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Correlations of two high-lying excited electrons are investigated in terms of simple

analytical channel functions in hyperspherical coordinates. It is shown that among the X
channels of 'S' states of H that converge to the Xth excited hydrogenic threshold, the
lowest channel is always characterized by large charge densities near I I ——r2 and Ol2 ——~ at
and near a certain critical hyper-radius R, . This behavior is identical to the charge-density
distribution in the Wannier theory of double electron escape near threshold for 'S' states.
The different charge distributions for other higher channels are analyzed. It is shown that

they do not contribute to the Wannier mechanism of threshold ionization. Properties of
doubly excited states and double ionization are also discussed for other (L,S,~) values.

I. INTRODUCTION

Doubly excited states of H and He have recent-

ly been the subject of increasing study. In addition
to the improved sophisticated calculations of posi-
tion and widths of these states by many workers, '

recent studies using hyperspherical coordinates '
and group theoretical methods have been aimed at
revealing the nature of electron correlations of dou-

bly excited states. Graphical display of the correla-
tion patterns of these states has also been intro-
duced recently. '

Hyperspherical coordinates provide a convenient
basis for describing correlations. Since correlation
is the property of the relative motion of two indis-

tinguishable particles, it is natural to replace I"
&

and

r2 of the usual spherical coordinates (r„6„$&)
and (rp, 92,$2) by R =(ri+r2)' and
a =arctan(r

& Ir2). The correlations can be studied

separately at each hyper-radius R. The distribution
of charge density as a function of the angle a de-
scribes radial correlations. Its distribution as a
function of the angle Oi2 between the two electrons
describes angular correlations. For spherically syrn-
metric states, the wave functions of the two elec-
trons are specified by %=%(R,a, 8,2). Correlation
patterns of various doubly excited states are then re-
vealed by the distribution of charge density on the
(a, 0,~) plane.

In a recent article (to be named I of the series),
the correlation patterns of doubly excited states of
H converging to the %=2 and 3 hydrogenic
thresholds were investigated. This study established
the importance of describing the qualitative charac-
teristics of electron correlations for doubly excited
states. Although the dramatic differences between
the correlations of singly excited states and low-

lying doubly excited states were observed, strong
features of high-lying doubly excited states have not
been investigated. In this article, the correlation
pattern of these high-lying doubly excited states will

be investigated.
Such a investigation is important in establishing

the connection between doubly excited states and
double-ionization states near threshold. In the sim-

ple one-channel problem, it is known that properties
of low-lying continuum states can be related to
properties of high-lying bound states. For example,
single-channel quantum-defect theory relates the
scattering phase shift 5I near ionization threshold to
the quantum defect O.I of high-lying Rydberg states,
6I ——m.o-I. These types of relations have also been es-
tablished for multichannel problems for various

types of asymptotic potentials. ' The establish-
ment of these relations is conceptually easier (but by
no means trivial), since beyond the core region de-

fined by a typical radius of the order of the size of
the atom, only the motion of a single electron needs
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to be considered. Beyond this radius, various excit-
ed states are characterized by the increase of the
size of the states, i.e., either the size parameter or
the energy of the state alone is adequate in describ-

ing the progression of the channel, with continuum
states corresponding to the limit where the outer
electron can propagate to infinity.

The increase of the size alone for doubly excited
states does not lead to double ionization. In I, it
was established that the correlation pattern for each
channel varies in a smooth fashion with R—the
charge density drops from a=45' as R becomes
greater than R, . Thus R, gives the order of magni-
tude of the "core" radius of doubly excited states
belonging to that channel. This radius R, increases

rapidly with the degree of double excitations. For
R beyond a few times R„ the radial correlation of
the outer electron with the inner one is lost. (The
angular correlation is maintained at large R due to
the degeneracy of hydrogen-like excited states. ) In-

crease of R along the same channel eventually leads
to single ionization with simultaneous core excita-
tions. To lead to double ionization, according to the
Wannier theory as well as the later development of
Rau and Peterkop, '

. the two electrons have to
maintain strong radial correlations over a large
range of R. Thus, to lead to double ionization near
threshold, the wave packet has to cross from one
channel to another as R increases in such a way that
strong radial correlation is maintained. It is impor-
tant to investigate whether this channel hopping
proceeds through every channel of the manifold or
only through selective channels. To answer this
question, it is necessary to establish the correlation
patterns of high-lying doubly excited states. In this
article, we will show that it appears that only a
selective class of channels are important for double
ionization to proceed.

