axis destroys the spherical symmetry when
F5£0, but invariance about the z axis is preserved

2656 ©1982 The American Physical Society



26 THEORY OF THE STARK EFFECT 2657

and m remains a good quantum number. Orthogo-
nal parabolic eigenfunctions having n,;=0,1,2,...
nodes in the bound & coordinate perform then a role
analogous to that of Legendre polynomials having
!—m =0,1,... nodes. The common ground be-
tween the region of spherical (» << F~1/2) and para-
bolic (r > () symmetry lies in the broad zone

ro<r<<F~ "% au., ()

wherein the potential is purely Coulombic and is
therefore invariant under both symmetry groups.'®
In the range (2), the spherical-symmetry eigenfunc-
tions of atomic processes at small 7 can be expanded
into parabolic eigenfunctions appropriate to the
long-range potential (1) (or vice versa). Note that
the core occupies the region where both £ and 7 are
small. For this reason, the motion in & alone
remains external to the core even at £ ~0 (when £ is
not small), with unchanged n, quantization. The
core acts only on the combined motion of & and 7
by mixing the parabolic channels and producing
phase shifts in the  motion.

The Coulomb degeneracy in region (2) provides
the necessary link between photoexcitation of a
Rydberg electron and ionization in a Coulomb plus
Stark field. The final state of atomic photoabsorp-
tion in this region is represented by a wave function
W, (T) normalized per unit energy, e.g., in a WKB
approximation. This normalization would be ap-
propriate to calculation of the photoabsorption
cross section if W, could be integrated to 7 — o in
the absence of significant potential barriers. In the
presence of the Stark field beyond region (2), ¥,
will instead be redistributed among parabolic con-
tinuum channels, each of which has its own
density-of-states spectrum. The aggregate of these
densities of states represents the capacity of the
outer field for absorbing the photoelectron. This
quantity will be seen to take the form of a density-
of-states matrix, DpF,, which serves to renormalize
W, per unit energy and thus to represent the effect
of the outer field on photoionization. This matrix
embodies all spectral information on the nonhydro-
genic Stark effect through (1) parameters of the
Coulomb-Stark wave functions (Sec. II), and (2)
zero-field core effects represented by quantum de-
fects ;=8 /7. In the total cross section, Df; ap-
pears as a factor which simply modulates the zero-
field oscillator-strength density. This density-of-
states matrix is a novel concept which may find
broad application.

The effect of an alkali-metal ion core will be in-

corporated as an element of the modulating factor
DF, whereas the electric field has generally been
treated as a perturber of the zero-field Rydberg
spectrum itself.!” Theoretical aspects of hydrogenic
cross sections are thus seen to contain most of the
essentials for our treatment of alkalis. Earlier nu-
merical calculations’ on the ground-state photoab-
sorption by H in a Stark field have in fact repro-
duced the positions and spacing—though not the
depth—of the threshold modulations observed in
Na (Refs. 3—5) and Rb (Ref. 1). These structures
have been rederived and interpreted semianalytically
in a recent paper,!? referred to as I. The general
WKB methods of I are algebraically convenient and
will prove sufficiently accurate for theoretical appli-
cation to the observed alkali spectra.

The threshold modulations are predicted to occur
in H (Refs. 8—11) for m-polarized light
(||F;m =0—>m =0) but only weakly for o?-
circularly polarized light (1F;m =0—+1). Each
modulation corresponds to the threshold for a
specific n, channel, i.e., to the energy required to
reach that channel via photoexcitation of the
ground state. The effect of the core is merely to at-
tenuate the depth of the modulations, and possibly
to invert them, without shifting their positions.
However, the asymmetry of the sharp peaks below
threshold (corresponding to quasibound Stark lev-
els) cannot be reproduced in the hydrogenic model
alone.

We also extend here the treatment of single-
photon absorption to the two-step photoionization
used in the experiments of Refs. 3—6. Specifically,
we shall consider excitation of the ground states of
H and Na through an intermediate np level. In
two-step excitations, the photons may be polarized
independently and we must account for various pos-
sibilities: 7, mot, otot, otm, otoF. We shall
find the polarization-dependent results to be quali-
tatively similar to those of single-photon ionization
for both H and the alkalis. With reference to the
intermediate and final states ¢; and ¢y, the thresh-
old modulations are (1) large for m; =0—m;=0
(#r7r) transitions and (2) very small for m; and/or
my=+1. Generally, the modulations are larger as
the value of I — | m | in the final state is larger and,
for given I, | m | is smallest; the value of I — |m |
for the initial state is only of secondary importance,
in contrast to the predictions of Ref. 9 based on the
parity of [; +m;. In addition, Is coupling in a state
Y; with m j=% and j =% or % allows the atom to
reach different values of m, for 7 and mo™* polari-
zations, thus superposing large and small modula-
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tions, as well as sharp peaks below threshold with
different profiles.

II. HYDROGENIC PARAMETERS FOR
PHOTOEXCITATION

Our approach to photoexcitation of a Rydberg
electron conforms to the multichannel quantum-
defect theory,'® which emphasizes the distinction
between two regions of physical space and between
the behavior of the eigenfunctions in these regions:

(1) An external region, r>ry, where the com-
bined Coulomb plus Stark potential Eq. (1) permits
semianalytical solutions of the Schrdodinger equa-
tion, sensitive to barrier and threshold effects.

(2) A localized core, r <7y, where the Rydberg
electron has a large kinetic energy and is therefore
insensitive both to small variations of its total ener-
gy and to the presence of external fields. The
matching of wave functions at the core boundary
results in a coupling of the external solutions. This
coupling will be described by a K matrix, whose di-
agonal form depends only on the quantum defects
w;=38; /7 of the (alkali-metal) atom.

In Sec. IIA we describe the parameters which
characterize the external parabolic eigenchannels
for hydrogen in a Stark field F. We then apply a
coordinate transformation in the region (2) (Sec.
IIB); here the external field is negligible as com-
pared to the Coulomb field, which has both para-
bolic and spherical symmetry. The connection be-
tween the regions of different symmetry will prove
central in factoring the total cross section into (a) a
field-independent cross section and (b) a function
representing the threshold modulations and
broadened Rydberg levels induced by a finite Stark
field for single- (Sec. IIC) and two-photon (Sec.
IID) excitation. The derivation of hydrogenic pho-
toionization cross sections in Secs. IIC and IID
will contain all the essential ingredients for con-
structing nonhydrogenic cross sections.

We will view photoexcitation of a hydrogenic
state ¢, =1 as taking place at r <ry, as described
in Sec. I. The frame transformation to the parabol-
ic region at larger distances then serves to represent
1; as a superposition of continuum basis functions
of the electron escaping in the potential (1). Ortho-
normalization of the set {1;}] via the overlap matrix
(¢ | ;) ~'/? determines the extent to which each
photoexcited spherical function ¥; is “absorbed”
into the continuum. The Stark effect will thus be
ultimately encapsulated in a density-of-states (DOS)
matrix

Diy=[{¢' |¢) 1 .

This matrix replaces the DOS of the spherically
symmetric wave functions, 8;;8(e’—¢€), determined
by the photoabsorption process proper at small 7, by
the DOS of the continuum parabolic functions ap-
propriate to ionization. This method will be readily
extended (in Sec. III) to include the coupling of par-
abolic eigenchannels by a spherically symmetric,
closed-shell ionic core; experimental or theoretical
dipole matrix elements and quantum defects will
appear as semiempirical input parameters.

A. Hydrogenic eigenfunctions

The Schrodinger equation for H (Z=1) in a
combined Coulomb-Stark potential v(T)
= +Fz —1/r is separable!’ in parabolic coordinates,

E=r+z=r(l+4cosf),
n=r—z=r(l—cosf) .

The resulting equations for £ and 7 (taking m >0)
are

[ d? mi—1 B 1
£ o - 2 F. 1/25 F
dé—Z 452 § —{e s § g /Z-B(g)
=0, (35)
d? m*—1 1-B 1
W 4n? Ty et

Xn2Yf(n)=0. (3b)

The total energy-normalized wave function, regular
at r=0, is then

im¢
¢£.1m=¢§(§,n,¢)=j_7s§<§w§(n). )

The factors £!/? and 7!/? in Egs. (3a) and (3b) re-
move first derivatives. We will frequently omit the
indices m and €, which remain good quantum num-
bers. All quantities considered here are continuous
functions of the energy.

The separation parameters B=f3; and 1—B=8,
appear in Egs. (3a) and (3b) as fractional Coulomb
charges. In this sense—and for fixed m,F,e—_3
determines the partition of nodes between the func-
tions EZg(£) and Tg(n), which extend in the up-
field (large &) and down-field (large 7)) directions,
respectively. The quantity

A, =p1—B,=2B—1=(n;—ny)/n

represents in fact the eigenvalue of the z component
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of the Runge-Lenz vector,
A=FP—(BXL—LXP)+O(F),

operating on the quasibound states. At F=0, the
conservation of both A and the angular momentum
L follows from the SU(2)XSU(2) symmetry of a
pure Coulomb field.!*!¢ Classically, 4, represents
the constant direction of the major axis of a
Keplerian orbit with given eccentricity or angular
momentum. In wave mechanics, of course, bound
orbits are quantized. In the presence of a Stark
field, quantization occurs only in the motion in &
[see Eq. (25) of I]:

172
& m?* B ', ,
Jo |—agatgrrie—ire| 4

=r(ny+5). (5)

Note that ._3(§ is bound at all € for F #O owing
to the confining potential + Fz, whereas Tﬂ(n) can
tunnel to 17— o0 even for € <0 and thus belongs to
a continuous spectrum. For fixed F and m and for
a given number of nodes n;=0,1,2,... in &, the
real eigenvalue

Ble,Finy,m)=PBéy m

defined by Eq. (3) is a monotonically decreasing
function of € (see Ref. 10, Fig. 2); at all € there is a
one-to-one correspondence between n; eigenchan-
nels and the discrete eigenvalues Bf,,l,,,. We will use

the channel labels n; and B interchangeably and
sometimes write simply S for Bf,,lm. The orthonor-

mal set of parabolic eigenfunctions E§(§ ) (at fixed
€) plays a role in Eq. (4) equivalent to that of the
associated Legendre polynomials Pj,(cosf) in the
spherical eigenfunctions of H.

A second eigenchannel parameter  is

NE nym =N} g >0, the energy-normalization amplitude
of 1/’6"1"' _1,03, which is fixed at 7 — o such that

[0l mtls mdr=08(e'—¢) .
[The notation here differs from that of paper I (see
Ref. 10), which defined NGF,, m as an intensity.] The

squared amplitude ( sﬁm) represents the density of
states at £ ~7 ~0 in the n; channel; NE g itself con-
stitutes the energy-dependent factor in ¢H near the
core:

Yh(£~0,m ~0)
=NZL&, {e™Qr)" V)" [14+0(r)]} .
(6)

Note that the bracketed function in Eq. (6),
¢€F,g,,, /N is essentially energy-independent, to
O(r). Its behavior at small r is determined instead
by B and m; its dependence on € is relatively insig-
nificant, owing to the large kinetic energy at small
r. When € <0, the important effects of the barrier
formed at large n by the Coulomb and Stark poten-
tials are represented then by exponentially small
values of Nepﬁm except for sharp peaks at quasi-
bound Stark-energy levels (see Sec. III and Appen-
dix A). These levels quickly broaden out at
€>e.=—2V B,F, where the critical energy e,
marks the top of the n barrier in an n, channel.

