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A new second-quantization representation for low-energy positron-hydrogen scattering
is derived by starting with the standard Fock representation and carrying out two canoni-
cal transformations, one to introduce the field operator for bound positronium and the
other to introduce one for the bound atomic electron. The transformed “Fock-Tani rep-
resentation” Hamiltonian is obtained in closed form. Its various terms have simple physi-
cal interpretations and manifest the various scattering and reaction channels. The
interaction-matrix elements obtained are automatically renormalized through inclusion of
bound-state —continuum orthogonality corrections. The definition of the S-matrix ele-
ments is simpler in the new representation since bound states are exactly redescribed
therein as elementary particles. Certain constraints necessary and sufficient for the one-
one property of the mapping from Fock- to Fock-Tani-state space are shown to be au-
tomatically satisfied when the asymptotic initial and final states for scattering processes
are defined by the standard wave-packet method. This representation is expected to be
useful for inclusion of the intermediate-state positronium channel in the standard many-

body Green’s-function approach to evaluation of S-matrix elements.

I. INTRODUCTION

Quantum-field-theoretic Green’s functions have
been shown to be a very useful tool for calculations
of low-energy elastic and inelastic electron-atom,
atom-atom, and atom-molecule scattering cross sec-
tions.!~* The S-matrices for such processes are ex-
pressible in terms of single-particle Green’s func-
tions.2 Similar methods are also applicable to reac-
tive scattering cross sections, but in such cases
(n’',m'<n,m) Bethe-Salpeter transition amplitudes®
are required for the reactive S-matrix elements of a
process involving n- and m-particle initial bound
states and n’- and m’-particle final bound states.
These are much harder to determine accurately
than are single-particle Green’s functions.

This difficulty can be circumvented by a change
of representation (unitary transformation) such that
in the new representation, the field operators for
the composite bound states satisfy elementary-
particle commutation relations and are therefore
already manifested in appropriate (1,1<1,1) parti-
cle transition amplitudes. In recent years several
such representations have been developed. The one
which will be discussed herein is the Fock-Tani
representation, obtained from the standard Fock
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representation of the constituents (electrons and
nuclei) by a suitable unitary transformation, the
generalized Tani transformation.”® The price paid
for these advantages is the difficulty of carrying
out the transformation in detail so as to obtain an
explicit expression for the Fock-Tani Hamiltonian.
In fact, in the cases previously discussed involving
many-body systems of composite particles, the in-
teraction Hamiltonian in the new representation is
an infinite series of which only the leading terms
are known explicitly. However, for some few-body
systems, the transformation can be carried out ex-
actly and explicitly. This is the case, for example,
for positron-hydrogen scattering in the fixed-
nucleus approximation. Then the bound composite
species are the hydrogen atom (described as one
electron bound to a force center, the proton) and
the positronium atom. The representation thus ob-
tained is expected to be particularly convenient for
treating the effects of the positronium channel,
which contributes importantly in virtual intermedi-
ate states in calculation of low-energy positron-
hydrogen scattering cross sections, even before the
real positronium channel opens.

A field-theoretic description of such effects us-
ing composite positronium fields and their Green’s
functions has been initiated by Ficocelli Varra-
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chio.>® However, calculations will be facilitated
by a change of representation such that the posi-
tronium contributions are already included in
lower-order Green’s functions. This is the motiva-
tion for the derivation herein of the Fock-Tani
Hamiltonian for positron-hydrogen scattering.
Calculations using this representation will be
described in subsequent publications.

In Sec. II the standard Fock representation for
this system is introduced, and the Fock representa-
tion of the hydrogen and positronium bound states
is described in Secs. III and IV. The transforma-
tion to the new Fock-Tani representation is carried
out in Sec. V and Appendixes A —D, and the
physical interpretation of the new representation is
discussed. Certain constraints necessary and suffi-
cient for the one-one property of the mapping
from Fock to Fock-Tani state space are shown in
Secs. VI and VII and Appendix E to be automati-
cally satisfied when the asymptotic initial and final
states for scattering processes are defined by the
standard wave-packet method, and a simple defini-
tion of S-matrix elements in Fock-Tani representa-
tion is shown to be equivalent to the more compli-
cated definition in terms of bound states in Fock
space.

II. FOCK REPRESENTATION

The system of interest consists of one positron
and one electron in the Coulomb field of a proton
assumed fixed at the origin. Let p(x) and &(y) be
the standard Fock representations of the positron
and electron field operators. Here x =(T},,0,) with
T, the positron position vector and o,(=1 or l) its
spin z-component variable. f dx stands for
zap f dJFP‘

Similarly, y =(T7,,0.) and

fay=3,. [dr.

for the electron. The standard nonrelativistic Fock
Hamiltonian is

A= [dxp'0H, (x)p(x) + [dy &' pH, (»EY)

+ [ dx dy 508 (p)V e (xp) 619)B ()

(1)

on the one-positron one-electron subspace. The ad-
vantages of such a Fock representation even for
few-body scattering problems have already been

amply demonstrated in the literature.!~> The
Schrodinger operators occurring in (1) are given, in
atomic units i=m =e =1, by

1 9? 1
H j— _— —_
(y) 298 r,
1 8% 1
H(x)=————7F+—, (2)
P 2 a?: r
Vpe(xy)=——— 1_.
[rp—rel

The electron and positron fields satisfy the stand-
ard anticommutation relations'®

[ey),ey)] =[p(x),p(x")] =0,
(6,8 (p)], =8y —y")=8(F. —T2)5, .

[Bx),5(x")], =8(x —x")=8(F, —T;)8_ .,

[6W),p(x)], =[6W),p"(x)], =0

The Hamiltonian (1) is general enough to describe
low-energy elastic, inelastic, and reactive positron-
hydrogen scattering. Radiative and e-p annihila-
tion and pair creation channels could be easily ad-
ded, but in the interests of simplicity they will be
omitted here.

III. HYDROGEN BOUND STATES

The creation operator A I,e for an electron in or-
bital @,,(y) bound to the nucleus at the origin is

ve=Jdy 0. &y, 4)

and the Fock representation of the corresponding
one-electron state is

|ve)=2:r,e|0), (5

where |0) is the Fock vacuum. The @,, could be
either free or perturbed orbitals; it is not necessary
to specify the choice here. It is only assumed that
the set {@,.} is orthonormal but not necessarily
complete.!! The AW and 4. —-(A )f satisfy the
anticommutation relations

[;fve);fv'e]+=[é\(y)s2vc]+=0 ,
[;‘\veala\zl’e]+=6w' ’

(6)
[é\(y ve]+ ‘Pve(y)

(Fx),Ayel . =[p(x), 411, =0.



IV. POSITRONIUM BOUND STATES

These are
|aPs)=A4p |0) ™
where
Alp= [ dx dy@p,xp)p ()6 7(y) (8)

and the @, ps are the bound positronium wave
functions; again, x =( rpt,crp) and y =(7,,0,). The
Aaps and A,,ps (Agps)' satisfy the commutation
relations

[AapoApps]-=[p(x),duap,]_=[6(), dzp,]_=
[Xaps’f?gps]—= aﬁ+CaB ,

[P, A p]_= [dy @arlape’n)
[60),ALp) == [dx ur(xp)p'(x) ,

assuming the @, ps orthonormal. The operator 6,,5
is

Cop=— [ 419K 01,9287 e1y,)
—de1dX2K(p)(X1,X2)p (xl)ﬁ(xz (10)

9)

where the electron and positron exchange kernels
are

KSW1p2)= [ @ursxy:)pgedxydx ,
(11)
KB (x1,x)= [ @hpxy)pgpsx 1)y .