The rest of this article is organized as follows. In
Sec. II, a brief summary will be given on the results
from I. The theoretical models used in enumerating
correlations of high-lying doubly excited states will

be given in Sec. III. Surface plots of the correlation
pattern for the lowest channel below the Xth hydro-
genic threshold will be shown in Fig. 5 at the criti-
cal radius R, for several values of X to illustrate the
behavior of the "Wannier state. " Correlation pat-
terns for the channels below the 12th hydrogenic
threshold are illustrated in Fig. 6 to show the differ-
ence of charge-density distributions for high-lying
channels. A11 the graphical displays are for '5' of
H . The mechanisms of double excitations and
double ionizations are discussed in Sec. IV, in con-

nection with the properties of doubly excited states
studied in Sec. III.

II. SUMMARY OF CORRELATIONS
FOR LOW'-LYING DOUBLY EXCITED STATES

Based upon the adiabatic approximation and lim-

iting ourselves here only to 'S' states, the two-
electron wave function of H is expressed as

0'„"(R&a,6,2) =FI",(R)C'„(R;a,9&2)

for the nth state in the pth channel. We define 4
and 4 to include appropriate phase space factors
such that ~%'

~

denotes the volume charge density
and

~

4&
~

denotes the surface charge density on the
hyperspherical surface given by R =const. Analo-
gous to the Born-Qppenheimer approximation for
diatomic molecules, expansion (1) introduces a po-
tential curve U&(R) for each channel p, . In Fig. 1,
the three potential curves that converge to the N= 3
excited states of hydrogen atoms are shown. Notice
that the lowest curve shows a deep attractive well

with minimum at R;„=20a.u. In Fig. 2, the sur-
face charge densities for the three channels are
shown at R=20, 30, and 40 a.u. Detailed discus-
sions on these plots and the method of calculations
can be found in I. We only summarize two impor-
tant features here.

(1) Each channel shows its own distinct correla-
tion pattern. By denoting the channels by
p, =(N, X), where N refers to the dissociation limit
and A, the kth channel within the manifold of chan-
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FIG. II. -Adiabatic potential curves for the three chan-
nels of H 'S' states that converge to the %=3 threshold
of H.
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26

A. Approximate channel functions

Consider the N 'S' c"channels that converge to the
Nth hydrogenic thresholds in the limit of R~
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imi 0
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'
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@NA.(rl ~2) y Cj Pxl(rl )+1loo rl r2
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e (R;a,e )=12 = C& N&(R)PM(R sina cosa)
I

21+1
' 1/2

X ( —1) P1(cos912),

(4)
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~ ~

new renormalization constant
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paring with the graphs shown in Fig. 2, we notice
that all the major features of the correlations of
these channels as well as the evolution of each chan-
nel with R are well reproduced. In particular, the
large peak at the Wannier point for R=20 (corre-
sponding to R, where the potential curve has the
minimum) for channel (3,1) is clearly exhibited in

Fig. 4. Therefore, the simple functions (4) are ade-

quate in describing major correlation features of
doubly excited states for each channel.