In each n; channel with m=40 and € >0, Ne B
peaks as a function of the energy at By =fB,~7,
since | |? then tends to be repelled from the z axis
by centrifugal forces. In general, according to 1,2
we have

| ﬂm| <(B1B)", 0<Bi=1-B,<1. (7

If m=0, on the other hand, NeﬂO is not strongly
sensitive to the direction and |y |2 may thus be ap-
preciable along the z axis, i.e., at BE,,IO ~1 (or 0). If
either B;=B<0 or B,<0 (B>1), however, the
Coulomb barrier formed in & or 9 renders NEB,,, ex-
ponentially small. In fact, Neﬁo changes dramati-
cally whenever B,=1— Be,,lo passes through zero in
the range 6"—k2>0 For  fj,~0,
NeBO oc(1+e )"/ 2 rises very abruptly'® from

=By 2k to about 1/n; in a given n; channel.
[This effect is smoothed out for m =0, since (N, g )2
is already small according to Eq. (7).] In the fol-
lowing, we shall ignore those channels below thresh-
old with 3, <0, since then

(Np)* <exp(— |2€ | /2/3F)

is always negligible.
The energies 6:; at which ﬂepnlozl correspond

then to the following joint condition: (a) concentra-
tion of 1/15,10 along the positive z axis with n; nodes,

and (b) maximal amplitude of z,l'f,;lo atr =0 (1 a.u.).
The energies e,,F1 mark the resonance peaks observed

at € >0 for m(final)=0 in the total photoionization
cross section, which favors excitation along the z
axis.

B. Coordinate transformation

The transformation between regular eigenfunc-
tions in spherical and parabolic coordinate bases
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emerges when we first consider the pure Coulomb
potential. At zero field the nth level of the discrete
Rydberg spectrum (e =—+n~2) has n? degenerate
eigenfunctions. For each |m | =0,1,...,n—1 of
a particular level, one can construct a complete set
of n— |m | orthogonal eigenfunctions in either
spherical or parabolic coordinates. (For € >0 in-
stead, these eigenfunctions are denumerably infinite
in [ or continuous in B.) The discrete eigenfunctions
are energy normalized, in the sense that

dn
f¢e’¢ed7— =8, E =n 3Sn'n . (8)
Any one of the parabolic functions can be expanded
in the set of spherical functions,?! or vice versa:

GBM 2 Uﬁl 1/}elm s 9)

where the expansion coefflclents Ug" are limited to

I<n—1 when € <0. When 1/)£Bm and Yenm are nor-

malized as in (8), the transformation matrix

Ugl'=(ePm | elm ) is orthogonal for fixed € and m,

i €.y U B= =(U~ )
S Ui Ug

n

S U U =888 mm - (10b)
!

;a,,a,,, - (10a)

The sum over n; in Eq. (10a) actually stands for a
sum over the eigenvalues

Be,,lm (n, +%+%m)/n .

In fact, Ug" is Wigner coeff1c1ent which couples

spinor elgenfunctlons of —(L+A), 16

Ugl'=(Im | ju ,ju_) , (11)

21+1

Na=0Grin

H(1+26p)

Note, however, that for € <0 (discrete spectrum)
and € >0 (continuum) the normalizations (8) and
(8') for vy, differ by

S(e'—ev3=8(v'—v) .

We now consider the wave functions ¢5Fﬁm /Nggm
and ¢, /Ng [in braces in Egs. (6) and (12)], which
are normalized independently of energy at the ori-
gin. (The role of energy-independent normalization

1
1211, e=—35v

where jz%(v—l), /Li=%(m +vA,),
=(—2€)""2 and 4,=2B8—1.

Equation (11) has been presented here for zero
field and € <0. Formal extension to continuum
states and nonzero field implies that j and p., are
no longer rational, or even real, for € >0. The for-
mula extends nevertheless to such values by analytic
continuation,'? but it must be complemented by fac-
tors that reflect the proper normalization of the
wave functions. '

In the presence of a finite Stark field, 1/153,,, is a

ontmuum function at e = ——v 220 as well as at
€= —k >0, energy normahzed according to

[ Vetbedr=8('—¢) ®)

as in Sec. IIA. The energy normalization depends
on the wave function’s behavior in the Coulomb
and Stark potentials at »— «. However, the coor-
dinate transformation is of interest at small r, where
the Stark field is negligible, because the overlap be-
tween 1[/55,,, and the localized initial state ¥; in the
transition dipole (1/;3 | 7 | ¢;) is appreciable only for
r <0—10 a.u. We should like, therefore, to separate
the dependence of the expansion coefficients Ug"
from the influence of long-range fields and of de-
tails of the energy normalization. Accordingly, we
explicitly factor out the energy-normalization am-
plitude N2, from 1//5,,,,, as in Eq. (6). Similarly,
we factor out the normalization amplitude N; from
the zero-field spherical function ¢, :

¥y(r ~0)=Ng{e™(2m)~1/2P,, (cosO)r[14+0(r]} ,
(12)

where!>18

_2<0
(1—e—2m/k)=172

e=+k>>0. (13)

[

has been described in Ref. 18.) These functions are
completely characterized in the Coulomb potential
at small r by their values of /35,1,,, and /, respective-

ly, along with € and m. The fact that /35,,1,,, is

determined by a boundary condition at large £ is ir-
relevant to the transformation at small 7, i.e.,

Vepm /Nigm =Vgm /NGRS, r << F~172 (14)

We therefore write an expansion analogous to (9),
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= Y af"(Yeam/Na), r<<F~'7%.

l=m

Véom /Nlgm

(15)

The coefficients ag" are now free from the effects
of the Stark and Coulomb potentials at large r (ex-
cept for the implicit dependence on F through the
eigenvalues B), which are instead embodied in the
amplitudes N5, and N,. By rewriting Eq. (15) in
the form

Veom= 3, (A" Nigm /Na)Weim = 2 Ugteim »

Il=m

(16a)
|

2Em— (—1)™/4 +2m"?
= N A m —m)] &

sl

where n; =8;v+ % + -;—m (i =1,2), are polynomials
of order /| —m in A,=2f—1, just as the associated
Legendre polynomials are of order / —m in cosf
and sin@; the first few coefficients are given in
Table I. [The factors that multiply the Wigner
coefficient in Eq. (13) of Ref. 13 are represented in
our Eq. (16) by the ratio Ny /Nig.]

The transformation between parabolic and spher-
ical bases, Egs. (16a) and (16b), is appropriate to the
pure Coulomb region r << F~!/2 a.u., for any B or l.I

1, €>0
EUIBUBI — 8” 8(

l+m
1 —k

l—m

v'—v)b,,, 6—-—%1/2 (n=12,..

we explicitly extend the transformation (9) to
nonzero F in the region where F is still negligible.
We also formally specify the transformation inverse
to Eq. (16),

Yeim = E(U_l)lﬂlpffém ’ (16b)
B

but will never actually need to calculate (U ‘1)1,3

The coefficients ag" of Eq. (16a) embody the
purely geometrical aspects of the coordinate
transformation, which are represented by the
Wigner coefficient (11) in the special case F=0,
€ <0. In general, ag" remains real, even though the
parameters v and p,. of Eq. (11) become imaginary.
These coefficients,

C(n+1v™~'T(n,+ 1)
T(ny+1—k)C(ny+1—14+m +k) ’

(17

[

In the parabolic region, however, the Schrodinger
equation is not separable in spherical coordinates.
Here the parabolic eigenfunctions ,1,[}5;,,, of Eq. (1)
cannot be expanded into the set of spherical func-
tions {1¢, }, which satisfy a Schrodinger equation
for a different potential (i.e., F=0) at the same €.
Therefore, the transformation matrix Ug is
nonorthogonal at fixed €, except for the special case
F=0, where

18
. (18)

The € <0 form of Eq. (18) follows from the different normalization conditions (8) and (8') for the discrete and

continuous eigenfunctions, as noted above.
. C. Photoabsorption cross sections in H

The cross section for single-photon excitation of
the ground state |0) of H is given by an incoherent
sum over all independent continuum channels,

oFle)=(4r2atio S | (W |rm|0) ]2,
"1=0
(19)

where a=1/137, the photon energy is #iw =6+%
a.u., and r,, =r cos@ for 7 polarization and

Fm =1 sinfe % /v2

for o* polarization. [Note that of(e)/2m%a equals
the density of oscillator strengths (df /de)g.] In or-

der to express Eq. (19) in terms of ordinary atomlc
parameters, we expand the parabolic function 1//6,3,,,
into spherical functions ¥, at small », where it
overlaps |0). Insertion of the expansion (16a) into
the dipole integral in Eq. (19) yields

TABLE 1. Expansion coefficients ag" defined by Eqs.
(14)—(U7); A, =B1—B,=2B5, m—1

=0 1 2
m=0 ‘/E _(%)I/ZAZ + 1/2[A2 1+2€)]
44172 1/
10 —(dy +(15) 2,
16
2 0 0 +(F)1/2
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Yo 17w 10V =S, Upt(em | 7m [0),  (20)
I=m

Up=Usl'=agl(N§/Ny) , 21

with Ug from Eq. (16a). The dipole selection rule
Al =+1 implies that only the /=1 term survives in
Eq. (20), since /=0 initially. The cross section (19)
thus reduces to

ofle) =(4r%atiw | (Yeim | 7m | 0) | %) 2 (Ugy)? .

ny=
(22)

This result was obtained in slightly different form
in Sec. IB of paper 1. The bracketed expression in
Eq. (22) is simply the zero-field photoabsorption
cross section, of =%(¢), for a hydrogenic s —p transi-
tion, which extrapolates smoothly to € <0 by the
normalization (8) of ¥,,. Thus, 0¥ =%) represents
the average oscillator-strength density at € <0 and
varies only slowly within 0.1 eV of threshold. The
fact that of =%e) can be explicitly factored out of
of(e)—even when there is a finite Stark field—is a
major feature of the present theory and will apply
in a similar way to the alkali cross sections.

The sum of squared expansion coefficients in Eq.
(22) appears as an energy-dependent modulating
factor, H"(e), which multiplies o =%e). The same
values of / (I=1) and m (0 or 1) appear twice in
each term Ug['Ug[", since the squared dipole enters
into the single-photon cross section (19). However,
two alternative values (/,/") occur generally in two-
step photoionizaton for the final state ¢y, Interfer-
ence terms will then arise between different / chan-
nels in . Therefore, we define a more general
modulating factor Hf; as a matrix element (in an
infinite X/ space) of the squared transformation
matrix (21):

Hfy=(I'm’ | HF | Im ) =8,,,, 3 USF' UG .
B

(23a)

Cross terms with m’'s£m do not appear in Eq. (23a)
since m is a good quantum number. We will often
use matrix notation, writing

Hf=UU, (23b)

with the indices /'/ and the sum 3 ; understood.
Note that the matnx HY, is symmetric in I'<>]. In
the limit F—0, Hf; becomes diagonal because Eq.
(23a) reduces to the orthonormality condition (18),
and the total cross section (22) (with I'=I[=1)
reduces to its proper analytical form for hydrogen,

, €>0

af
de |p_o (24)
fu8le+3n"2), €<0,

ofle) —» 27
F-—>0

where f, is the oscillator strength for a ls—np
transition.

It is important that H(e) depends only on the
final-state hydrogen-Stark wave functions 1/}5;,,,.
The identity of the initial state and even the details
of the transition itself are contained entirely in
o¥=%e), except for the specification of the final-
state angular quantum numbers / and m. The ef-
fects of the Stark field are contained instead in
H¥(€), to the extent that Hf; differs from 611, Eq.
(18).