V. FOCK-TANI REPRESENTATION

We shall transform to a new representation in
which the bound atomic electron and positronium
states are described by anmhllatlon and creation
operators &, eT (electrons) and 1/1,,, 1/;1, (positroni-
um) which are kinematically independent of the
free electron and positron operators €(y), & (y)
p(x), and p t(x) in the sense that the anticommuta-
tion and commutation relations (6) and (9) involv-
ing the Aw, Aw, Aaps, and Alps are replaced by

(6,81, =[61),8,1,=0,

[P Pl - =[F), D) - =[619), D] - =

(6, al-=[6,,85]_=0

(6,80 )4 =8, [ParPh)l-=82g, (12)
[ew),el], =[px), ¢a]_=0
[p(x),e,]1,=[px),é. e,, +=0,

[ey),91]_=
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The procedure for enlargement of the Fock space
so as to allow consistent imposition of these com-
mutation and anticommutation relations along
with (3), (6), and (9) is discussed in Appendix A.
Note that the set of positronium quantum numbers
can be decomposed as a=(k,v) where K is the
translational wave vector and v the set of internal
atomic quantum numbers, the same as the set v of
atomic quantum numbers labeling the atomic elec-
tron orbitals ¢,,. This corresponds to the usual
center-of-mass decomposition of the positronium
wave functions

TkT

¢)aPs(xy)=(2ﬂ)—3/2e uv(?e_?pvolnae)

(13)

with T'=~ (re+rp) The Sa,g in (9) stands for
8(k—k' )8 . where a=(K,v) and (B—(k’ V).
Fourier transformation w1th respect to k one can
introduce field operators 1/1,,( ), t/!i( 1) for positroni-
um in internal state v with center of mass localized
at r:

PUD=2m 2 [dKe ¥ TY,,,

-

bz, =m)~32 [dTe~ K TP D).

Here @T;v=$a with a=(K,v). The positronium
field operators satisfy the local Bose commutation
relation

(14)

(DD, (T =8(F—T")5,,. (15)

in spite of the finite size and composite structure
of the positronium atom. Note that this would not
be the case for the Fourier transforms of the com-
posite positronium operators 4, p,, due to the 6aﬁ
operator term in the commutation relation (9).
This is a major motivation for carrying out a
change of representation to the “Fock-Tani state
space” in which the simpler relations (12) are valid.

The desired change of representation is effected
by the multispecies generalization of the Tani
transformation'? which has already been discussed
in detail.” The unitary operator U which effects
the change of representation is

0=0,0,,

U s = €XP FPs ’FPS—E (A Ps;l\’a ‘thx‘i\aPs) ’
(16)

A T A AT A

U,=exp -Z—F, , F,= Z(Awev e,4,,).

Then’
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“ve)=0" 1A [0)—|ve)—e,,f0)
(17)

O-'|aPs)y=0"41p]0)= |aPs)E@l|0> ’

i.e., a bound atomic electron and bound positroni-
um atom are redescribed as kinematically indepen-
dent elementary particles in this new representa-
tion."’ Note that Ups and U, do not commute.
The ordering UpsU is essential; for the opposite
order U, Ups, the second Eq. (17) is violated; see
Ref. 7. U acts on an enlarged state space .# which
is a “graded direct product” of the original
electron-positron Fock space # and a new Fock
space # of the operators &, eT Y4, and 1/;:;, as dis-
cussed in Appendix A. A subspace .# of .#, de-

fined by the constraints
ﬁal )=ﬁPs| >=0, | >€f0 (18)

is isomorphic with &. Here ﬁ,, and N ps are the
|

O3 HpUp,= 2¢a<a|

+fdxp (x)H,(x)p(x)+

e | B) B+2 fdxdy[ﬁf(x

number operators for bound atomic electrons and
positronium atoms in the new representation

Ee ew NPs E"/’awa- (19)

As will be discussed in Sec. VI, after the change of
representation affected by U, the trivial constraints
(18) will be replaced by new constraints expressing
the fact that in the new Fock-Tani representation,
bound atomic electrons and posnromum atoms are
described by the € operators i e, ei, ¥4, and 1[:2 rather
than AW, A,,,_,, Aaps, and Alps

The Hamiltonian A in Fock-Tani representation
is

AB=0"H:0=0"05'H:05,0, (20)

with Hp the one-positron one-electron!* Fock
Hamiltonian (1). The evaluatlon of the positroni-

um Tani transformation U, Ps 'A F Ups is carried out
in Appendix B; the result is

Y)xy | Hpe | @) ;l;a—{-H.c.]

[ayepn.pey)

+fdx dy dx’dy’ﬁT(x)é‘f(y)(xy | Hpe | x'y")@(y" )p(x’) . (21)

Here (a |

(@|Hpe | B)= [ @hpstxp) Hpe (xp)pgpy(xy)dx dy

Hp, | B) is the matrix element of H,, between bound positronium wave functions

(22)

with H,, the Hamiltonian of the positron and electron in the field of the proton

Hp, (xy)=Hp,(x)+H,(y)+ Vpe(xp)

(23)

[see 2)]. (a|Hp | xy)' and (xy | Hp, | @)’ are renormalized matrix elements for positronium formation and
decay,
(xy | Hpe | @)’ =Hpe(x9)@apsxp)— [ Apy(xp,x'y" ) Hie(x'y )@apx'y)dx'dy’ (24)
(a| Hpe | xy) =[(xy | Hpe | @) ]*,
and (xy | Hp, | x'y')" is a renormalized, nonlocal positron-electron interaction-matrix element
(xy | Hpe | x'y") = Vpe(xp)8(x —x")8(y —p') —[Hpe (xp) + Hpe (x'y") ] Aps(xy,x"y")
+ prs(xy,x"y")Hpe(x” ")Apy(x"y",x'y" )dx"dy" . (25a)

The function Ap, in these expressions is the posi-
tronium bound-state kernel explicitly given by

Aps(x,y,,x2y2)=2 Paps(X1)1 )‘p;Ps(x?)Q) . (25b)
a

These expressions simplify if the @,pi(xy) are tak-
en to be the bound positronium energy eigenstates

r

in the absence of the field of the proton, satisfying
the Schrddinger equation

1@ 1 i - 1 Paps(xy)
2872 297 |T,-T.| |

=€Paps(xy) . (26)
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Then it is easy to show, using the definition (B23)
of Aps and the identities (B24), that

(a| Hpe | B)=€480p+(a | Virer | B)
(xy |Hpe |@) =(xy | Viror | @), 27
(xy | Hpe | X'y") = Vpe(xy)8(x —x")8(y —y")

- §€a¢aps(xy)¢’2ps(x’y')