C. Correlations of higher (N, 1) and (N, 2) channels
for H 'S' states
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The lowest channel (N, 1) below each Nth excited
thresholds always exhibits large charge density at
the Wannier point at a certain critical radius R,
near where the potential curve has the minimum.
For values of R away from R„ the charge density
at the Wannier point drops. Without actually cal-
culating U&(R) with the approximate function (4),
the critical radius for each (N, 1) channel is located
by searching for R, where

~

C&„(R;a=45',
8&z——180')

~

has the maximum. Another feature of
the higher (N, 1) channels is the high degree of lo-
calization of charge density centered at the Wannier
point for high N. In Figs. 5(a) and 5(b) the varia-
tion of

I 4&(R, ;a=45', 81&)
I

with 8&q and of
I 4&(R, ;a,8tq ——~)

I
with a are shown at the criti-

cal radii R, for several (N, 1) channels. The abso-
lute value of 4„(R,;a=45',8tq ——180') increases
rapidly with increasingly higher-N channels. The
half-width in 8~q and in a decreases with increasing
N. Therefore, we notice that along the (N, 1) chan-
nels the electron correlation for each channel at the
critical radius is such that the two electrons are to
maintain at the same distance from the nucleus and
on opposite sides of the nucleus. Deviations of the
charge distribution from the "equilibrium point"
r~ ——rq and 8&z ——180' become smaller with increas-
ing N.

To get a more complete view of the charge-
density distributions, the surface plots of

~

4&(R„'a,8tq)
I

are shown in Fig. 6 for (N, l)
channels with %=4, 6, 8, 10, and 12 at their corre-
sponding critical radii R, . To compare the
behav'ior with other channels, the corresponding
(N, 2) channels are also shown at the same R, . In
Fig. 6, all the graphs are normalized to have the
same maximum height. Since

I
4&„(R„a,8~&)

~

is
normalized to unity on the hyperspherical surface,
plots with narrow features actually have sharp
peaks and plots with broad features actually have
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FIG. 5. Variation of
~

C&„(R„'a=45',H~q)
~

with 8~&

and
~
4„(R,;a, 8~q=m)

~

with a for the p=(X, 1) chan-

nels for N=2, 4, 6, 10, and 25. These graphs illustrate
the high-degree localization of a and Oiq for the (N, 1)
channels around the Wannier point for higher values of
N.

broader charge distributions. For each (N, 1 ) chan-
nel shown in Fig. 6, the R, value and the charge
density at the Wannier point are given on the left of
the graph. For iV=2, 4, 6, 8, 10, 12, and 25, the
peak charge densities (the critical radii R, ) are
0.026 (6.4), 0.086 (39), 0.155 (102), 0.230 (195),
0.309 (320), 0.390 (470), and 0.986 (2230). We no-
tice that as X increases, the plots are similar except
that the rise to the peak values is faster for high N.
The plots for (N, 2) channels are broader in a. The
(N, l) channels show no nodal lines in 8~q coordi-
nate, while the (N, 2) channels show one nodal line
in the O~q coordinate. All the doubly excited chan-
nels show nodal lines in the a coordinate. For
R &R„ these nodes in a shift to smaller values of a
(as well as to a close to 90' from the symmetry con-
dition).
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D. Correlations of doubly excited states
of H below the ¹12threshold

To appreciate the correlation pattern of high-

lying doubly excited states, in Fig. 7 the surface
charge densities of the 12 channels below the 12th
hydrogenic threshold of H for 'S' states of H are
shown at 8=500 a.u. The channels are labeled as
(12,A, ) where higher values of A, correspond to more
repu sive c anne1 'v channels. We notice that the correlation

f r'S'pa ematterns among the 1 channels with fixed X for S'
states differ mainly in the angular correlations. The
lowest channel has a charge distribution that is con-

FIG. 6. Surface-charge-density plots for the (N, 1) and
(N, 2) channels for N=4, 6, 8, 10, and 12. Critical radius
for each (N, 1) channel and its charge density at the Wan-
nier point is given on the left of the graph. All the
graphs shown are normalized to have the same maximum
height. Plots with narrow features indicate sharper local-
ization of the charge distribution.