An alternative and, for our purposes, more fun-
damental derivation of o%(e) follows from first con-
sidering the photoabsorption process proper,
represented by (s |r, |0). Excitation of
the ground state | 0) leads to the excited state |y )
in the limited region of their overlap, r <<F~
a.u. In this region the final state is equal to
Ye,1=1,m> to within normalization. The evolution of
Yem to continuum behavior at large distances is
then represented by its expansion (16b) into parabol-
ic functions. However, the superposition (16b) is no
longer normalized to &;,6(e'—e€), nor is the set
{¥em }, in general, orthonormalized, because Ug; is
not a unitary transformation since [(H¥)~!];; re-
places 8;; in the overlap matrix

( ll)e’l‘m'

y= S (U pg(T )8 (e’ —e)
B
=[(TU) 1118 mmb(e—e€)
=[H) " 1118pmmB(e —e€) . 25)

Orthonormalization of the states {¢,,} by the ma-
trix (¢’ | ¥ ) ~/? now leads to the cross section

of(e)=4m’ati (0| 1y | Yerm W' | ¥) 11y

X(¢'elmlrm|0>, I'=I=1 (26)

which is identical to the expression (22) with
Di=[{¢' 1)l =Hfy . @7

Note that the normalization factor 8(e’—¢) in Eq.
(25) has been absorbed into the dipole matrix ele-
ments in Eq. (26), so the inversion in Eq. (27) is re-
stricted to the matrix of coefficients [(H)~1];,.
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FIG. 1. (a) DOS matrix element Df; for F=77
kV/cm, m=0, I'=1=1, near the ionization threshold
(e=0). HFY,, hydrogen; ---- Df,, Na [Eq. (58)].
Quasidiscrete Stark levels labeled by (n,n,n,,m). Ar-
rows numbered by n; mark Banlo=1; i.e., resonances at
€=e, . (b) Hf} and hf}, Egs. (23) and (55), for m=0,
same F. Note anomalous dispersion in h¥ at Stark reso-
nances.

The factorized form of () therefore has a direct
interpretation in terms of the separate physical ef-
fects of (a) photoabsorption and (b) ionization in the
long-range Coulomb-Stark potential.

Figure 1(a) (solid line) shows H7,(¢) for

F=15%x10"%au.=77kV/cm,

final m=0 (7 polarization), and € ~0. The param-
eters Bg,l,,, and N 5 for Fig. 1 (and all other figures

herein) were calculated by the WKB procedures
described in paper I. We note here a few general
features of H(€).

(1) The sharp symmetric peaks, which correspond
to the highly excited, quasidiscrete Stark states,
broaden out and disappear above € =~ —0.001 a.u.

(2) Regular modulations set in at € = —0.002 a.u.,
persist beyond threshold, and peak at the resonance
energies e,,Fl marked by the arrows and their values
of n; in Fig. 1(a). These features overlap the sharp
peaks in a small region below threshold.

(3) At € >0, HY ranges equally above and below
HF=1. Thus, the presence of a Stark field induces
an oscillatory modulation of the zero-field cross sec-
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FIG. 2. Matrix elements as in Fig. 1, but with m =1
and expanded vertical scale: (a) D} for H and Na, (b}
HY and hf. Note Stark levels and detail of small
threshold modulations in Hf,.

tion, so that the oscillator-strength density is (at
least approximately) conserved on the average above
threshold. The spacing and depth of the modula-
tions grow with increasing F and reduce instead to
HF(e)=const=1 as F—0.

(4) The background at € <0 drops to zero at the
classical ionization energy €;,, = —V'4F and rises to
unity at € >0. The envelope or depth of modula-
tions, 2 | H¥—1|, decreases at € >0 roughly as

4exp[_3(€_6ion)/ l €ion I ]
~0.20exp (—3€/ | €ion | ) -

Figure 2(a) (solid) shows HY(€) for |m | =1 (o
polarization) and F=77 kV/cm, with the vertical
scale expanded [see also Fig. 2(b)]. Above thresh-
old, Hf; —1 is only a fraction of a percent; below
threshold, of course, one still observes sharp peaks
at the Stark levels.

D. Photoabsorption from an excited state

The extension of the cross-section formula (22) to
include two-photon transitions through an excited
intermediate state is straightforward. Here we con-
sider the following case.

(1) The first photon excites the ground state to an
np state, ¢;, saturated by a laser.
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(2) ¢; is described by a superposition of Im;smy
basis states (tol be lsscouplcd in Sec. IV to a specific
Jjmj state, j =7 or 7).

(3) ¥; is localized within a region where the Stark
field is still negligible; this requires n <<F~!/* (see
Sec. IB of paper I).

In hydrogen, one should also take into account the
linear Stark splitting of the nth level,
Ae=%n 2F(2B—1). We forego this complication,
however, because of our primary concern with ap-
plications to nonhydrogenic atoms, whose linear
Stark shift is zero and whose quadratic Stark shift
is negligible.

The total cross section (19) for absorption of the
second (ionizing) photon is therefore given by Eq.
(22), with |¢;) in place of [0). Once more, Eq.
(14) holds insofar as y; and 1//53,,, overlap appreci-
ably only where Fz <<1/r. Now the dipole integral

(20) contains both p—d and p—>s transitions if
|

opHYE +20 F+0' E
(€)= {0yt 0g) | 22 20H 30 +000H o
02+ 000

m(final)=m;=0, but only p—d if my=1 or 2.
The hydrogenic photoionization cross section thus
becomes

ofe)= o5~ e)H 7, (€)+ 20755 (€) H1ol€)
ol HEe) (28)

where the modulating factor Hf; is defined by Egs.
(23a) and (21). The presence of the cross term in
Eq. (28) requires us to define

O’[F"1=0(€)
=(4772a)hw(¢i |rm |¢el’m >(¢elm |rm I 1/’1) 5
29)

we will henceforth omit the superscript F=0 of o.
[Note that the angular brackets in Eq. (29) indicate
both radial and angular integration.] The zero-field
total cross section, 3, 0y =07+0¢, may be fac-
tored out of Eq. (28) as in Eq. (22) by writing

(30)

The expression in parentheses in Eq. (30), 0¥ /(04,+0y), represents the modulation of (o, +0g). The in-
terference term between /=2 and /=0 channels, 20,,H %, may be of either sign, depending on the angular in-
tegrals in Eq. (29). In the limit F—O0 this term vanishes owing to Eq. (18), and Eq. (30) reduces to the zero-

field analog of Eq. (24) for two [ channels.

The cross section (28) generalizes Eq. (26) since photoexcitation to final s and d states in the region
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Fig. 1(a), m=0: (a) D&, (b) D5, =DE, (0) DL,

T l T ! T I T
=] = = (aim=1
== =T = | -
= = o !
— i I 1
= \] vV
- ! i
/'I I
0.9/ NV | -
A ’ | A
T 1 . | ; | LT
04 = & ' (hmep -
: Ep! 3 (b) m= 2
’\: |'02_ :.:" ﬁ; | n
= == = !
e 1,00 i~ -
N |
0.98 | 4
U | . | A | . iy
-0.002 -0.00I 0.000 0.00I

e(a.u.)
FIG. 4. D%, for H and Na as in Fig. 3(c), but with (a)
m=1, (b) m=2. D% and HZ%, almost coincide since
,u2~0.
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TABLE II. Hydrogenic cross sections for photoionization from an intermediate np state, Eq. (28); see Egs.

@N—-24; 35 =37 0, B =Ben m-

Gi(e)=(4m%a)[2"°3%(1+18¢)77]

v—3
v+3

- -1 - - 1
e —(4/ktan Jk(l__e 21r/k) l’ €='2'k220

1
, €=—5v7<0

Gz(G)EG](E)/Zm

Polarizations m;—ms ofle)/Am*atn afle), | i) =|n=3,l=1,m=0 or 1)
wr 0—0 =(REHE, Gile) %(N,;)%[(zﬂf_nt%]z
(HF for m =0) +§“}—§<R:%R:? JHo+ T (RS VH .GalE) g+ Fre+ 14e?)

oto~ or o7t 11

2

S RHE

Gl<e)§ (NEP5[(2BF =17 — (3 42€) ]

(HF for m =0} —;—‘/—B(R:%R,f?)Hfo+%(R,f?)2H§0 . Ga(€) 55+ Te+6€?)
mot or wo~ 0—1 . G,(G)E(Nf)z—;{(ZBF—l)z
S(RFH S, 5
otmor o 1->1 =, Gale) 7 (142€)(1+8€)
(HF for m=1)
otot or 070~ 12 2(RErHE G,(e)z(N§)2F—>OGZ(6)(1+2€)(1+86)
< ¢
(HF for m =2)

r << F~1/2 requires us to keep all four pairs of spherically symmetric wave functions |, )(4;|, as in Egs.
(28) and (29). Renormalization by the DOS matrix (27) leads once more to Eq. (28) in the form

ofle)=n’a)tio 3, (Wi | 1 | )P |9~ Tii iy | 1 | 9)
'l

=3 [y’ | )~ Inonte)=Tr[H o(e)], I'J]=]+1. 3D
7]

The three modulating factors Hey(e), Hio(e),
and HZX,(e) are shown in Figs. 3(a)—3(c) (solid
lines) for m;=0 and F=77 kV/cm, while Figs. 4(a)
and 4(b) show H3,(€) for my=1 and 2 (and F=77
kV/cm). Note the qualitative similarity of all three
curves in Fig. 3, especially the fact that they ap-
parently oscillate in phase both above and below
threshold. Also note that | Hjj —1| increases with
at all €; HZ, is intermediate in magnitude between
HY, and HY; and H%,(e) in Fig. 4 is much flatter
above threshold for m=1 and 2, in analogy to Fig.
2(a) form =1 =1.

The nine possible polarization combinations of
the two photons lead to only four distinct cross sec-
tions for the transition process ls—np—ed +es:
(a) 7w, (b) oto~, (c) mo™* (same as ot ), and (d)
oto* (if we ignore Is coupling). The corresponding
cross sections are listed in Table II in terms of the

lradial dipole matrix elements RS'*! and RS ™!
(I=1) and of the values of the angular integrals.
Also shown in Table II are the analytic expressions
of the cross section (28) for a hydrogen n =3 inter-
mediate state,”? which are explicit functions of ¢,
NE,., and 4,=2B—1 (note that ooy=0,0=0 for
ms=1 and 2); the zero-field cross sections o(€) are
analytical functions of € alone.

The polarization dependence of the depth of
modulations above threshold for ¢; with »n =3,
I=1, m=0 or 1, is illustrated in Fig. 5, which
shows all four o%(e) on the same vertical scale (in
a.u.; F=77 kV/cm). The dashed lines mark the
cross sections for F=0 (see Table II). The qualita-
tive features of these curves for two-photon excita-
tion are the same as for single-photon excitation (cf.
Figs. 1 and 2), but are enhanced here: The modula-
tions are largest for m ;=0 and decrease for succes-
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FIG. 5. Two-photon ionization cross sections for hy-
drogen of(e) for F=77 kV/cm: (a) w7 (m =0—>m =0),
b otoFT (m=1-m=0), () wo* or o¥nr
(m=0-m=1 o m=1->m=1), () oot
(m =1—m =2); see Table II. Quasidiscrete Stark levels
labeled by (n,n,,n,,m); depth of modulation and n; peak
are shown at € =0. -, o7=%e¢).

sively larger values of my. This enhancement re-
sults from the larger value of [ in the final state
reached in the two-photon process. The size of I-m
. measures a spherical wave function’s alignment
along the z axis, maximal for m=0 and large I.
This focusing translates into parabolic coordinates
via the transformation coefficients ag” (cf. Table I),
which are most heavily weighted towards
A,=pB,—B,=+1 by their leading term A ™. The
presence of an alkali-metal ion core will not alter
this picture substantially.

