
PHYSICAL REVIE% A VOLUME 26, NUMBER 5 NOVEMBER 1982

Theoretical hyperfine structure of the muonic He and He atoms
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The hyperfine structures of the muonic 'He atom ('Hep e ) and the muonic "He atom
(4Hep e ) are calculated with the use of variational wave functions. Relativistic and radi-
ative corrections are included. The theoretical hyperfine structure interval is
hv=4166. 8+0.3 MHz for the muonic He atom, and Av=4465. 0+0.3 MHz for the muon-

ic He atom; these values are in good agreement with the experimental values.

I. INTRODUCTION

The hyperfine structure (hfs) interval b,v for the
muonic helium atom provides an interesting and
unusual case of atomic hyperfine structure. ' For
the muonic He atom ( Hep e ) calculations at
different levels of approximation have been carried
out by many authors. ' The theoretical value ' '

of hv, including relativistic and radiative contribu-
tions, is in good agreement with the experimental
value ' b v,„~,=4465.004(29) MHz (6.5 ppm)
within the -200 ppm accuracy of the theoretical
evaluation of the leading Fermi term for b,v. In
this paper, we report on the theoretical hyperfine
structure of the muonic He atom ( Hey e ) and
an improved value for that of the muonic He atom.

In both themuonic He and He atoms, thenega-
tive muon is bound closely to the nucleus; in the
ground state of the atom, the orbital radius of the
muon is about 400 times smaller than that of the
electron due to their mass ratio and different charge
screenings. Therefore, in the simplest approxima-
tion, the muonic helium atom can be considered to
be hydrogenlike with a pseudonucleus ( Hels)+ or

( Hep, )+. The major difference in the hyperfine
structure of the ground state of the muonic He and
He atoms arises from the spin and associated mag-

netic moment of the He nucleus. The He nucleus
1

(spin I=
2 ) and ls (I&——

2 ) have a combined total
spin F& ——1 or 0, which interacts magnetically with
the electron spin (J=—, ) to yield hyperfine levels

with different total angular momenta F=F~+ J.
Figure 1 shows schematically the hyperfine splitting
of the ground states of the Hep e and Hep e
atoms. For Hey e the hfs interval between
states with F~ ——1 and Fj ——0 arises from the mag-

netic interaction of p with the He nucleus and is
not discussed in this paper. For Fj ——1, the hfs in-3' 1
terval hv between states with F= —, and F=—,,
which arises from the magnetic interaction between
the electron and the pseudonucleus ( Heu )+, is the
quantity calculated.

II. HYPERFINE SPLITTING
OF THE MUONIC 'He ATOM
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FIG. 1. Schematic level diagrams of the ground states
of the'Hep e and Hey e atoms.

The method of calculation in this paper follows
closely that of our previous paper on the hyperfine
structure of muonic He. In the Pauli approxima-
tion, the hyperfine interaction operator for the
ground state of the Hey e atoms is given in
atomic units as
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+hfs
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3
( J Iq)& (r,p)

m~
L

+p„(I.J )5'(r, )

(I Iq)5 (rq)

Here m& is the muon rest mass, and the magnetic
moment pIv of the He nucleus is given in the unit
of Bohr magneton ps(=eh/2m, c). From the hy-
perfine interaction operator Hhr„we can easily
deduce the lowest-order hyperfine splitting of the
muonic He atom as

1 —are/2 —br /2 I m n
Uimn = e " re@re rp4m.

Here the parameters a and b and the coefficients
CI „are determined variationally. As demonstrated
in our previous paper, by including more terms
with high powers of r,z and dropping terms with
high powers of r, and r&, we achieved a better con-
vergence of hvF with a given number of terms in
the variational wave function. In the present calcu-
lation we choose m, n & 2. Allowing complete free-
dom in varying parameters a, b, and C~ „, we ob-
tain a sequence of variational wave functions with
increasing co. A sequence of hv~'"' and AvF' are
then evaluated, which are presented in Table I. The
converged values are

hvp ——Avp'" +~vp',

where

(2) Av+'~ =3340.5+0.3 MHz, (7)

2 2
(ep) ~a (g3(~

mp

avF" 2~a'p, „(—5'(r, ) ) .