+(xp | Viprot | X¥')

where (a | Vo | B) is the matrix element for posi-
1

, 1
xy | Virot | @) =

—— |@arstxn)— [ Aplxp,x'y) | = —
e

tronium transitions'® due to the Coulomb field of
the proton

1_1

o Te

X @gpsixy)dx dy (28)

(@] Vorot | B)= [ @laplxp)

(xy | Vprot | @) and its complex conjugate

(@] Vprot | Xp)" are renormalized matrix elements
for positronium decay and formation due to the
field of the proton,

— |Paps(x’y")dx"dy’ , (29)

and (xy | Vprot [ x'y")" is a renormalized matrix element for continuum-continuum positron-electron transi-

tions due to the field of the proton

[P AY] 1 1 1 .’
(xy | Vprot |xy ) =— —__+_,—’—,— APs(xyaxy )
rp re rp e
+ fAPs(xy’ " I') —'l__ APS( n Il’x'y’)dxlldyll . (30)
r
p

Note that the matrix elements (xy | Vit | @) [Eq.
(29)] and (xy | Hpe | x'y')" [Eqs. (27) and (28)] both
contain orthogonalization terms involving the posi-
tronium bound-state kernel Ap [Eq. (B23)] in addi-
tion to their leading terms, the bare matrix ele-
ments. These orthogonalization terms are a direct
consequence of the algebra of the transformation
Up,, and express the fact that the continuum
positron-electron wave functions are orthogonal to
the bound positronium wave functions @, p,. Since
these orthogonalization terms are subtracted from
the bare matrix elements, the renormalized matrix
elements (xy | Vi | @) and (xy | Hp | xy’)" are
considerably smaller than the corresponding bare
matrix elements, the strong internal positronium
binding effects belng already included in the diago-
nal term zaeaPsll’ad}a

To obtain the final expression for the Fock-Tani
representation Hamlltoman A [Eq. (20)], one must
apply the transformation U, to (21) so as to mtro-
duce the annihilation and creation operators &, and

e, for the electron bound to the proton. There isa
smple closed-form expression'>'® for the effect of
the transformation U on the electron field opera-

tor &\(y):

ﬁe"é(y)ﬁe= ely)— fdy‘A,(y,y')é‘(y')

+ 2 P, , 31)

where A, is the hydrogen bound-state kernel
A (y,y)=3 PreM@rey’) (32)

a one-particle analog of the positronium bound-
state kernel (B23). For completeness, the deriva-
tion of (31) is outlined in Appendix C. It follows
from the anticommutation and commutation rela-
tions (6), (9), and (12) that p(x) and ¥, both com-
mute with F, [Eq. (16)]; hence they are invariant
under the transformation

U900, =px), 0,90, =9, . 33)
It is then a straightforward matter to carry out the

transformation (20) of (21) to obtain the Fock-Tani
Hamiltonian
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+fdye W T.(y)ely)+ Eeatllailla—f- fdx

T,(x)p(x) ,

V= [dydye )y | V. |y &0+ [dxptx) —p<x>+z VU | Voot | B

+3 [dxdy(p' 08 ) xy | Vyeor | @) Yt Hec.]

+3 [ax[p el xv | Vo | @) Pu+Hoc.]

+ [ dx dy dx'dy’p"(x)6"(p)xy |

H,, | x'y') " 6ly")px

+ 2fdx dy dx’ [p‘f(x)AT(y Nxy | Hp | x'v)' ' €,p(x")+H.c.]

+ 2 fdx dx'p(x) "T(xvl e | X'

In deriving this expression it has been assumed
that the @, p, satisfy (26) so that Egs. (27)—(30)
hold, and also that the ¢@,, are the unperturbed
bound hydrogen orbitals satisfying the Schrodinger
equation

Vl)l é\‘/ﬁ(xl)

Henw= -1 L ) —enpn)
DI = | =5 35— [Pl =npucly)

(35)

There are no & T(y )é, and & ,,é‘( y) terms in the case
that (35) is satisfied, because the renormalized ma-
trix element

(v [He [v) = H (p)pye(y)

— [ Ay H 3@, (y))dy
(36)

then vanishes, in analogy with the simplification
(27) of (xy | Hpe | @)’ [Eq. (24)] ensuing when (26)
is satisfied. To prove that (36) vanishes in the case
(35), one employs the identity

S 8e09100y" )y =) 37)
analogous to (B24). The renormalized positronium
energy levels €, include the diagonal contribution

Hy, [x'y')" = (xp |

—f(xy|H

(xy |

(34)
I
from interaction with the proton
€a=€+(a| Vi |a). (38)
T, and T, are the electron and positron kinetic-
energy operators
1.3 1 @
T, y Tx)=———.
)= a_,z »(x) > 8?’: (39)

Hy |xy"y — [ Ay )y, |

|x1) Belp 1,y )dy1 + [ Ay xpy | H,

The renormalized matrix element (y | ¥, | y’)’ for
interaction of free (i.e., continuum) electrons with
the proton is

¥ Ve |y ==--8(—"

e

= e Pre(Y)Pre(y’) . (40)
v
The renormalization term subtracted 3 €,ePye@re
is the part of the spectral representation of the
one-electron Hamiltonian assoclated with its bound
states, whlch are included in A, o in the term
> Eve . The renormalized matrix element is
therefore considerably smaller than the bare one,
its first term; note the similar subtraction in the
free positron-electron matrix element (27). The
matrix element (27) undergoes a further renormali-
zation in (34):

Hp, |x'y,) dy,

e | X'V2) Be(2,y")dy dy, , (41)
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where the double prime indicates that this matrix element is renormalized by orthogonalization to both
bound positronium and hydrogen (the latter orthogonalization involving A,). The other matrix elements are

(Xy I Vprot |a)” =(xy i Vprot ‘a)' - fAe(y’y,)(Xy'| Vprot |a)1dy' ’

(xv| Vprot la) = f‘P:e(y)(xy | Vprot |a)dy,

(42)

(xy ’Hpe |xlv)ll — f[(xy IHPz ,xlyl)l — fAe(y,yll)(xyll IHPe leyl)ldylll¢ve(yl)dyl ,

(xv | Hpe | ') = [ @lep)xy | Hpe | x'9'Y @yrely )y dy’ .

Again, the single prime denotes renormalization by
orthogonalization to positronium only, whereas the
double prime denotes renormalization by orthogo-
nalization to both positronium and hydrogen.

It can be shown'® that the matrix-element
orthogonalizations to hydrogen are equivalent to
the description of the continuum electron by
orthogonalized plane waves (plane waves with their
projection onto the bound states subtracted) rather
than undistorted plane waves. Such a description
has been advocated previously in atomic physics,
e.g., in the theory of photoionization.!” Ortho-
gonality constraints have been shown to play a
fundamental role also in the theory of electron-
atom scattering. In that case such constraints usu-
ally arise from distorted-wave formulations'® based
on optical potential descriptions of the interac-
tion.!” The present theory differs from such ap-
proaches and it seems closer in spirit to a formal-
ism of “renormalized interactions” recently pro-
posed in nuclear physics,” in order to exclude oc-
cupied states from optical amplitudes and poten-
tials. The representation (34) can be regarded as a
generalization of the orthogonalized plane-wave
(OPW) formalism to include orthogonalizations of

Ho=3 €88+ [dy e WT.06w)+ [dx pT 0T, 0p0)+ 3 [dF U

V= [dydye' )y | V. |y'yew)+ [dx ﬁ*(x)rlﬁ(xw S [ari D@ | Vot | V)P D)
14 w'

—

the free positron and electron wave functions to
bound positronium. In the representation (34),
such orthogonalization terms are included in the
matrix elements rather than the field operators.
One could use projected field operators instead.
For example, the projected electron field operator
&\ (y) is?h 2

& =2p)— [dy'A.(y,y ey . 43)

However, inclusion of the orthogonalization terms
in the matrix elements rather than the field opera-
tors has the advantage that the free-field operators
have simpler algebraic properties than projected
ones.