III. PHOTOIONIZATION OF
NONHYDROGENIC ATOMS

In Sec. II, we factored the photoionization cross
section for hydrogen, Eqgs. (19) and (28), or Egs. (26)

and (31), into zero-field dipole matrix elements
ori(€) [Eq. (29)] and a density-of-states matrix
[{¢'|¥) "1 [Egs. 27) and (23)]. This separation
was effected via the coordinate transformation ag"
which is performed at » ~O (10 a.u.) and connects
the spherical eigenfunctions t,,,, appropriate at
small #, to the parabolic eigenfunctions 1/;59,,,, ap-
propriate to the Coulomb-Stark potential at large r.
The transformation is possible because both sets
{Yeim } and {p,, | are regular solutions of the same
Schrodinger equation in the intermediate zone (2)
characterized by a pure Coulomb potential.

In this section we apply the prescription of Sec.
II to derive expressions for alkali cross sections
o’(e) analogous to Egs. (26), (27), and (31) for H.
We again utilize the transformation (16a) or (16b) in
the Coulomb zone (2), but the presence of core ef-
fects necessitates an additional transformation for
hydrogenic eigenfunctions irregular at r=0, which
are defined through the Coulomb Green’s function
(Sec. IITA). In the expressions for of(e) we then
identify a generalized density-of-states matrix,
Dfi=[{¥'|¥)~'];4, which modulates the zero-
field cross sections o; of the alkalis (Sec. III B) and
which contains all spectral information on the Stark
effect, including asymmetric line shapes at € <0
and a series of modulations at € >0 (Sec. III C). We
shall characterize the asymmetry for the simplest
case of le by a Beutler-Fano parameter ¢, ex-
pressed analytically in terms of u; and of parame-
ters of the hydrogenic-Stark spectrum. Differences
between atoms appear only in their respective zero-
field parameters o}, and y;, which we assume to be
known from zero-field data.

We begin by considering an atom’s final-state
wave function in region (2) following photoabsorp-
tion. If the region r <ry is occupied by an alkali-
metal ion core instead of a bare nucleus, each of the
hydrogenic wave functions ¥, (T) acquires a radial
phase shift §;=mu; outside the core boundary ry.
The wave function W, (T) of a nonhydrogenic
atom is then written in terms of a radial base pair
[fe(r),8e(r)] of regular and irregular Coulomb

functions for the excited electron:

Wi (T)=cosd;[ fe;(r) —tand;g(r)1Y},,(0,0), ¥ >r, . (32)

A factor representing the wave function for the core electrons is implicit in W, but need not be spelled out,
since we will never need to treat these electrons explicitly. The oscillations of g (r) in the range (2) lag 90°
behind those of f;(r). Both eigenfunctions are energy normalized, e.g., as WKB wave functions

fatr) =12/ Asin | [ kG + 4|

(33a)
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ga(r)=—[2/7k(r)]%cos [ f’k(r')dr'+-:—1r , r>rp (33b)

with wave number
k(P =[—(I+5)/r*+2/r +2€]'/

and Wronskian W,(f¢,8¢)=2/m. [This energy
normalization applies to € <0 as well as to € > 0; cf.

Egs. (8) and (8').] For the total wave functions we
.|

Wi (T)=c088, f1(T) —sind;g;(T)

I
introduce the notation

[ID)=f (1) Y1 (0,8) =0m(T) , (34a)
g(T)=gq(r)Y;,(6,¢) ; (34b)
again we have omitted the labels m and €. The total

atomic wave function (32),

(35)

=[e™$(2m)~1/2]Py, (cosO) [cos, f(r) —sind;ge(r)] , (36)

is energy normalized over the range (2) by Egs.
(33a) and (33b), as was Y, (T)=f;(r) itself in Sec.
ITA. ¥, may therefore be treated on the same
footing as ¥, upon passing to the Coulomb-Stark
region via the coordinate transformation(s) between
energy-normalized spherical and parabolic func-
tions.

A. Core effects and Green’s function

The net effect of the core on the spherical solu-
tions W, is contained in the phase shifts §;. The
coefficient tand; in Eq. (32) may be viewed as a ma-
trix element of a diagonal reaction operator K, de-
fined on the core boundary r =r, and operating on
the regular solution

|elm)=vem /N »
Egs. (12) and (34a):
Ng{el'm |K | elm )Ny= —8pym ~'tan§; .
(37)

The diagonality symbol §;; in this equation applies
only to alkali-metal atoms with a closed-shell core;
it should be replaced for other atoms whose reaction
operator is not diagonal in a basis of spherical
waves. The normalization coefficient

cosd; = (1+tan?s;) 1/

is set positive by taking the quantum defects u; on
the branch

— <m<+7 (38)
ie.,

1

p—(py+ 5 )(mod ) — 5

[

This choice also ensures that the regular spherical
and parabolic functions are defined with the correct
sign at r—0, Egs. (6) and (12), and therefore
transform according to Egs. (16a) and (16b).

The irregular solution (34b) arises because the
core potential departs from a pure Coulomb poten-
tial at r <ry. The departure from —1/r acts as an
inhomogeneity whose effect is propagated by the
standing-wave Coulomb Green’s function

G, T )=m zg,(f’)f,(f") ,
ILm

F<r<F~12  (39)

a solution of the Schrodinger equation for the
Coulomb potential alone. The Green’s function (39)
is specified uniquely by our choice of boundary con-
ditions, namely, regularity at the origin for f; and a
90° phase lag of g; with respect to f; in region (2).
Furthermore, the Coulomb degeneracy in region (2)
implies that the spherical and parabolic forms of
G(T,T') must coincide there, as pointed out by
Fano."

We thus require the spherical Green’s function
(39) to be equal to its analog in parabolic coordi-
nates,

GUT,T)=2 3 XE(OWHT") /Wy (Y5, T5)
B.m

n'<n<<F~* . (40)

In analogy to Eq. (39) the right-hand side of Eq.
(40) is constructed with the regular parabolic eigen-
function ¢/ «Y4(n) from Sec. II A, Eq. (4), and
with a second parabolic function irregular at =0,
Xk « Y4(n), with the same eigenvalue S as P5:

eim¢

X m=XB(E,m,0)= Wor: =5EThm) .

(41)
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The function Y, 5(17) lags 90° in phase behind T,g(’r])
for 1<<n <F~'2, that is, only within region (2).
This relationship parallels the large-7 boundary con-
dition on g (r) expressed by Egs. (33). On the other
hand, Y and Y are continuum normalized at
n— oo; asymptotically, they oscillate like Airy
functions with a different phase relationship, dis-
cussed below.

We shall now verify that the Green’s functions
(39) and (40) indeed satisfy the same boundary con-

dition in region (2). To this end we consider a nar-
‘ J

row cylinder about the negative z axis, such that
O=m 5
Py, (0) «csin™0 ~(m —0)™

E=r(1+cos)=~5r(m—0),
and

n=r(l—cosf)~2r << F~1/%,

The regular hydrogenic functions in this region
reduce to confluent hypergeometric functions,'

filE)=Ngnle™e =" —0)"|r'F(—v+1 41,21 +2;2r /v) (42)

and

Yp(F)=Ngmle™e~""(m —0)"Ir"F(—Byv+ym +3,m +1,m/v) , 43)

where we have used

(é—n )I/Zmz[rZ(,n.__O)2]1/2m ,

=(—2¢)"12, F(.;E/v)=1,

and where numerical factors are lumped into N,
and Ng,. The factors in brackets are the same in
Egs. (42) and (43). The remaining factors are ana-
lytic functions in the variables 2r/v and 7 /v,
respectively, which coincide within our narrow cone.
We have seen in Eq. (16a) how the function (43)
could be matched by a superposition of the func-
tions (42). By the same token an irregular solution
lagging in phase by 90° with respect to (43) will be
matched to a superposition of solutions lagging in
phase by 90° with respect to (42). The uniqueness
and separability of the Green’s function in the
pure-Coulomb region guarantee that the matching
achieved in the narrow cone applies off the axis as
well. The spherical and parabolic Green’s functions
thus coincide throughout region (2) independently of
the Stark field.

This comparison of Green’s functions differs
from Fano’s treatment of nonhydrogenic Stark spec-
tra!® in the following respect. The Green’s function
is defined in Ref. 13 through its eigenfunction
expansion—i.e., as a principal part integral over all
e—which is brought to the form of Eq. (39) [or
(40)] only at r— o [17—> o0 ], where the Stark field
dominates. However, we have seen that the irregu-
lar functions must be defined with respect to the
regular ones in the pure-Coulomb zone (2). Thus,
the approach of Ref. 13 is incomplete, insofar as it
ignores the essential barrier effects below threshold
that produce interferences between parabolic eigen-

Ifunctions at 17— o0, as will be seen in Sec. IIIC.
Fano’s main contribution lies in the identification
of the Coulomb Green’s function in bases of dif-
ferent symmetries.

Normalization per unit energy of the parabolic
functions ¢3 and X§ g does depend on the field
strength F through barrler effects outside region (2).
If we begin with Y4(7) and Yj(n) for n <<F~'/?
in their WKB forms, Egs. (33a) and (33b) [with
k (r) replaced by

k(n)=(—5m2/m>+By/n+~+e++Fn)/?],
propagation across the barrier modifies their phases

and amplitudes'®:

Yhm) - Rf(2/mkCy )]lfzsin[f"km')dn'
+ 48k s
(44a)
Thn) — Spi2/mkn))sin | ["kin'i
71—

+%w+8§—7§] :

(44b)

The asymptotlc relative phase shift 7/3 dlffers in
general from —17 but lies in the range 0<‘y,3 <.
(The absolute phase shift 84 is discussed in Ref. 10
but is 1rrelevant here.) The ratio of amphtudes of
'Y‘B(n) [or TB 1)] at small and large 7 is (Rf;) !
[or (SB )~!1. In order to regain the continuum nor-
malizaton [2/7k (17)]'/%sin( - - - ) appropriate to the
ionization region 17— o0, we multiply Eqgs. (44) by
these ratios to obtain
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(WEgrm | Vogm )= XE grm: | XEgm ) =8(€'—€)85 8 » (45)
(¢5B’m’ Ixfﬁm ) = (Xf'B'm' I '/’e%m ) =005758(€'-6)8B’ﬁ8m’m ’ (46)
W, (Y5, Y 5)=(2/m)sinyg=(2/m)RESH " . 47

Explicit expressions for Rg, Sg, and yf; are given in Appendix A; we note here the following properties of the
amplitudes and phases, illustrated schematlcally in Fig. 6 (a) at energies sufficiently above the barrier top
(e >0), R ! and $~! approach unity and 7’B reduces to 1r for all B; (b) below the barner top, € <€, R!
and S ! are exponentially small and Y8 F>0 or <m, except that (c) near a resonance R ~! is very large with
(approximately) Lorentzian profile and *}75 rapidly increases by =~ through its value 'y,3=-77 at the reso-

nance.
The equivalence of the Green’s functions (39) and (40) now serves to relate the irregular functions in region