FIG. 7. Surface-charge-density plots for the 12 chan-
nels of H 'S' states that converge to the 12th hydrogen-
ic thresholds. To illustrate the "mirror" symmetry, the
channels are positioned in the way shown. Notice that
the orientations of the graphs between the two columns
are different.

centrated in the large 0&z region and the highest
channel has a large charge distribution in the small
0 region. On the other hand, radial correlation)p region.
does come into play also. Small Coulomb repulsion
between the two electrons favors a@45' if t9tz-0'.
Thus, except for the highest A, =12 channel, all the
higher channels stay away from the region cz--45'
in the small 0&z region. Successive higher A, chan-
nels acquire more nodal lines in the O~q coordinate.
Besides that, the surface charge distribution on the
(a, Otal) plane appears to exhibit "mirror sym-
metries" in the manner displayed in Fig. 7.

E. Correlations of doubly excited S' states

The differences between 'S' and S' doubly excit-
ed states are primarily due to "Pauli exchange
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correlations, " i.e., due to the fact that 'S' state wave
functions are even functions and S' wave functions
are odd functions with respect to the refiection at
a=45. In the present approach, this exchange
correlation is reflected as radial correlation in that
S' wave functions always vanish at a =45 . For

angular correlations, 'S' and S' states of similar
channels are essentially the same. Therefore, the
correlation patterns between the corresponding
channels are similar except for the fixed nodal line

along a=45' for S' channels. These behaviors
have been examined in I for low-lying doubly excit-
ed states and should remain true for high-lying dou-

bly excited states as well.
Because of the nodal line along a=45', the

charge densities does not have a maximum at the
Wannier point for (N, I ) channels of S' states. The
absence of charge density along a=45' results in

the hypothesis that S' states are not important for
describing double ionization near threshold (see Sec.
IV).

F. Correlation of doubly excited 'P' and P' state

Correlations of states with L+0 are more diffi-
cult to display graphically since the wave functions
not only depend on R, a, and 0&2, but also depend
on Euler angles which describe the overall rotations.
Unlike diatomic molecules, the rotational motion in

the two-electron atoms cannot be separated from
the description of electron correlations. It is possi-
ble to integrate over the overall rotation angles to
obtain charge densities of the states on the (a, 8~2)

plane, but this subject will be investigated in the fu-
ture.

Recall in Sec. IIIE we noticed that 'S' and S'
states differ essentially only in radial correlations.
For L+0 states, the situation is complicated by the
strong coupling between radial and angular correla-
tions. Consider the description of 1snp 'P' and

1snp I" states in the independent-particle approxi-
mation; the channel functions are expressed as'

cos8&f (R;a)+cos82f R;——a

for states with M 0 where + ( —) refers to singlet

(triplet) states. The + and —combination in (7)
dictates a large degree of radial and angular correla-
tions, to be called "Pauli correlations, " which have
not been discussed in the literature. Consider the
channel function (6) at a =45'. It reduces to

f(R;a =45')(cos8~+cos82). For 'P', this function
vanishes when 8~ ——m —02 and peaks at 0& ——02, i.e.,

Pauli correlation forces the two electrons to peak at
0~2-0' and to stay away from 8&z-180'. On the
other hand, for P' states, the function in (6) has

the peak at 8~2-180' and vanishes at 0&2-0'. This
Pauli correlation explains why the energy of
1snp P' state is always lower than the energy of
1snp 'P' states since 0]2- 180' reduces the
electron-electron repulsion. This type of correlation
is not important when a -0' (or a -90') as one or
the other term in (6) dominates.

For doubly excited states with nonzero L, there
are also the so-called + and —correlations first
discussed by Cooper et al. ' These types of correla-
tions were examined by Lin' in terms of radial
correlations within each [l&t2] pair of the partial-
wave decomposition of the total wave function. It
was noted that if both /~ and l2 are less than N —1,
where N is the Nth excited hydrogen state, then
there are two channels within that [I,lz] subspace,
one with the + character where f(R;a) shows an

antinode near a-45' and the other with the-
character where f(R;a) shows a node near a-45'.
Therefore, the difference between + and —for
L+0 states (irrespective of the spin S) is similar to
the difference between 'S' and S' states, i.e., main-

ly in radial correlations. In fact, the ratio of decay
widths for + to —states is about the same as the
ratio of decay widths for 'S' to S' states.