The positronium atom virtually present in inter-
mediate states contributing to the positron-
hydrogen scattering matrix elements is formed only
in the neighborhood of the proton, since the elec-
tron is localized in that neighborhood in the initial
state. There are, therefore, calculational advan-
tages to expressing the positronium terms in (34) in
terms of E\he position-space positronium field
operator ¥,(T). Such an expression is easily de-
rived using (14); the result is

2 A
—%frﬁe;m]wm :

(44)

+ 3 [drdr,dr.p'(F,0,)8"(F.0.)(T,0p.7e00 | Vi | F¥)'" $(F) +Hec.]

vapa¢

+ 3 [ardr,[p7(F,0,)80rp0p,v | Voro | v d(F) +H.c.]
w'o

p

+ [ dx dy dx'dy'p )8 )y | Hpe | 5y 6y)PUx")

+3 fdx dy dx’[ﬁT(x)é‘T(y)(xy | Hpe | x'v)"" €,p(x")+H.c.]

+3 [dxdx'pl el v | Hye |xv) 8yp(x") .
w
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One would, of course, be free to tr;(msfer the €yps=€yps+(TV| Vpror | TV) . (45)

positron-proton interaction term p (1/r,)p and

part or all of the electron-proton 1nteractlon term The bare positronium levels €, ps are the internal
&t )& from V to H, so that the eigenstates of A, contribution in the decomposition of the energy €,

are Coulomb waves rather than plane waves. The of the positronium wave function (13) into transla-

same remark applies also to Eq. (34) In the term tional kinetic energy and internal contributions,

¢v )¢,V in H,, the operator —(+ )32 /372 is the where a=( k v) with K the translational wave vec-
translational kinetic energy operator of the posi- tor
tronium atom, which .has mass 2 in atomic u’mts Ca=€T = %R'z +e,p - 46)
(electron mass = positron mass =1). The €,p, are
renormalized positronium energy levels including The positronium-proton interaction-matrix element
the diagonal contribution from the positronium- is
proton interaction
}
- = 3, %= 1 1 N
(tv| Vprotlrv )= E fd repuv(repyapyo'e) TN . N uv(rep,Up,Ue) ’ (47)
0,0, | T— 3T | | T+ 3T |

where u, is the internal wave function in the center-of-mass decomposition (13) and T, is the relative coor-
dinate T, —T,. Recall that T is the center-of-mass coordinate of the positronium atom [Egs. (13) and ( (14)].
Note that the matrix element (47) is local (diagonal in T') in this representation, in spite of the fact that the
finite size and structure of positronium are taken into account. The doubly renormalized matrix element
(T, rep,op,ae | Vprot | T)'" for decomposition of positronium into a positron and electron [the pTe ¢, term in
(44)] is defined as follows. First, recalling that x =(7},,0,) and y =( t,,0.), one finds for the Fourier
transform of the bare matrix element (xy | Vo | Kv):

(5 | Vogor | V) =(2m)"2 [dK e =K T(xp | Ve | Kv)=8(F — 1, — +T,) |—r‘——l Uy(FoprTpp0e),  (48)

e

which is again diagonal in the center-of-mass coordinate. Introducing Tt , =( l)(f’ +71,) and T, =T, — T
as new integration vanables instead of T, and T, and performing the trivial T, integration, one obtains the
expression (44) for the p 1,bv term, in which the matrix element ( )'’ is defined by successive renormaliza-
tions (orthogonalizations to positronium and to bound hydrogen electrons) as follows:

1

I"ep I | r+ T?ep |

(FyFep:Up)Ue I Vprot | Tv)= uv(?ep’ap,ae) ’

r—

1
— 1
|T—7

— — — — — — — — — — = —
(T,Tp,05,0¢ | Virot | V) =(T,Tgp, 05,00 | Vprot | TV)— fdrepAps(rep,rep;ap,oe)(r,rep,ap,ae [ Vorot | TV)

(Fp0p T | Viror | V) ' = 8(F = 3T — 3T, (T Teps0ps 0 | Viror | T¥) (49)
—8A,(T,, 2T — T, (T, 2T —27},0,,0, | Vpror | TV)' .
[
Here the positronium bound-state kernel reduced to spin-orbit interactions are negligible as assumed in
the relative wave functions u, [Eq. (13)] is found (26). Both the unrenormalized and singly renor-
(Appendix D) to be malized matrix elements are diagonal in the
o - center-of-mass coordinate, but the subtraction term
Ap(Teps Tep30psTe) =2, thy(Tep,0ps0) in the doubly renormalized matrix element ( )’
v . .
involving the hydrogen bound-state kernel A, is
XUy (Fepr0p,0e) 5 (50) not, since the hydrogen bound orbitals ¢,, are lo-

calized relative to the origin (position of the pro-
ton). The hydrogen bound-state kernel (32) is diag-
onal in spin, again assuming spin-spin and spin-
orbit interactions negligible:

where use has been made of the fact that the full
kernel (B23) is dlagonal not only in the center-of-
mass coordinate - (rp +T1,), but also in the posi-
tron and electron spin variables if spin-spin and
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A3,y )=, (r.op,re0.)=8_ A.(rere),
e (51)

A (re,re)= z‘pw(reae )¢’:e(re' o.) .

The diagonality factor § _, arises because each

@, 1s an electron-spin z-component eigenstate,
hence nonzero only for one value of o,, either

(Tp0p,v|

Te

where the singly renormalized matrix element
(T, f’ep,ap,oe | Vorot | TV')" is defined by (49), and
the 7, 1ntegratlon over a 8 function factor

&8(T— —’- rp) has been performed, leading to
the factor of 2 and the replacement T, =27—T),
and hence T, =27 —2T), as in the subtraction
term in the last Eq. (49).

The fact that all of the terms in Ho (and most
of those in ¥) have simple and obvious physical in-
terpretations can be regarded as further evidence
for the utility and physical relevance of the canoni-
cal transformation (16); (44) is an exact expression
for the transformed Hamiltonian (19) on the one-
positron one-electron subspace.