(2) with the boundary conditions and normalization conventions prescribed above:

Gc(?,F')=W Zgl(f')fl
ILm

)_FZXB(I' Jescypa(T)

=73 [s,fx,,(r)][R,W ()], r'<r<<F~12. (48)

B.m

The role of the Wronskian (47) in the Green s func-
tion (40), performed in (48) by cscyB or SﬁR , is to
reduce the parabolic functions Tﬁ( ) and Yg(7) to
the same normalization as g;(T) and f;(T), thus re-
moving any barrier effect from the Coulomb
Green’s function. [The Stark field exerts only an
implicit effect by determining the spectrum of
eigenvalues B(€,F;n,m).] The transformation be-
tween the sets {g;} and {Xg] follows immediately
upon substituting the transformation between {f;}
and (¢} into Eq. (48). In the present notation

-1
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T st YeEm
H i i ) -
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p im \s”@ Tﬂn/T’n ;;
o
(b) He= “Pi \}\m x AN AN
— S S/ AV
yﬂf
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FIG. 6. Wave functions TF (n) and T (17) (schematlc)
in the potential V(n)=-(m>—1)/9*—B,/7 ——Fn
(B,>0), showing different barrler effects. Amplitudes
fixed by energy normalization at 7 — oo; relative phase
S fixed at 7 <<F~"% Amplitudes (R§)~" and (S§)~!
induced at 1 <<F~'% relative phase 'y,‘; induced at
N— . (a) € >>¢€,, weak barrier reflection. (b) € <€, bar-
rier tunneling off resonance. (¢) € <€,, Tg quasibound at
resonance in the potential well.

|
Eqgs. (16a) and (16b) read
VE(D) =3 Upfi(T), (49a)
1

[ilT)= S (U gD ; (49b)
B
Eq. (48) then yields

XB(T)= Esm‘yﬁ “Hagl(T), (50a)

g;(f')= 2 U]gCSC}’BXB(?) (50b)
B

with constant values of € and m implicit
throughout. Note how the transformation UR in
Eqgs. (48) and (49) is replaced by (UR)~! in Egs.
(50), which equals UR only for F =0.

B. Photoionization and generalized
density-of-states matrix

Our treatment of photoionization for alkali-metal
atoms now follows as a generalization of Secs. IIC
and IID for H. We consider photoabsorption by an
atom in an initial state ¥; that is confined to r <rg.
¥; may be the ground state or a low-lying excited
state. Following photoabsorption, the final-state
spherical wave function ¥, (T), Eq. (35), evolves
through the Coulomb zone (2) and into the ionizing
region, 7 — oo, where it must be continuum normal-
ized in the parabolic basis. We accordingly replace
the basis functions {f;(7),g;(1)} in Eq. (35) by their
respective expansions (49b) and (50b) into the
energy-normalized basis functions {¢5(7),X(T)},
giving, for r > r,
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Wi (F)=cosd; 3, (U )g(T) —sind; 3, UgeseypXp(t) (51
B B
=[ei'"¢(27r)”1/2]253(5){[COSSI(U“1)IB]T§(17)——[sinS,ﬁ,Bcscyg]T_g(n)} . (52)
B
In matrix notation, Eq. (51) reads
¥ =cosd U~ 'ypF—sind Ucscy T, (53)

where the sets of functions {¥;}, {¥/4}, and {X}} form column vectors and trigonometric functions represent
diagonal matrices. Each parabohc channel in the superposition (52) contains one eigenfunction ._,3( £)and a
linear combination of TB(T/) and 'Y‘B(n) as Eq. (36) contained one function of cosf and a combination of

fsl(r ) and gel( ).

In order to orthonormalize the set {¥,;}, Eq. (53), we construct the overlap matrix {¥ ' | Wepm ) :

(W' | W) =cosd U~'U " 'cosd +sind Ucsc’y Usind —cosd U~ cosy cscy Usind

—sind Ucscy cosy U~ cosd

=(cosd —sind Ucoty U)(UU)~!(cosd — Ucoty Usind)+sind UUsind , (54)

where we have taken the transpose of the coeffi-
cients in | ¥ ); an overall factor §,,,,8(¢’—¢€) is un-
derstood. In the first line of Eq. (54) we have used
(1) the orthogonality of the elgenfunctlons ._.B(é')
and (2) the overlap integrals for ¢'ﬁ and X5 5> Eqgs.
(45) and (46); in the second line, (3) the identity
csc’y =1+cot’y. Note that each channel in Eq
(54) 1ncludes a pair of znterference terms between z/),g
and x5 g» proportional to cosyB These terms vanish
in the special case of hydrogen, where all §, =0, and
we recover Eq. (25).

Core effects appear in Eq. (54) only through the
short-range phase shifts §;. The Stark effect is
manifest instead through hydrogenic parameters
determined by the potential [Eq. (1)] (1) the ampli-
tudes of barrier penetration, (Rﬁ) 1, appearing
in the normalization coefficient NB in Ug [Egs.
(21) and (44a)], and (2) the asymptotic phase shifts
7/3 _The hydrogenic DOS transformation,
HF=UU, contains only information on the intensi-
ty in each parabolic channel; its terms are

(RB) 2, Phase information is contained instead
in a second hydrogenic constituent of Eq. (54),

which we designate as a companion to HT: |

[
hi1=8pm 3, UsE Uglcotyp (552)
B
or
hf=Ucoty U, (55b)

analogous to Eq. (23a) or (23b). Near a resonance,
HF and h¥ will be seen to vary with energy as a pair
of absorption and dispersion curves.

The cross section for photoionization of an
alkali-metal atom is now given as a generalization
of the hydrogenic expression (31):

ofle)=Z [{(¥' | ¥) " Ipop(e)
i
=Tr[Dfo(e)], (56)

with zero-field dipole matrix elements contained in
UI’I(€)=(4'"'2a Mo (¥; |7 | Yerrm ) ¥eim | 7m I v;)
(57

and with the Stark effect embodied in the DOS ma-
trix

DF=(¥'|¥)~'={(cosd —sind hF)(HT)~!(cosd —hTsind)+sind H sind} ' . (58)

Equations (56)—(58) are the central results of this
paper. Our study of various spectra near threshold
will henceforth focus on the modulating factors
Df;, since the factors in Eq. (57) vary very slowly
within, e.g., 0.1 eV of threshold. The matrix inver-
sions in Eq. (58) are restricted to the I’ X[ subspace
where 8;540—which is 0</ <2 or 3 for alkalis—so

'manipulation of Eq. (58) requires only a modest
amount of matrix algebra (Appendix B). Numerical
computation of o (e) is limited to a few matrix ele-
ments Hi(€) and hf 1(€), which in turn depend only
on a§1 and on a few hydrogenic parameters, B \m>

NE 8, and y,g (see Appendix A). The number of para-
bolic channels that contribute significantly to H F
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and hf is in practice’® <[Fa.u)]~!/*
=47[FkV/cm)]~ /4, e.g., ~26 channels for F=10
kV/cm.

C. Df; and Spectral Profiles

We present here a brief study of the matrix ele-
ments Df; of Eq. (58), which modulate the slowly
varying zero-field cross sections op;(€). When all
8;=0, Eq. (58) reduces to Eq. (27) for the hydrogen-
ic spectrum Hj;, indicated by the solid lines in Figs.
1(a), 2(a), 3, and 4 for F=77 kV/cm and for various
values of m and (I’,]). We regard the quantities Df;
as variants of the hydrogenic spectrum Hf;. The
deviation of the matrix D from H¥ is a function of
the set of quantum defects p;=8; /7 [with the re-
striction (38)] and involves the hydrogenic quanti-
ties hf; as well.

By way of example, we illustrate the modulating
factors for Na by the dashed lines in Figs. 1 —4—
the observed Na spectra of Refs. 3—5 will be dis-
cussed in Sec. IV. The values

po=1.350—40.350
f1,=0.856— —0.144 ,
1,=0.014, u; >3=0 (59)

were taken from experimental data®® for the highly
excited levels of Nal and were assumed to be ener-
gy independent. Note that (A) the oscillations at
€ >0 are diminished in magnitude in every case and
inverted in Fig. 3(a), and (B) the peaks at € <0 are
broadened and asymmetric with interference mini-
ma on one side or the other in a given spectrum, but
with the line shapes varying among the different
spectra. We shall discuss first H(e) and h(€) and
then describe how these building blocks are com-
bined by different values of {#;} to generate the ob-
served profiles.

HY () and k¥ (€) are shown together in Fig. 1(b)
for m=0 and in Fig. 2(b) for m=1. Near or above
€=0, HY,  oscillates about unity  with
| HY, —1| <<1 (see Sec. IIC). In general H}; oscil-
lates about unity (zero) for [I'=I(l's4l) with
| Hf;—8p;| ~0(0.1), as shown in Figs. 3(a)—3(c)
for (I',1)=(0,0),(2,0),(2,2). The function A/}, on the
other hand, quickly vanishes at € >0. In this range
all the relative phase shifts in Eq. (55a) approach
yg = %frr [see Fig. 6(a)], since € is far enough above
the barrier top €, = —2[(1—B)F]'/? in each channel
for diffraction by the barrier to have a negligible ef-
fect on the wave functions’ phases and amplitudes.

(This corresponds to the usual circumstance of a
WKB wave function in a single classically accessi-
ble region, whose phase accumulation is smooth in
a slowly varying potential.) Note the small reso-
nance in Fig. 1(b) at e=0: only in the n, =12 chan-
nel, where 3, >0 and the barrier is shallow, is €, ~0
and is there any appreciable reflection of
llfep,nl =12,m =0

Below €=0 there occur instead narrow resonance
peaks in Hf; at quasibound Stark levels, labeled in
Figs. 1—4 by their hydrogenic quantum numbers
(n,ny,ny,m). For an isolated resonance in the B
(7,) channel we write Eq. (23a) in the form

Hij=B{;+(UpsUg)(RP)2, (60)

where we have specified the smoothly varying back-
ground

Biy= 3 UppUp, (61)
B+#B

which rises from zero at € <€, to unity at € >0.
The “renormalized” transformation coefficient

Ug=UgRp (62)

replaces Ug in the transformations (49) and (50) if
we consider the functions Y4(n) and T—g(n) to be
energy normalized as in Egs. (33) and (44), i.e., as in
a pure Coulomb potential at 7 <<F~'/2. The fac-
tor Rj serves to cancel in Ug the barrier-
penetration amplitude R ~!'—representing the
resonance—so Ug, varies smoothly through a reso-
nance. The amplitude Rg is given in Eq. (A6) in
terms of parameters of Appendix A. Near a reso-
nance R ~2 has a Lorentzian profile:

(Ré}")_zz(TzcoszA-}-T‘zsin2A)_1

1
SsT/m de

—

A—7/2 (€ —€y)2+(5T)? d(A/m)

€o
(63)

where A is the WKB phase accumulation modulo 7
in the potential well of Fig. 6 [Eq. (A3)]; e=¢,
is the resonance center, corresponding to A=%1z;
T =~2e">>1 is a tunneling amplitude; de /d(A /) is
approximately the energy spacing between reso-
nances; and the resonance halfwidth

sT=T"de/dA|,, (64)

is by assumption <<de/d(A/w). We assume for
simplicity that all parameters except A are nearly
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constant within an energy range of several %F
about €y. [This condition will not hold near or
above the barrier top; cf. the (12,11,0,0) peak in Fig.
1. Note also that above the barrier T actually ap-
proaches unity—see Eq. (A7)—so R ~2—1.]