The actual correlations for doubly excited states
with nonzero L are complicated by the angular
correlations which mix different [l~l2] subspaces
and by Pauli correlations which further mix radial
and angular correlations to distinguish singlet from
triplet states. At large hyper-radius R within a sin-

gle channel (and with a~0 or a~90'), + and-
correlation and the Pauli correlation become insig-

nificant; only angular correlations remain impor-
tant. These variations of correlations with R deter-
mine the properties of doubly excited states for
states with nonzero L.

IV. CONNECTION WITH THE WANNIER
THEORY OF THRESHOLD IONIZATION

In Sec. I, the mechanism of populating doubly
excited states and of double ionization was dis-
cussed. Both high-lying doubly excited states and
double-electron escape at low energies are character-
ized by two slow electrons where strong correlations
are expected to develop because of the long-range
forces and the large time of interaction over which
correlations can develop. According to the Wannier
theory of threshold ionization, double-electron es-
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cape near threshold is possible only if the two elec-
trons remain roughly at the same distance from the
nucleus in the escape process. Referring to Fig. 3
for the effective charge C(a, 8~q), deviation of a
from 45' results in a more complete screening of the
nucleus by the inner electron such that the inner
electron takes away most of the available energy to
make double escape impossible.

The mechanism of populating high-lying doubly
excited states essentially has to proceed in the same
manner. In terms of the family of adiabatic poten-
tial curves within a given I. and S, this means that
"direct excitation" to these high-lying doubly excit-
ed states from the low-lying channels is most likely
impossible. ' Instead, these states are more likely
populated through successiue "channel hopping"
from the lower channels. Recall in Figs. 2 and 4, as

we11 as in the graphs shown in I, the charge-density

distribution near u-45' for each adiabatic channel

drops gradua11y as R becomes greater than R„ i.e.,
the charge density on the potential ridge (of Fig. 3)

begins to slide into the two valleys for R & R, . On

the other hand, there are some fractions which will

not follow the adiabatic evolution and instead

remain on the potential ridge and propagate to
higher channels with increasing R. Therefore, in

this model, channel hopping occurs through the

splitting of the charge density at the potential ridge.
This process of populating high-lying double excit-

ed states and double-electron escape near the thresh-

old is called here the Wannier mechanism. Chan-

nels which do not possess significant charge densi-

ties at or near o.=45' are thus not populated by this
%annier mechanism in the excitation process. Ex-
perimental results and theoretical calculations ap-

pear to indicate that the Wannier mechanism is the
dominant one for low-energy collisions. For exam-

ple, recent photoionization measurements of He
below the He+(N) threshold for N=3, 4, and 5 by

%oodruff and Samson' clearly indicate that there

is only one channel below each X which is predom-

inantly excited in the photoabsorption process. Re-
call that there are 2% —1 channels below the
He+(N) threshold for 'I" states, but most of these
channels are not excited in the photoabsorption pro-
cess except for the (N, l) channel. Similar results

were also observed for the photodetachment mea-

surements of H below H(N=3) (Ref. 17) and

H(N =6) (Ref. 18) thresholds where only states be-

longing to the lowest channel out of the possible
five for the H(N =3) manifold and the possible
eleven for the H(N =6) manifold are populated.
These lowest channels are all distinguished by the

large charge-density distribution at +=45' near its
critical radius R, . Other states belonging to the
higher-k channels of the X manifold are marked by
near-zero charge densities near the potential ridge
e =45 and are not easily excited in the collision.