VI. CONSTRAINTS

In the same representation in which the Fock-
Tani Hamiltonian (34) or (44) acts, the constraints
(18) become

N, | )=Np| )=0, (53)
where | )=0"!|) and
N.=U"'N,0, Np,=U"'Np, 0 (54)

with N and Nps given by (19) and U by (16).
Noting that the &, commute with F ps» ONe has by
(16)

ge=t1o0rag,=|. Then @, (T,0,)ps(T. d,) is
nonzero only if o, =07; the sum defining
A,(T,,T, ') is not only diagonal in spin, but in fact
spin mdependent

The p viﬁ,, term in (44) is obtained by a similar
derivatlon, leading to the following expression for
the matrix element:

Vorot | TV')' =8(27T)—3/22 Phe(2T— Fp,ae)(f',2f"— 27,,0,,0, | Vprot | Tv) , (52)

NA:; =ﬁe—lﬁaﬁe ’
which is easily evaluated (Appendix C) to give
Ny =3 4l 4,.= [dydy'e'p)a,p,y )6y . (59)
v

N ps¢ must be evaluated in two steps, as in (20). By
(B9),

O (N, +Np,)Up, =N, + Np, (56)
and hence

ﬁl:slﬁPsﬁPs=NAPs+ﬁ —ﬁ;slNA Up,. 657
Then transforming by U as in (20) and noting
that U commutes with both N and N ps [Eq.
(33)], one has

A, A

ps=Np,+N,—N, , (58)

which reduces the evaluation of N}, to that of N ,
To evaluate the latter operator, note from (B8) and
(1) that N can be obtained from Hy be replacing
H,(x) by the unit operator and H,(y) and V), (xy)
by zero. This corresponds to replacing Tp(x) by
the unit operator, and T,(y) and all potential-
energy terms by zero in the various contributions
to (34) or (44). In this way one finds N and
hence, in the notation of (44), the followmg expres-
sion for Np:

Ni)s= fdx dy dx’dy’ﬁT(x)é‘T(y)(xy | Nps | x'y" ey )p(x’)

+3 [dxdydx'[pT 08 (p)xy | Npy | x'v)E,p(x") +H.c.]

+3 [dxdx'p'x)elxv | Np, | x'v)6,p(x") .
<

Here

(59)
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(xp | Nps | ') = Bpy(xp,x'p) = [ Ac(p,p1)Apy(xy1,xy"Mdy; — [ Apyxp,x'y A1, )dpy
+ [ A0y 1) Bp(xp1,x'2)A, (y2,9 )y dy; ,
(xp | Nog | x%)= [ [Apsxp,x'y)— [ Ao,y Apylxy”, x'y My 1@ye(y'dy" (60)

(xv [ Nig | V)= [ @he(Ap(xp,x'y )pye 0"y dy'” .

The expression (55) for N is exact on the whole
Fock-Tani state space, and that for N; ps i exact on
the one positron, one electron subspace relevant to
the positron-hydrogen scattering problem. The
way in which the constraints (53) are satisfied is
discussed in the following section.

VII. ASYMPTOTIC STATES AND S MATRIX

The unperturbed states representing a free posi-
tron with wave vector k and spin z component o),
plus a free hydrogen atom in its vth bound state,
are given in this representation by’

|Kopm=2m)~2 [ df,e ™ * 7p'(F,0,)6] | 0)

(61)

and are e _genstat&s of HO [Eq. (44)] with eigen-
values = k +€,.. The corresponding in and out
states | ka[,,v)+ are given by the following expres-
sion from the formal theory of collisions:

Ko,,v)t=+ lim in(+K*+€,, —H+in) ™!
P 1O 2

X | Kop,v) (62)

and the S-matrix elements for elastic and inelastic
positron-hydrogen scattering are

S(Eo,,v;E’a,’,,v’): ‘(Eap,v |k'op,v)tS, .

%%
(63)

The constraints (53) need not be enforced in com-
puting the S-matrix elements. The reason is that
the constraints are constants of the motion,

|

S(kK'ap,vs;ko,,v)=8(k'—K)5,

PP

[N, ,B]=[Np,H]=0, (64)

since N and N ps commute with the original Fock
Hamiltonian A [see Egs. (1), (19), and (12)].
Hence if the asymptotic unperturbed states

| kap v) satisfy the constraints (53), it will follow
from (62) that the | ka,,,v)Jr will also. It is shown
in Appendix E that the asymptotic unperturbed
states will indeed satisfy the constraints in the usu-
al limit of wave packets localized infinitely far
from the scatterer (here, the H atom). This is the
usual limiting argument used to justify use of bare
plane waves in defining the | ko,,v). The new
point here is that this standard argument is suffi-
cient to justify dropping the constraints (53) when
calculating S-matrix elements in this new represen-
tation. It is not difficult to show that the same
argument also applies to the asymptotic final states
| k ap,k o.) for reactive positron-hydrogen
scattemlg, the corrcspondlng out states

| kp0p,k.0.)7, and the resultant reactive S-matrix
elements

S(l_c’pap,l—c’ea,;ﬁ'a;,,v)
="(k,0,,k,0, | K'0,,»)*5, . . (65)
PP

This section will be concluded with a simple il-
lustrative application of the new representation,
namely, the lowest-order approximation to the pro-
cess

et (K)+H(v)—et(K')+H(v) . (66)

Cross sections for (66) and related processes have
been extensively studied in the literature and we
refer elsewhere for more conventional quantum-
mechanical treatments.”>~25 The S matrix of (66)
can be decomposed according to

—2mi8(E —E"\T(K'a),vp;Ka,,v;) (67

with the second term on the rhs of (67) representing the T matrix for (66). To lowest order in the interac-

tion (T =T;) this becomes

T,(E’a;,vf;fa,,vi)=(f'a;,vf [V | Eap,vi)

(68)
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with ¥ the potential responsible for the transition, explicitly given by (44), and | Eop,v) the noninteracting
states of the theory, represented by (61). By using (44) in (68) and “pairing” creation and annihilation opera-
tors of the same kind, it is immediate to verify that T, reduces to

T\(K'a),vy;Ko,,v)=(2m) 2 [ dT,dTye”
From (42) and (27) it readily follows that

T, (k' a},vf;Eap,vi)=(2v)“3f dt,dT,dydy'e

ixr
P (XVf |

iX-r

Hy |x'vi)e = 7 . (69)

e
@y ()

X | Vpelxp)80x —x18(p —3")— 3 €ctpupxp)pi(x’y’)

-
ik-'T

+ X | Voot | XY |@yelye’ ™ 77 (70)

with all the quantities being defined in Sec. V.
The first term within large parentheses represents
the conventional first Born contribution to the
cross section. The remaining two terms represent
corrections characteristic of the present formalism,
corresponding to the binding of the e *-e ~ pair in
positronium and to the screening of the charge of
the proton, due to the Ap, kernel, respectively.
Even in lowest approximation, therefore, the
present theory brings into the picture terms absent
from a conventional quantum-mechanical treat-
ment.