The behavior of hf; near a resonance varies in
tandem with that of Hf;, Eqgs. (60) and (63). From
Eq. (55a) we have

hiy=bf;+(UpzUg ) (RE) " 2coty , (65)
with the background
b= 3, Upgcotys Up (66)
B+#B
and

cotyg=(T*>—T ~?)sinAcosA, 0< vg<T

(67)

from Eq. (A9). (At €>0, T—1 so y,_f—»%w, as
stated above.) Thus, with T'>>1, R ~2 coty is the
companion dispersion curve to the Lorentzian (63):

: inA cosA
(RE)~2cotyf=—711
B V8= osA+ (T — 1)~
(60—6)/7 de
N .
A—>7/2 (e—eo)?+(5T)? d(A/T) |,

(68)

The absorption and dispersion curves R 2 and
R ~*coty are illustrated in Figs. 1(b) and 2(b), e.g.,
in the small (11,8,1,1) peak. Note that the max-
imum of Eq. (68) lies at lower energy than the
minimum. This reflects the fact that ’Yﬁ(n) lags in
phase behind Tﬁ(n) at 7— o0 by yﬂ>0 at € <€p
(or VB < ate > €o) [cf. Eq (67)]. Away from any
resonance, R250s0 H, /1 just reduces to its back-
ground Bfj; on the other hand, R ~2coty—tanA
and so | h,’:v,—b,:F, | may be appreciable between res-
onances. Owing to this circumstance, the mixing of
h¥ into the nonhydrogenic spectrum (58) will
broaden the narrow peaks of H”.

Case (A) €<0, € >0. Near or above threshold
the matrix D* assumes an especxally simple form.
As noted above, in this region | Hf;—8;;| ~0(0.1)
and h,,< |H”—6,1 |, so to second order in these
quantities Eq. (58) reduces to

Dify= 81+ (Hjy —8pp)cos (wp+p1y)]
+hisin[r(up+p)] (69)

The cosine factor in the second term in Eq. (69)
merely attenuates the threshold modulations while

the third term is asymmetric at € <0 [Eqgs. (65) and
(68)] and vanishes at € >0. We see then that the
core effect preserves the positions and spacing 1!
of the hydrogenic series of oscillations H”-—1 but
diminishes their depth and possibly inverts them ac-
cording to

>0if 0< |pptp | <5
Df —8,
DrO | 0if pptmtt (70)
Hiy =8y o’

<0if 3 < |t | <1.

The condition (70) is illustrated by the dashed lines
in Figs. 1 and 3 (m =0). Referring to the quantum
defects (59) for Na, the modulations in Fig. 1(a)
(2u;=—0.29) and Fig. 3(b) (1,+po=0.36) are sim-
ply shallower than for H, but are inverted in Fig.
3(a) (2u=0.70). (D%, in Fig. 3(c) is hardly affect-
ed since 211,=0.03<0.) Such an inversion would
give rise to an apparent shift of the hydrogenic os-
cillations by 180° in an experimental spectrum if
their slight asymmetry were overlooked. In an
nl;—el alkali transition with ['=[ the zero-field
cross section (57) at € > 0 is modulated by

D =1+(Hf —1)cos2my; . (71)

For example, 5s—€p ionizing transitions in Rb!
(u1=2.65) should reveal this effect; the expanded
spectrum in Fig. 6 of Ref. 1(b) suggests this
behavior.

The grosser asymmetry of the dispersive term hf;
is evident in all the resonances of D below thresh-
old in Figs. 1—4. According to Eq. (68) and the
approximation (69), the positions of the smaller
peaks’ maxima and minima are related by

O<pp+ur <1

O>pp+p>—1 72

€min z €max if
and there is no asymmetry if u;+u;=0. For ex-
ample, the interference dips in Figs. 3(a)—3(c) and
4(a)—4(b) are all on the high-energy side of their
peaks, whereas the minima in Figs. 1(a) and 2(a)
(211 <0) are on the opposite side. The asymmetry
condition (72) still holds, in general, when the peaks
are very sharp (see below). Thus, a knowledge of
the quantum defects suffices to predict both (a) the
sign of the peaks’ asymmetry in the cross section
(56) as well as (b) the depth of the threshold modu-
lations in a nonhydrogenic atom.
Case (B) €<0. The sharp resonances below
threshold cannot be described by Eq. (69) since
HF—1and |hF| >>0. The most general treatment
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of the matrix equation (58) for Df; involves the
solution of an eigenvalue problem, detailed in Ap-
pendix B, whose dimension is no larger than the
number of nonzero quantum defects u;=3§;/m.
Thus, all the dashed curves for Na in Figs. 1 —4 in-
volve only matrix elements H}; and hiy with I',1 <2
[cf. Eq. (59)]. Although the matrix manipulations
in the solution of Eq. (58) are computationally sim-
ple, the exact algebraic expressions for D}, with
even just two u;#0 are cumbersome. We shall
therefore discuss the profile of an isolated resonance
as a function of a single nonvanishing u;=p,;
though unrealistic, this example adequately reflects
the qualitative features of the alkali-metal spectra
shown in the figures.

The simplest expression is for the matrix element
with I'=l=1:

1+tan?§;

Df=Hf (73)
=0 " hftans,  + (HEtans, )2

or equivalently

Djj=csc*8;Im{[cotd; — (hf+iHi)]™'} . (74)

Equation (73) is plotted versus (€ —€q)/ 71‘ in Fig.
7(b) for various values of u;. Figure 7(a) (first
panel) shows the pair of absorption and dispersion

(G“Go)/'/zr

(€-€,)/Y2T
FIG. 7. D vs (6—60)/%1‘ for a single
8 /m=p;=p,50. (a) Hydrogen matrix elements [’,/ =1

or O used in Eq. (58). Lorentzian Hf; [Eq. (60)]
with B;; =0.70, B;=0.20, By, =0.86; ---- dispersion hf;
[Eq. (65)] with by =0.25, b,o_—o 20, by=0.10;
(T?=31.5, Ug=—0.34, Ug=031). (b) Df; for dif-
ferent u;, Eq. (73). Values of ¢ and G calculated from
Eqgs. (80)—(86) for various p;:

I 0 0.1 —0.1 0.2 +0.5
q o —4.0 + 4.8 —1.6 + 0.4
G 1 1.3 1.2 2.4 5.5.

(c) DYy and (d) D, for same p, as in (b).

curves HY, and h?| used to plot DI} in Fig. 7(b).
[The relevant parameters of H” and A¥ in Egs.
(60)—(68) correspond roughly to the (11,9,1,0) reso-
nance of Fig. 1, with ’'=1.28%10"> a.u] For
small values of HY; —1 and A%}, Eq. (73) reduces to
Eq. (69); if §,=0, we recover DY, =HY, for hydro-
gen. The asymmetry of Df; comes from the term
(1—h¥ tand,)? in the denominator of Eq. (73), since
this term is not even with respect to € =¢€;. Note,
however, that the reflection pu— —p, does not pro-
duce the reflection

DY (e—eg)—D¥i(eg—¢)

in Figs. 7(b)—7(d), since h%, contains the back-
ground term b¥, [Fig. 7(a)] and so is not exactly odd
about €.

A nonzero value of u, also affects the resonances
D, with I' and/or I=£1, but to a lesser extent than
it affects DY, itself. Figures 7(c) and 7(d) show DY,
and D&, for the same p; used in Fig. 7(b); the func-
tions H,, kYo, HY, hi, are also shown in Fig. 7(a).
Note that these curves are broadened but less asym-
metric than the curves D¥}.

The interference effects that give rise to the
asymmetrlc profiles of Df; stem from the factor
coty [Egs. (65) and (67)] in the resonance channel
of h,, If sind; >0 in the total wave function

Yam(r), Eq. (51), ¢EF and XE interfere almost entire-
ly constructlvely (or destructively) at ) — o, where
yB <5 (or y5> ~7), so (¥, |¥) is small (or
large) when € <€ (or € > €y); if sind; <0 the oppo-
site is true. Thus, the asymmetry condition (72)
holds for all resonances with nearly constant
parameters T and I in each spectrum

Diy(e)=[{¥' | W)~y .

Any nonzero quantum defect p; will affect all
channels of Df;, with either the same or different I’
and I, since the overlap matrix (¥, | ¥;) mixes all /
channels.

1. Beutler-Fano profiles

The archetypal expression (73) can be cast into
the form of a Fano profile’ under the resonance

conditions stated above for (R 5 )~2. We seek the
parametrization
(e—go+Gq)?
Df=4+a———, (75)
i (e—g0)*+G?
where
e=(e—ep)/5T (76)
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measures the energy with respect to the center of
the hydrogen-Stark resonance in units of its
halfwidth, £O%I‘ is the energy shift of the resonance
from €y, G measures the relative broadening of %I‘,
g is the usual asymmetry parameter, and A and a
are positive constants. These parameters are all ex-
pressible in terms of 8; =y, and parameters of Hj
and hj;. We abbreviate

Hf=B +cR?, (77a)
hf=b +cR ~coty , (77b)

in Egs. (60) and (65), with ¢ =(Ug)* and with in-
dices omitted. We will also use an important identi-
ty stemming from Egs. (63) and (67):

R"?=(cosd’ —sind’ R ~%coty)?R*+sin’6’' R ~2
=T2cos*(A+8")+T ~*sin((A+8') (78)

which coincides with Eq. (63) for R? with the re-
placement A—A+38'. (Equation (78) also follows
from the identity cscy =RS [Eq. (47)] and the de-
finitions of the amplitudes R [Eq. (63)] and S (R
. 1
with A—>A—5m).)
Inserting Eqs. (77a) and (77b) into Eq. (73) for

D}, we find after rearranging terms that
J

Df=B[(cosd, —bsind;)*+(B%+c?)sin?5;] "

a form readily identified with Eq. (75). The energy
shift of the resonance (in units of %I‘) is

go=—8 T*[1+(B/c)sin®5; 7", (84)
which is smaller in magnitude than ¢'. The phase
shift §; thus plays a role analogous to §; in a Ryd-

berg atom by shifting the hydrogenic Stark spec-
trum in energy by

eo(3T) < (8] /m)de /d(A /) ,

i.e., with a “quantum defect” u; =8; /7 and with
level spacing n'~*=de/d(A/w). The broadened
resonance halfwidth G is given in units of %I‘ by

G?=1+42x +[(§] /sind] ?—1]x?,

x=|eo/5] | —fisin%s; , (85)
and q is the solution with the same sign as g of the
equation

gg—G2>+1+cT?/B
S()G

q*—

qg—1=0. (86)

2+ 1+cT?/B
(e—go)*+G?

o[22 || 2|
(79)
where §; determines another phase shift,
8/ =tan™! _c—(;t_f‘)g,jl; ], — <8 <5 .
(80)
The Lorentzians (63) and (78),
R2= 527:1 , (81a)
rR=—L , (81b)
(e—e')*+1

have the same width I" [Egs. (64) and (76)] but R’ —?
is shifted from =0 by

8/de/dA

1

2L

g'= =-T% ; (82)

¢’ marks the maximum of D for T>>1. Equation
(79) can now be further recast into a simple ratio of
Lorentzians:

, (83)

[
When §; is small such that cot; > T2 B,b,c, Eq.
(86) simplifies to

g~ —cot8;/B . (86")

Finally, the weighting factor a and the background
A of Eq. (75) are

€ . 2
a= G_q B[ (cosd; —bsind;)
+(B?+c?)sin?8;] 7! (87)
and
A= ﬂ_l]aw (88)
€

The set of five parameters {ey,G,q,a,4}, Egs.
(84) —(88), completely characterizes the Fano pro-
file (75) in terms of the four hydrogen-Stark param-
eters {B,b,c,T?}] plus the alkali-metal quantum de-
fect 8;/m, along with the related phase shift §;, Eq.
(80). The values of ¢ and G for the curves of Fig.
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7(b) are indicated in the figure caption.