(3)

(4)

The term Ave'" accounts for the magnetic interac-
tion between the electron and muon, and the term
hv~' accounts for that between the electron and
He nucleus. The size of the first term is about four

times that of the second term.
To evaluate the expectation values (5 (r,&) ) and

(5 (r, )), we use variational functions which con-
tain interparticle coordinates

I+m+n &co

earp) g ~lmn UImn ~

where co is chosen to have certain selected values,
and

hvF' ——818.0+0.3 MHz, (8)

where the uncertainties are estimated from the con-
vergence of the values in Table I and from the
reason given below. We have studied the conver-

gence of the series with m, n &1 and m, n =0.
When these series are used, the advantage in keep-

ing terms re& with high power I starts to deteriorate
due to less terms with r, r„". Consequently, the con-
vergence of the series with m, n & 1 and m, n =0 be-
comes worse compared with the series with m, n & 2.
It is by studying the fluctuation of extrapolated
values from series with m, n &3, m, n &2, m, n &1,
and m, n=0 that we have assigned an error (0.3
MHz) which is much larger than the apparent de-

gree of convergence of the chosen series (m, n &2).
From the converged values (7) and (8), we obtain
the lowest-order hyperfine structure as

TABLE I. Lowest-order hyperfine splittings of the ground states of the muonic 'He atom
and the muonic He atom for variational wave functions with I+m+n & co and m, n & 2.

CO

with m, n &2

25
27
29
31
33
35
37
39
41

Converged values

No. of terms

216
234
252
270
288
306
324
342
360

(ep, )
VF

3340.65
3340.60
3340.55
3340.52
3340.51
3340.50
3340.49
3340.49
3340.48
3340.5+0.3

Hep e
(MHz) (e)

VF

817.89
817.92
817.93
817.95
817.97
817.97
817.98
817.98
817.98
818.0+0.3

Hep e
AVF

(MHz)

4455.31
4455.23
4455.17
4455.13
4455.11
4455.10
4455.10
4455.09
4455.09
4455.1+0.3
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hvF ——4158.5+0.3 MHz . (9)

This value is consistent with our previous result' '"
4157.6+1.0 MHz, which was obtained with a 368-
term wave function. Our value is to be compared

I

with other calculations: 4156.2+3.0 MHz by Lak-
dawala and Mohr' and 4154 MHz by Drachman. '

Including relativistic and radiative corrections, the
theoretical hyperfine structure of the muonic He
atom may be written

hv=Av "(e )
F 2

(e) (p) (e) (p, )
( 1 + t) rei +~ rel +5cp +~up +~binding +~recoil )

(e) ge (e) (e)++&F ( 1 +~ rel + bop +5binding +~ recoil ) i
2

(10)

where ge and g& al'c tllc lcPtoll g factols. Wc usc
the relativistic and radiative corrections given in
Ref. 3 except for the recoil correction 5„„d,which

is obtained from Ref. 4. The theoretical hyperfine
structure of the muonic He atom is then calculated
as

hv =4166.8+0.3 MHz .
This value is in satisfactory agreement with the re-

cent experimental result' 4166.3+0.2 MHz.

III. HYPERFINE SPLITTING
OF THE MUONIC He ATOM

AvF ——4455. 1+0.3 MHz . (14)

Our previously calculated value was
b,vF 445S.2+1.0——MHz, based on the use of trial
wave functions with m, n & 3. The use here of wave
functions with m, n (2 has significantly improved
the convergence of the sequence. The theoretical
hyperfine splitting of the ground state of the muon-
ic He atom including relativistic and radiative
corrections is calculated as

I

atom is slightly different from that for the muonic
lHC atom in (3) due to the reduced-mass effect. A
sequence of hvF is evaluated and presented in Table
I. The converged value is given as

ge
b,v =AvF

2
(1+g(e) +5(p) +pie)+g(p)

The hyperfine splitting of the ground state of the
muonic He atom is

4v =4465.0+0.3 MHz, (15)

bv=446S. 004(29) MHz (6.5 ppm) . (16)

which is in excellent agreement with the recent ex-
perimental value

where

+ b binding +Brecoil ) ~ (12)
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