VIII. DISCUSSION

A new representation for low-energy positron-
hydrogen scattering has been derived by starting
with the standard Fock representation and carrying
out a sequence of two canonical transformations:
one to introduce a field operator for bound posi-
tronium, the other to introduce one for the bound
atomic electron. The physical interpretations of
the various terms in the transformed Hamiltonian
have been discussed; these terms correspond direct-
ly with the various possible scattering and reaction
channels, and include the effects of bound-state-
continuum orthogonality in the matrix elements.
This representation is expected to be useful for in-
clusion of the intermediate-state positronium chan-
nel in the standard many-body Green’s-function
approach.!=* Calculations using this representa-
tion will be described in subsequent publications.
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APPENDIX A:
GRADED DIRECT PRODUCT CONSTRUCTION
OF THE IDEAL STATE SPACE

Let % be the original electron-positron Fock
space on which Egs. (3), (6), and (9) are valid, with
vacuum denoted by |0, ). Let # bea comgletc-
ly independent Fock space on which the ¥,, ¥,, &,,
€, act, and on which

[é\wé\v']+=0’ [av,€L]+=8w )
[@a,'/i'p]-=0» [;Z'a’;,;;]—= aB » (A1)
(6 9a)_=[6,,90]_=

Denote the vacuum of # by |0,%2 ). We want to
combine ¥ and # so as to produce an enlarged
state space # on which the normal commutation
relations'® (3), (6), (9), and (12) may all be con-
sistently imposed.

As a preliminary, recall the deﬁmtlon of the
direct product. Let | (%)), F(F) be e any state
and operator on %, and let |Y(#)), B(#) be any
on #. The direct product state

[WFWB))=|PF))Q | WAB))

is defined implicitly by the requirement that it is
bilinear in | Y(F)) and |Y(#)), by the inner
product rule
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(WFWRB) | Y FW(B))
=(PF) [P F))(WRB)|Y(B)), (A2)

and by the definition of direct product operators
F(7)® B(#), which act, by definition, according
to the rule

(F(7)®B(28)] | W(FUB))

F)|YF))]Q(B(#B) |y B))]. (43)

The direct product space F ® # is spanned by all
linear combinations 3,:c;; | ;(F)¢;(#)), and the
definition (A3) is extended linearly to such linear
combinations.? An important corollary of (A3) is
that the vacuum state |0) of ¥ @ 4 is the direct
product |0, ) ® [0,2). It follows from (A3)
that

[F1(7)®B|(2)][Fy)(7)®By(8)]
=[F(F)F)(F)]®[B(8)B)(B)]. (44)

One is tempted to define the ideal state space &
to be the direct product ¥ ® #, with operators
F(.7 ) and B(.@?) extended to #_in the usual way
F(/)—F(?)@ 1(®), B(#)=1(F) ® B(B), where

1(%) and 1(#) are the unit operators on .% and
A, respectively. However, such a procedure fails
in the present case because the product rule (A4)
implies commutativity on .#, i.e. (F(r),
B(#)]_=0. This dlsagrees with the anticommuta-
tion rules between &,, & T and the orlgmal pos1tron
and electron fields p(x) p'(x), &p), and &'(y) [Eq.
(12)]. Replacing these anticommutators by com-
mutators results in abnormal commutation rela-
tions, ' i.e., some fermion fields commute with oth-
ers. This situation can be corrected by generalizing
to a “graded direct product” &' =% ®,#. This is
done by introducing an appropriate phase operator
&(F) on %, defined by

&(F)=exp iﬂ[fdxﬁT(X)ﬁ(x)

+ [dy &' ey (AS)

involving the number operators for positrons and
electrons. Then on ¥ the positron and electron
fields p(x), 57(x), &), and &'(p) all anticommute
with ®(F). More generally, odd polynomials in
these fields anticommute with ® whereas even

polynomials commute with ®. The graded direct

product space .# =% ® ,# is then defined by re-
taining the usual direct product rules (A2)—(A4),
but modifying the rules for extension of some of
the operators from # to .#. Specifically, we de-
fine

o) =F7)e1(%) (A6)

as usual for all operators on %, but the rules for
extension of operators on # to . are changed to

e (IN=D(F)RE,(B)

Sdn=d edla)),
PN =1F) @V B) ,
=150 2) .

Note that thls implies that polynomials in the &,
eI, ¥4, and 1,ba are extended to J by direct multi-
plying terms odd in &,, & by d(7), whereas terms
even in ev, e, are direct multlphed by 1) as usu-
al, since <I>2—1 In connectlon with the second Eq.
(A7), note that ®'=&~'=&. It is then easy to
verify that the normal commutation rules (3), (6),
(9), and (12) are all satisfied. An alternative pro-
cedure would be to first extend all operators (in-
cluding D) from & and # to £ in the usual way
using only 1(#) and 1(#) in the direct products,
and then “correcting” the resultant &, and e,
operators on .# by multiplication by d>(./ ). This is
the method of the Klein transformation.'©

(A7)

APPENDIX B: EVALUATION
OF POSITRONIUM TANI
TRANSFORMATION

Procedures for evaluation of U ;SIHA F U ps have
been described previously®?’ in a different connec-
tion. However, the methods used there emphasized
the infinite series aspect of the transformed Hamil-
tonian, a complication occurring in applications to
macroscopic systems of arbitrarily many composite
particles. In the present case only one positronium
atom can form since there is only one positron.
Then a simpler and more transparent derivation,
which will be presented herein, leads to an exact
and explicit expression with no infinite series.

The method which will be used is based on an
equation of motion and operator-basis-expansion
method?’ simplified by the restriction to the one-
positron subspace Let A denote any of the opera-
tors eT(y)é‘(y )y P (x)p(x ), etc. whose transforms
U pslA Up; we wish to evaluate. In this connection,



26 FOCK-TANI REPRESENTATION FOR POSITRON-HYDROGEN . . . 229

it is expedient to rewrite

&' (H, (»)ely) = lim (H,()[E' eyl (BD)
y—y

and similarly for ﬁ*(x)HP(x)ﬁ(x), in view of the
differentiation operation in H,(y) and H,(x), Eq.
(2). Define

Aty=e Frige'Trs (B2)

where ﬁps is given in Eq. (16). Then A() satisfies
the “equation of motion”
dA(t
dt

which is to be solved subject to the “initial” condi-
tion A(0)=A to yield the transform

—[A( ) Fpsl_ (B3)

A =040, . (B4)

Define an “operator basis” {ﬁ } whose linearly in-
dependent?® elements B; are all of the distinct nor-
mally ordered products of creation opcrators pT(x),
e (y 1/1,, and annihilation operators p(x), &(y), ¢a
Each i is a double index: i =(.% 4y, *in), Where
Zin 1s the set of labels of the incoming particles
(annihilation operators) and %, that for the out-
going particles (creation operators). This doubling
of indices is familiar”® in Liouvillian approaches
to time-dependent quantum mechanics. A(1) can
be expanded in terms of the basis {B;}:

Alr) =2ci(t)B,- , (BS)

where the ¢;(¢) are c-number functions of ¢ to be
determined. Substitution into (B3) and equation of
coefficients of the same basis element on both sides
leads to coupled linear equations of motion for the
C,'(t )

dc;(t)
dt

= 2 ¢;(0d;; (B6)

where (dj,-) is the “d matrix”?’ defined by
B, Fp,]_ zd,,B (B7)

As previously noted, each index i or j stands for a
set of both incoming and outgoing particles; the dj;
are matrix elements of the commutation super-
operator deﬁned by (B7), just as is the Liouvillian
tetradic.?’ The initial values  ¢i(0) are to be chosen
so that the initial condition A(0)=A is satisfied.
Equations (B6) have an obvious solution in terms
of the exponential of the d matrix, but in practice

other methods of solution are easier than exponen-
tiation of the d matrix.