We consider further the case when the back-
ground B effectively vanishes, namely, when all par-
abolic channel functions (except for f=/f3) are ap-
J

Df'=aq*R'~*=[(cos8; —bsind;’c ~' +csin?3;]

Therefore, even with 8,0 an alkali-metal reso-
nance will again be symmetric: Eq. (89) is equal to
the Lorentzian (81b)—identical to the hydrogen-
Stark resonance (81a) but shifted from e=e€y—
times a factor representing Eq. (73) [cf. Eq. (58)]
with HF=c and h¥=b. We therefore conclude that
only those resonances in the “autoionizing” region
0> € > €;o, = — V/4F are asymmetric.

The presence of a background term Bf; as well as
a nonzero y; is thus essential for producing an
asymmetric lineshape. This corresponds to the usu-
al interpretation of interference effects as being due
to the autoionization of a (quasi-) discrete parabolic
channel coupled to one (or more) continuum chan-
nels of lower n; which provide the background.
Note, however, that the continua intensity enter
into Egs. (77) as constant terms, whereas all odd or
even variations in amplitude near a resonance are
contained here in the parameters R ~2 and R ~*coty
of the resonant channel itself. This differs from
Fano’s treatment’* of configuration interactions,
inasmuch as wave functions of different channels
are coupled through an interaction Hamiltonian V.
Here the parabolic continua play two separate roles:
(1) the wave function of a quasidiscrete state of the
inner potential well at 7 <<F~!/2 [see Fig. 6(c)] is
“coupled” through the potential barrier to the con-
tinuum region 1 >>F 172 of the same wave func-
tion at the same energy, producing variations in the
amplitude Rg and the phase shift 75; (2) the
greatest intensities come in Eq. (61) from those
channels 848 (n <) whose wave functions are
above the top of their respective potential barriers
(RE~ 1), as in Fig. 6(a), and which we may charac-
terize as “continua” in the region 7 <<F~!/2. Both
kinds of parabolic continua are coupled to the
quasidiscrete state by the spherical but nonhydro-
genic core, represented by §; in Eq. (58).

2. Limit F—0

Finally, we verify that the cross section oh; actu-
ally reduces to its zero-field alkali-metal spectrum
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preciably damped at r~ry by barrier tunnelling.

With B=0 the parameters of (75) become
go=¢'=—T2',G=1,q=00,4 =0, and
TZ
—_— (89)
e—e')?+1

T
as F—0. Above threshold, we know that U—U !

and HF——>1 [Eq. (18)] and that AF—0 [all
7’3_’ 77], so Eq. (58) for DF trivially reduces to the
identity matrix. Below threshold, we consider that
all parabolic channels have degenerate energy eigen-
values when F—0; then Eq. (60) becomes

(%I‘B/‘rr) de
(€—eo)+(3Tp) @V |

b

Hfy=3 (UrgUp)
8

(90)

1.2
where V0 5

ny=0,1,2,..., and

€o=— vo=H{+Hy+m +1,

de /d(A/m)=de/dn,=de /dv

is the same for all channels. Moreover, every value
of I'g (or 1/Tg) is exponentially small (or large) so
with negligible error at either € =€, or es%€, we
may factor out a common Lorentzian from Eq. (90)
with Tg=T. The bracketed factor in Eq. (90),
R 2, then approaches the & function §(v—v,) as
I'—0 [cf. Eq (63)], while by Eq. (18) the transfor-
mation Uﬁl becomes orthogonal Similarly, hf; ap-
proaches the form (90) with (5 T /) replaced by
(€g—e€)/m and we are left with umt matrices multi-
plied by

HF - R2 nf > R
F—0 F—0

2oty . (91)
When these are inserted into Eq. (58), Dj; reduces
to a diagonal matrix whose elements resemble Eq.
(78) with 8§; =8; and A=m(n,+ 5 =)

Di=R'~2=[ T%in’r(n, +u;)

+T 2cos’m(ny+u))]~t . (92)

This result is identical to Eq. (89) with B =b =0,
c¢=1, and §; =§; from Egs. (77) and (91). In the
limit T~2—0, Eq. (92) becomes Dj =8(vo+pu;—n)
for integral n. Thus at F—0 the modulating factor
singless out the proper discrete levels

€=—+(n—p)"? in analogy to Eq. (18) for H,
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and the cross section reduces to its proper form (24)
with n replaced by n* =n —yu,.

IV. COMPARISON WITH EXPERIMENTS
NEAR THRESHOLD

Experiments have been reported on Rb and Na in
electric fields near the zero-field ionization limit.
We consider here only the sodium experiments, all
of which involve two-photon excitation. The avail-
able experimental data on photoabsorption by Na in
a Stark field consists of the work of three groups:
(1) Luk, DiMauro, Bergeman, and Metcalf,® (2)
Feneuille e al.,* and (3) Sandner, Safinya, and Gal-
lagher.” For purposes of comparing theoretical
cross sections with experiments we consider their
results in turn.

(1) In Ref. 3, Na atoms in the ground state were
ionized by two photons, polarized 7, through the
32P 1ntermed1ate state The first laser was tuned to

elther the j = i — state of the Na D line, whose
]

0'3/2 2%{01‘(6)”1 0——-)0}+ { F(e)

0'1/2 {(TF(G m 0———)0}

where we have indicated the second 7 transition by
m;—mg=m;. Thus, Is coupling simply superposes
the cross sections with m;=0 and my=1, thereby
mixing two sets of resonances. According to Fig. 5
for H—as an approximation to Na—Eqgs. (94)
should also have the effect of superposing relatively
large m =0—m =0 threshold modulations with the
relatively flat m =1—m =1 spectrum.

Figure 8(a) shows an experimental photoioniza-
tion spectrum® of Na 32P;,, from Ref. 3, with
F=3.59 kV/cm=6.98%10"7 au. Figure 8(b)
shows the results of a calculation using the present
theory. In our calculation of o} s Eq. (94a), we
used the first and third expressions of of Table II;
H{; was replaced by Df;, Eq. (58), using hydrogenic
parameters Ng, , and Bk . calculated® for
n;=0—30 and the values of the quantum defects
cited in Eq. (59). The zero-field radial dipole ma-
trix elements for Na used in Eq. (57), R$? and R,
were extrapolated through threshold from a theoret-
ical calculation for high Rydberg states,?® which ap-
pears more reliable than existing experimental
data'* for the Na 3p —ns transitions.

The theoretical spectrum of Fig. 8(b) reproduces
both the positions and shapes of the resonances ob-
served below threshold. We can account for the res-
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splitting (17 cm™!) far exceeds the laser resolution
(0.3 cm™!). Since the second ionizing laser was
pulsed simultaneously with the first and since the
laser pulses occur on a shorter time scale (10 nsec)
than hyperfine transitions, we will ignore here hy-
perfine effects on the fine structure 32P; state. In
order to apply the procedures of Sec. III, we need to
expand the Is-coupled intermediate state |j,m j) in
1

llm1>|S,ms) basis for]_—

1
. or 7, mj=iT’
s-;,ms-—+2,andl—1

| 3,23)=(3)"2[1,0)| 5, 47)
+HHVLe1) [ 3,57) . (93a)

| 727 =(D[1,0) | 3,27)
—(H LD | 5,57) . 03b)

Entering these initial states for ¥; in Eqgs. (56) and
(57) (with /=2, I’=0) we obtain the 77 cross sec-
tions

(94a)
(94b)

|
onance profiles on the basis of the discussion of
Figs. 3 and 4 in Sec. IIIC. The sharp resonances
contributed by {o7(€), m =1—>m =1}—marked by
m;=1 in Fig. 8(a)—are little changed by the Na
core from their hydrogenic Stark spectrum: as in
Fig. 4(a) for m=1, the small value of ©,=0.014
does not broaden the peaks in the modulating factor
D%, significantly from HZ%,. The sharper peaks are
broadened, however, by experimental limitations.
The pronounced asymmetry of the m;=0 reso-
nances follows from the properties of the DOS ma-
trix elements D%, D%, and D%, for Na, shown for a
larger field in Figs. 3(a)—3(c). For example, the
sharp (11,10,0,0) peak is broadened and has the
same asymmetry sign in each spectrum, the asym-
metry being determined by Eq. (72) with the quan-
tum defects (59). The modulating factors are ad-
mixed in the cross section (56) in the ratio
DE&:D5y:DY, ~1.0:3.1:2.4, according to Table II(a)
for 7 polarization (note that D, enters with a +
sign). Thus, both D, and the interference term D%,
are responsible for the asymmetric line shapes in
Fig. 8. For m=0 resonances obtained via cto™
polarization, D%, would enter o with the opposite
sign and we would expect the asymmetry to be re-
versed. This effect has indeed been observed* in
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FIG. 8. (a) Experimental 77 photoionization spectrum of Na 3%P;,, in a field F=3.59 kV/cm, vs photon energy #w,
within 0.01 eV of threshold (Ref. 2). Note labeling of Stark resonances (n,n,) for m;=0 and 1. (b) Theoretical cross
section, Egs. (56)—(58); ---- of =%, Asymmetric peaks labeled as for (a) and discussed in the text. Stark-induced oscilla-
tions for m;=0 extend past € =0 with same spacing as in H (19.6 cm~!) and 11% depth of modulation.

another spectrum and is discussed below. The Fano
parameters for the m; =0 peak at #iw =24422 cm™!
in Fig. 8(a), labeled (24,0), have been measured® as
g=—1.7(0.3) and T'=0.7(0.15) cm™'. The values
of these parameters taken from the theoretical spec-
trum in Fig. 8(b) are ¢ =—3.3 and '=0.39 cm~—},
corresponding to a sharper peak unbroadened by ex-
perimental resolution. However, we obtain the
values ¢ = —2.6 and I'=0.82 cm ™! when the lattice
spectrum is folded into a Gaussian distribution cor-
responding to a resolution of I'ey,=0.6 cm~!. The
calculated depth of the modulations at € >0is 11%,
which exceeds the experimental value [(6+2)%].

(2) In Ref. 4, Na atoms were first optically
pumped from the ground state to the 3°P;,,,
F =M =3 hyperfine level by a circularly (o+) po-
larized cw laser. This pure m;=1 state was then
ionized in a Stark field F=9950 V/cm by a 0~ -, 7-,
or ot-polarized dye laser, yielding final states with
m;=0,1, or 2. The calculated spectra for these po-
larizations, shown in Figs. 9(a)—9(c) versus wave-
length, are to be compared with the experimental
data in Figs. 2(a’), (b'), and (c¢’) of Ref. 4. Again,
the theory reproduces both the shapes and positions
of the resonances below threshold, labeled by (n,n;)
in Fig. 9.