In the discussion above, nothing has been said
about angular correlations. Since the potential sur-

face is essentially flat in 8~2, except near the singu-
lar point at +=45' and 0&2 ——0', deviation of 0&z

from 180' does not result in any significant loss of
flux from the ridge. Although the 'S' states be-

longing to the lowest channel in the excited H(N)
manifold exhibit strong angular correlation with a
peak at 0~2

——180', the fact that this peak occurs at
0&2

——180' but not at other angles is not essential to
the%annier mechanism of populating doubly excit-
ed states, nor is it essential to the double-escape pro-
cess. ' The Wannier mechanism requires large
nonzero charge density for u-45' without specify-
ing the 0&2 dependence. Only S' and 'P' states
possess zero charge densities for atl the channels at
0. =45 due to Pauli exchange correlations. Thus,
doubly excited states belonging to S' and 'P' are
not easily excited and they are not important in the
Wannier theory of double-electron escape. All other
1. and S states have one channel below each H(N)
manifold (corresponding to the one which has the
deepest potential well) which has large nonzero
charge densities near a=45' at a certain critical ra-
dius. Doubly excited states associated with these
channels are often excited in the collision and they
all have the same %annier exponent for threshold
ionization. Because the 0&2 distribution depends on
I. and S, angular correlation between the two ion-
ized electrons near the threshold will be different
for different I. and S. For example, 'P' states al-
ways have zero charge density at a =45' and
L9&z

——180' because of Pauli exchange correlations,
thus the angular correlation between two ionized
slow electrons will show a dip at 0&z ——180'.' On
the other hand, for P' states, the angular correla-
tion between two ionized slow electrons will show a
maximum at 8&2——180' because the Pauli exchange
correlation favors 0&2 ——180'.

V. SUMMARY

In this article the characteristics of electron
correlations of high-lying doubly excited states are
examined. It is found that the systematics of corre-
lation patterns of these high-lying channels are very
similar to those of the low-lying channels studied
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earlier except that the major features of each chan-
nel are sharpened. For the N'S' channels of H
that converge to the Nth hydrogenic threshold, the
lowest channel is shown to have large charge con-
centration near 0&2-180'. Other channels of the X
manifold are marked by their charge distribution at
smaller Ot2, with the higher channel (within the N
manifold) having charge concentration at smaller

The lowest (N, 1) channels for each N are singled
out as the major important channels that can be po-
pulated in a slow collision. These channels are
shown to exhibit large charge density peaked
around the Wannier point (a =45' and 8&z ——180') at
and near the critical radius R, characteristic of
that (N, 1 } channel. As N increases, the critical ra-
dius R, increases and the rise to the Wannier peak
becomes sharper. Within a given (N, I) channel, as
R becomes greater than R, , the peak gradually
shifts to a=45'+p, where p increases with R. In
other words, for R &R, , the charge distribution
within the (N, 1) channel begins to slide away from
the potential ridge (of Fig. 3} into the two valleys.
On the other hand, through channel hopping to the
next (N+ 1, 1) channel, some fraction of the charge
densities will be transferred to the (N+1, 1) chan-
nel. Between R, and R, +', it appears that the in-

crease of R is to focus the charge density in the
(N+1, 1) channel to the vicinity of a=45'. As
R &R, +', the charge density that remains in the
(N+1, 1) channel will diverge from a=45'. This
process of transferring flux from one (N, 1) channel
to the next (N + 1, 1) channel successively appears
to be the major mechanism of populating high-lying

doubly excited states and is consistent with the
Wannier mechanism of double ionization near
threshold. This mechanism is consistent with avail-
able experimental data on high-lying doubly excited
states and threshold ionization.

From the analysis of the correlations of doubly
excited states belonging to other L and S, it is ar-
gued that angular correlation plays no significant
role in the Wannier mechanism. This mechanism
requires only that the relevant channels have charge
densities peaking at a =45' and some 0~2 at their
corresponding critical radii. The effectiveness of
the Wannier mechanism is expected to be indepen-
dent of 0&2. Therefore, except for S' and 'I"
states, where all the channel functions have a nodal
line along a=45' (because of Pauli exchange sym-

metry}, all other l. and S symmetries have one class
of channels which behave similar to the (N, 1 ) chan-
nels in 'S'. Within the many channels that con-
verge to the Xth excited hydrogenic thresholds, the
important channel again will be the one which has
the most attractive potential curve.
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