The set of B which enter into the expansion of

a given A(t) can be severely truncated in a case
such as that in which we are interested here, where
all operators act only on a low-order subspace of
the Fock space. To make this explicit, consider
the positron and electron number operators

N,= [dxp'0ptx)
ﬁe=fdy é‘*(y)eA(y) ,

along with the number operator N s for ideal posi-
tronium atoms, Eq. (19). It is easy to show that

[(NAP +ﬁPs)’ I/}Ps]=0 ’
[(NAe +NAPS)) ﬁPs]=0 .

(B8)

(B9)

The physical content of this is that the transforma-
tion conserves the total numbers of both positrons
and electrons; in the Fock-/’!‘ani state space, N »

counts free positrons and Np, counts bound ones
(one in each positronium atom), and similarly, NA
counts free electrons and N ps counts bound ones*®®
(one bound in each positronium atom). Let £,
be the subspace of the Fock-Tani state space .#
(Appendix A) containing n positrons and m elec-
trons*:

(N +Nps)|nm) n|n,m)

(N+Nps)|nm) m | nm) if |nm)ES,, .

(B10)

We will eventually be interested only in .#;, but it
is useful at this point to be more general. Now
suppose that the operator A annihilates .~ s

AS =0 (B11)

(in the sense that it annihilates every |¢)€.#,,,)
for some particular choices of n and m. Then for
the same n and m one will also have

ADSI =0 (B12)

as a consequence of (B2), (B9), and (B10). Then
the only B which can enter in the expansion (BS)
of A(t) are those which annihilate % am- Further
delimitation is provided by noticing that we are in-
terested in Eq. (1) only in operators 4 which com-
mute with both N,+Np; and N, +N ps» and hence
the same must be true of all the B occurring in
the expansion of A, Finally, restriction to vari-
ous one-positron, m-electron subspaces .#,, 1s in-
troduced by deleting from the expansion of A(¢) all



230 M. D. GIRARDEAU 26

§,~ which annihilate the relevant #,,. This is To make this more concrete, ¢ ons1der the expan-
most efficiently done sequentially, first retaining sion of p' (x,t)p(x ,0). Noting that p (x)p(x') an-
only the terms which are nonzero on #,, then nihilates the .#,, for arbitrary m, one sees that the
adding the additional terms which are zero on £ only terms which can occur in the expans1on of
but nonzero on .#; (without changing the previ- p (x t)p(x’',1) restricted to g are the p (x1 )P (x,).
ously obtained terms), etc. Thus (B5) reduces on & to
J

57 x,0p(x",)]10= fdxldxzc(x;x’|xl;x2 | 9pT(x 1 )p(x,) (B13)
and (B6) to

de(x;x'|xy;x, | 8)

¢|it 157 =de3dX4C(X;X' | xX33x4 | 8)d (X3;x4 | X15X,) (B14)

which is to be solved subject to the initial condition
clx;x’ | x13%2|0)=8(x —x1)8(x'—x;) . (B15)

Upon evaluating commutators (B7) one finds that all of the d-matrix elements dj; with column i =(x;x;)
[basis elements B _p*(xl )P(x,) in (B7)] are zero. Hence the derivative (B14) vanishes and

clx;x' | x 3%y | 8)=8(x —x{)8(x'—x3) (B16)
implying
(7, 0p(x",0110=5"(x)p(x") . (B17)

To extend this to .#;, one must add terms proportional to those basis elements vanishing on .# | but not
on £ ;. Choosing these terms in accordance with the aforementioned criteria, one finds

[p tx, p(x',t)]y 1= p T(x )+ zc(x x'|a;B|t) ¢aT¢B
+3 fdx,dyl[c(x x| xyie | 0T x)E W a+c(xx" | asx i1 | DL P
+fdx1dy1dx2dyzc(x ' | X 1p13%2 | t)ﬁf(xl)é‘f(yl)é‘(yz)ﬁ(xz) . (B18)

afa

Note, for example, that terms Al y1)é(y,) cannot occur in (B18) because p''p annihilates .#;. The relevant
differential equations (B6) are then

—L]—L =d(x;x"|i)+ zﬂc(x;x'|a;B|t)d(a;B|i)
+3 fdxldxzc(x;x’lxlyl;a]t)d(xlyl;ali)
a
+3 fdx,dxzc(x;x’la;xly, | )d(a;x 1y, | i)
a
+ fdxldyldxzdyzc(x X' | X y13x0y2 | ) (x1p15%2p5 | 0) (B19)

where i ranges over the labels of the new basis elements, namely, i =(a;B), i =(xy;;a), i =(a;xy,), and
i=(x1y1;Xx2y,). The inhomogeneous term d(x ;x’|i) arises from (B16) and (B6). The necessary d-matrix
elements in (B19) can be found either by direct evaluation of commutators (B7), or more quickly by change
of notation in the previous results?’ for atomic hydrogen [proton changed to positron, and sign of the matrix
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elements changed to correspond to the sign convention in the definition of ﬁps, Eq. (16)]. The results are
d(x;x'|a;B)=d (x;x" | x1p1;%292)=0,
d(x;x" | x1y1;a) =@ ps(x'y1)8(x —x;) ,
d(x;x'|a;x1p1)=@apdxy)8(x' —x,) ,
d(a;B|1;8)=d(a;B | x1y1;x292)=0,
d(a;B|x1y1;7)=—@aps(X191)8py ,
d(a;B|v5%191)=—@ars(X 191 )8y »
d(x1y1;0 | B;Y) =@pps(x191)84y ,
d(x2y35a|x1y1;8)=d(x295;2 | B;x1y1)=0, (B20)
d (X250 | X1915%393) = —@aps(x3y3)8(x, —x1)8(y; 1) ,
d(a;x1y1 | BY)=@yps(x191)84p ,
d(a;x,y; | X1y1;B8)=d (a;%29; | Bix1y1)=0,
d(a;x292 | X1913X3¥3) = —@qaps(x1y1)8(x2 —x3)8(y2 —y3) ,
d(x1y13%2p2 | ;B =d(x3y3;X4y4 | X1Y15X292) =0,
d(x292;%3p3 | X1¥1;0) =@aps(X3y3)8(x3 —x1)8(y, —y1) ,
d(x2923%3y3 | €5 191) =@ ps(X292)8(x3 —x1)8(y3 —y1) .
Thus the differential equations (B19) become

de(x;x'|a;B|1)
dt

= [ dxidy\[@apsx iy e (x5x" | x93 1) +@grxipie (x5x” | sy | ]

de(x;x' | Xy |t)
dt

= @aps(x'y1)8(x —x1)— 3, @gps(x1y1)c (x;x" | B | 1)
B

+ [ dxydyr@apy(xaya)e(xix’ | x1px9, | 1)