(@) The m;=0 (0to™) spectrum [Fig. 9a)]
displays broad, highly asymmetric peaks like those
in Fig. 8 for 7w polarization. The resonances in

Fig. 9(a), however, are asymmetric in the opposite
sense and not as sharp. As anticipated above, this is
because the DOS cross term D%, enters into Eq. (56)
with a negative coefficient (cf. the second expres-
sion of Table II).

(b) The m;=1 (o7 m) resonances [Fig. 9(b)] are
only slightly asymmetric with ¢ <0, owing to the
small value of u, in Eq. (86’). The single matrix
element D3, also depends on p;, whose effect is only
to broaden the peaks slightly [cf. Fig. 7(d)].

() The m;=2 (o o*) spectrum [Fig. 9(c)] is

(0)  oo~(m=0)

03

02 uo :332 R

F
9950 V/ecm

:G*W(m:I]‘

04 )
03
02,
odr-
05
04r-

H0LD

of (au)
THRESH

=
-

b ZERQ-FIELD
{19,16)
(19,15)

an aiz
Anm)

FIG. 9. Theoretical cross sections for photoionization
of Na 3°P;,,, F=My=3, m;=1, in a field 9950 V/cm,
vs wavelength A. Polarizations (a) o~ (m =0), (b) 7
(m=1), (c) o (m=2). Stark resonances labeled by
(n,n,); different peak asymmetries for (a)—(c) discussed

in the text. Experimental spectra appear in Fig. 4.

| 1 1
00708 209 40



2678 DAVID A. HARMIN 26

given exactly by Eq. (73) for D%,. The peaks are
very sharp and essentially hydrogenic, i.e., ¢ << —1.
The interference dips are apparent-—even though
| g | =25—only because the peaks are so narrow,
but all the sharp features in Fig. 9(c) are anyhow
broadened in the experimental spectrum.

(3) The Na experiments of Ref. 5 are similar to
those of Ref. 3, except that spectra were observed
for intermediate 32P states with both j =~ and
in a field F=8.91 kV/cm Our theory reproduces
these results as well, but we do not display the cal-
culated spectra. The predicted depth of modula-
tlons above thresholds, 18% for j =+ and 11% for
J =7, agree with the observed values

As far as computation is concerned, to a 0.1%
level of accuracy,'® the use of semianalytical WKB
parameters for the hydrogen-Stark wave functions
is very efficient. Each of the spectra shown in Figs.
8 and 9(a)—9(c) were calculated on an IBM 370
computer in 20— 30 sec of CPU (central-processing
unit) time.

V. CONCLUDING REMARKS

Our treatment of photoionization in this paper
should in fact be applicable to phenomena other
than the Stark effect. We have considered separate-
ly (a) the localized photoabsorption process for zero
field and (b) the effects of long-range fields on the
photoelectron’s density of states. The DOS matrix
DF=(Ww’'|¥)~! contains the parameters H' and
h¥, but these parameters do not depend explicitly on
details of the asymptotic channels, such as the con-
tinuous or discrete nature of their spectra or the
coordinate system used. Accordingly, our formula-
tion should be essentially applicable to the quadratic
Zeeman effect, whenever it would be possible to
construct the analogs of H¥ and h¥. Our analysis is
also applicable, e.g., to molecular photoabsorption
by simply allowing for the greater variety of chan-
nels corresponding to ionization, rovibrational exci-
tation, and photodissociation.
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APPENDIX A: HYDROGENIC WKB
PARAMETERS

We collect here the WKB expressions for the hy-
drogenic parameters used in our calculations, most
of which are given in detail in Ref. 10.

For fixed F, m, and € the eigenvalues ,35,1 m are

determined by the quantization condition (5) in &,
with ny=0,1,2,.... If the eigenfunctions Zg(£) of
Eq. (3a) are normalized at £ ~0 (1 a.u.) as Coulomb
functions, they must be further normalized for
F=£0 by the factor

f b_dg’
a k(£"§'

where the WKB wave number k(&) appears in Eq.
(5) and a and b are its two non-negatlve roots. We
have assumed in Eq. (Al) that = § >>1) has the
WKB form (33a) and that sm2( )z% on the
average. Note that Ny may be interpreted as a re-
normalization amplitude from a smooth to a
discrete spectrum in the eigenvalue S3 at fixed ¢, i.e.,

F
ABem
dn, |B=Bte,F;n;,m) '

~1/2
(A1)

Ni= (A2)
In this sense Ng measures the spacing in the
smoothly varying parameter BL, between discrete
states with 7, and n,+1 nodes, just as de /dn =n 3
in Eq. (8) represents the spacing between hydrogenic
levels at fixed Z or B. If the levels are closely
spaced then EnN,=o may be replaced by f dp, with
an error ~O(1/N).

In the unbound coordinate, the wave functions
Yj(n) and Y4(n) normalized at 7 <<F~'/? as in
Egs. (33a) and (33b) acquire barrier-penetration am-
plitudes R§ and S§ at n— o (we assume here
B,=1—B>0). In a generalized WKB method?’
which allows for two propinquous turning points
we define (1) the WKB phase accumulated in the
potential well of Fig. 6,

b
A=Ref k(n")dn', (A3)
172

k()= 42+1—n—3+ lerim| a9
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and (2) the tunneling integral
a
= dn' AS
T Imfbk(n)dn , (AS5)

where the turning points ¢ <b <a are real if € <€,
and b and a =b* are complex (¢ <Reb) if € >€,.
Thus defined, A and 7 are real quantities which
vary smoothly through the barrier top and which
account for reflection from the barrier; note, more-

over, that 720 for €S ¢e,. The amplitude R; is

R§=(T%cos’A+T ~%sin’A)' /%, (A6)
where
T=(14e*)"?4e"; (A7)

Sg is obtained from Rg by substituting A—A — %17:
S§=(T%in?A+T~%cos?A)'/2 . (A8)

At (a) € <<€, (1>>0) and (b) € >€, (T <<0), T ap-
proaches the familiar limiting WKB cases of (a)
two well-separated turning points, 7'—2e”, and (b)
a single classical region without reflection above the
bamer top, T—1. In the latter case, both RB and
S,,—»l mdependently of A. Below the barrier (with
T>>1), (Rg N2 is 2 normalized Lorentzian in the
variable (A/‘n’) 5, centered at Amod(m)~ 277
(e =¢€p), and with full width at half maximum
'=2T" 2/17 <« 1; in the -energy variable ¢,
(A/‘n’)—— is replaced by (e —e€y)d (A/m)/de, as in
Eq (63). In the limit T-2-0,
(Rﬁ) 2_58(A/m—n), with an n half-lntegral

The asymptotic relative phase shift 7/5 between
Y4(n—w) and YH(n—o) follows from the
Wronskian (47) and Eqs. (A6) and (A8):

cotyp=[(Rf Sp)*—1]'/?

=(T*—T?)sinA cosA, 0<’V§<7T-
(A9)

For € <€, 7/5 is confined to >0 or <, except
when 2A =0 (mod). For € >€,,

vh—>gr—eTlsin2A — S .

T—>—o0

APPENDIX B: MATRIX ALGEBRA FOR DF.

The DOS matrix D¥ is an inverted overlap ma-
trix, given in its most general form in Eq. (58). In
the hydrogenic limit with §;=0 the overlap (25) is
simply (Hf)~!, which upon inversion gives
Df;=H};. However, the factors in Eq. (58) con-

taining sin840 (and cosd=41) complicate this pic-
ture and Djf; apparently involves the entire matrices
HF and (HF)~! rather than a single matrix element.
Nevertheless, the actual effect of having only a few
nonvanishing elements of the diagonal matrix sind
is to supplement Hf; only by the few matrix ele-
ments H}; and hf; with 8, or 8;520. We show this
by reducing the inversions in D¥ to a finite eigen-
value problem, as follows.

We first proceed without specifying whether §;
vanishes and define the matrix

Q=1—hftans , (B1)

where 1 is the identity matrix and tand, secd, etc.,
are diagonal. Then with Hf=UU the symmetric
expression (58) becomes

DF=secs 0!
X U[1+(UQ ~'tand U)Utand Q ~'10)] !
X UQ ~sect . (B2)

The symmetric matrix in parentheses in Eq. (B2) is
diagonalized by an orthogonal matrix B =B ! with
eigenvalues A,

UQ " 'tand U=BAB~!. (B3)
Inserting this expression into Eq. (B2), we obtain

DF=secd W(1+A2%) "W sec , (B4)
where we have defined the unsymmetric matrix

W=Q 'UB . (BS)

(The elements of both B and W are labeled by in-
dices ,A=0,1,.... Now we see from Egs. (B3)
and (B5) (and the transposition relation
Q ~'tand =tand Q ') that W diagonalizes the ma-
trix Q~'UU tand with the same eigenvalues A;,
ie.,

(1—hFtand) ' HFtan§ =WAW ! . (B6)

Since the left-hand side (lhs) of Eq. (B6) is not sym-
metric, W is nonorthogonal; the eigenvectors W
forming its columns are instead normalized by first
rewriting Eq. (BS) as

WW =(1—h%tan8) "' H (1 —tand h)~! (B7)
and then using Eq. (B3) to obtain
(W tand Htand W)y, =A28, . (B8)

Recalling that H*—1 and h¥—0 for F—0, these
equations show that W—1 and A —tand in that
limit; accordingly we regard A as the generalization
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of the reaction matrix of the core, —7wK =tan$, for values A;, A=0,1,...,N —1, so our eigenvalue
F£0. problem is in fact confined to the N XN subspace

The DOS matrix D¥ is thus expressed in Eq. (B4) where 8,540. The portion of A outside this sub-
through the eigenvalue problem (B6) with the nor- space vanishes and W, and A, for ,A <N depend
malization conditon (B8). Equation (B4) simplifies only on those matrix elements Hf; and hf; with
under the realistic requirement that I\l <N.

Our final expression for Djf; will depend on
870, 1=0,1,...,N-1<3 (B9a) whether the specific indices /' and [ fall within the
8=0, I>N . (B9b) range (B9a) or (B9b). If both I’ <N and | <N, Df;
is given just by Eq. (B4) with A <N. If either I' >N
or I >N, we use Eq. (B6) to find the components
Wi, (I>N) of the eigenvectors W, (A<N). We
then write Eq. (B4) explicitly as a sum over A0,
using (1+A2) " '=1—AY/(14+A?):

The factor tand sets to zero all but the first N
columns of both hftand and Hftand in Eq. (B6),
thus permitting a straightforward inversion of
1—h%tand. The diagonalization of the lhs of (B6)

will then determine at most N nonvanishing eigen-
|

Dffy = [(cosd —hFsind)~'H(cos8 —sind hT)~1];,

N—1 4 21

—secdy | 3, Win f*“*’f“ Wi |secd; , (B10)

A=0 [W tand H tand W1,
~ r

where we have used Eq. (B7) for WW and Eq. (B8) hence through A2—and represents, loosely speak-
for initially unnormalized W,. The first term in ing, the admixture of irregular functions Xg(f’) into
Eqg. (B10) corresponds to the expression (58) without ¥,(T) in Egs. (53) and (54). Therefore, we see that
the term sind H%sind and thus represents a generali- the presence of nonzero values of tand; in the wave
zation of the hydrogenic form (27), Df;=H};. The functions (35) and in the DOS matrix (58) brings
sum over eigenvalues in Eq. (B10) stems instead into the expressions (B4) and (B10) for D¥ only the
from the second term in (58) itself—through the nonzero matrix elements of hftand and H'tand

squared matrix (B3) appearing in Eq. (B2) and from Eq. (B6).
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