(B21)
de(x;x'|a;x t) ,
|dt w1 = @aps(xy1)8(x’'—x1)— 3, @ppsx1y1)e(x;x" | a;B| 1)
B
+ [dxadyr@hpxayr)e (x3x" | xop23x191 | 1)
de(x;x' | xpi;x02 | 1) , ,
| a;zl 2] =— 3 [ @ars(xay2)e(x;x" | X1y 150 | 1) +@qape(x1p1)e (x3x" | @5x292 | 1) .
a
The solutions are
clx;x'|a;B|t)= fdy P ps(xY)Pgps(xysin’t
c(x;x" | x1y1;a | t)=@qps(x'y1)0(x —x)sint — fdy Apy(x1Y1,Xp)Paps(x"y)sint (1 —cost) ,
(B22)

c(x;x' |a;x 1y, | )= @aps(xy;)8(x’ —x;)sint — fdy Paps(Xy)Apy(x'y,x 1y, )sint(1—cost) ,
cOesx’ | X1p13%2pa | )= —Ap(X1p1,%92)8(x" —X)(1—c08t)  — Apy(x'yy,X297)8(x —x)(1—cost) ,

+ fdy Apy(x1y1,xp)Aps(x"p,x2y,)(1—cost)? ,
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where Ap, is the positronium bound-state kernel

Apd(x1Y1,X292) = 3, @aps(X1V1)Parps(X22) - (B23)
a

These vanish at ¢ =0 as they must in order that [p*(x)p(x )]; reduce to pT(x)p(x ) at ¢t =0, and it can be
verified by direct substitution that they satisfy the differential equations (B21). This verification makes use
of the identities

f‘P;Ps(xlyl JApy(x1y1,X292)dx 1y =Papy(X2¥2) (B24)
fAPs(xl}’l,xLVz)‘PaPs(szz)dxzdh=<PaPs(le’1) )

which follow from orthonormality of the @,p;. These solutions are found most efficiently by adaptation of
the previously studied cases.*?” The expression for the transform of ﬁf(x)ﬁ(x’) exact on £, is then found
by substitution of (B22) into (B18).

Let us next work out the expressions for the transforms of the other operators in (1) through terms exact
on £ ;. Since these terms annihilate .# |, one has

[y, 060",0110=0, 525
1,008ty 060, 1p(x,)110=0 .

The derivation of the expression for & T(y,t)é\( y',t) on S, differs from that for p*(x t)p(x',t) only by some
sign changes and interchanges of positron and electron arguments, so I shall only record the result:

(&' ,08",011=8"010") + S ey’ | Bl Dddg
ap
+3 [axdplesy |xyia| 088 ) Pa+c(viy’ | asx iy | 0D x )]
a
+ [ dx dydx,dysc(p3y' | x,p1%9, | 05T (x)E B, px,) (B26)

with
cy;y'|a;B| = [ dx ghpxp)pgpsxy")sin’t
cyy' | x1y1;a | )= @qps(x1y')8(y —py)sint — fdx Apy(X191,X))@aps(xy’)sint (1 —cost) ,
c(y;y' | @sx 11 | )= @arsx19)8(y' —p )sint
— [ dx @hpxp)Apy(xy’,x 1p1 )sint (1—cost)
ey | xwi3xays | D= —Apy(x1p1,%29)8(y" —y,)(1—cost)
—Apy(x1y',x292)8(y —p1)(1—cost)
+ fdx Aps(x,yl,xy)Aps(xy',xzyz)(l—cost)2 . (B27)

ata

The £, basis expansion of the transform of "T"Te p is analogous to (B18) except that there is no p'p term:

157 (x, 088,080, p(x, )11 = zc(xy xy |a;B| t)lﬁa'/’B
- 2 Jaxidyi[ctysxy | xiyia | 05716 (p,)d,
ey sy | asx | DPEEB(x))]
+fdx1dy,dx2dy2c(xy;xy |x1p13x22 |0 51Ny )8 )px,) .

(B28)
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The equations of motion analogous to (B19) are

delayxy [L]D) ;;f Ha _ Dclxy;xy |a;B|0d(a;B|i)+ 3, fdxndylc(xy;xy | x el d(xy;ali)
apf a
+3 fdxldylc(xy;xy |a;x 1y | )d (a;x 194 | )
a

+fdx,dy1dx2dy2c(xy;xy |x1y13xp5 | ) (x1y13x002 | 1), (B29)

where i ranges over the same operator basis elements as in (B19), and the .#|;-subspace d-matrix elements

ATaa

are also the same, Eq. (B20). There is no inhomogeneous term in (B29) since ﬁ*e e p vanishes on the lower
subspaces. The solution subject to the initial condition

[6'x,08"(,06(,00p(x,001,, =5 ()6 ey )p(x) (B30)
is, not surprisingly, very similar to (B22):
c(xy;xy | ;B | 1) =g pyxp)pgps(xy)sin’t ,
c(xy;xy | x1y1;a | )= @qps(xp)8(x —x)8(y —y,)sint
—Ap(x1y1,X9)@q ps(xy)sint (1 —cost) ,
c(xy;xy |a;x 1y, | )= @ap(xp)8(x —x,)8(y —y,)sint
— @ ps(xy)Ap(xy,x y, )sint(1 —cost) ,
c(xy;xy | x1p1,%292 | )= 8(x —x)8(y —p;)8(x —x,)8(y —y,)
—Apy(x1y1,xp)8(x —x,)8(y —y,)(1—cost)
— Apy(xp,x,y,)8(x —x1)8(y —y;)(1—cost)
+ Apy(x1y1,x9)Ap(xy, X2y, )(1 —cost)? . (B31)

As in the case of (B22), the correctness of this solution can be verified by direct substitution into (B29) [with
(B20)], making use of (B23) and (B24).

Substituting the ¢ functions into (B18), (B26), and (B28), putting ¢ =7 /2, and using (B1), (B2), and (1),
one obtains the expression (21).

I

APPENDIX C: EVALUATION equations of motion
OF HYDROGEN TANI TRANSFORM
dé(n dA,(t)
Defining & —A,,(1), ar =é,(1),
(C4)

A —tF, ~ 1F,
in analogy with (B2), one has the equation of dt STve Ty
motlonA The solution of the first two satisfying the initial

%=[2(t),ﬁe]_=[2(t),ﬁe(t)]_ ’ ) conditions 4(0)=4 is

e,(t)=¢&,cost ) veSIN?
where by (16), ©5)

Fo=F,(1) A, (t)=8,sint + A4 ,cost .
A NIV
= 2[4, (D8,()—&,(D4,.(1)] . (C3) Substitution of this expression for &,(t) into the
v

R third Eq. (C4) and integration from O to ¢ yields
The operators &,, A,,, and &(p) then satisfy the (31) when t =7/2 [Eq. (16)].
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APPENDIX D:
POSITRONIUM BOUND-STATE KERNEL
IN THE CENTER-OF-MASS SYSTEM

Upon inserting (13) into the definition (B23) of
the positronium bound-state kernel and noting that

23—
ik (rc.m._

Ap(xpx’y)=2m Y [dKe

summation over a stands for integration over the
translational wave vector k and summation over
the internal quantum numbers v, one has

) — * /=
MU Tepy0ps 0 Uy (Tep,0),0%)

— *x ’ ’
=8(?c.m. - ré.m. ) 2 uv(?epvopyae )uv(repyap9oe)
v

— — - * -
=8(Tem —Tem.)8, 18, S 4 (Tep,0p,0.)u3(Te,05,0,)
p%p %e% °]

=8(Tom —Tom )
.M. c.m. 4
UPUP

Here T, ,, = %( T, +T),), Tpp =T, —T, and similarly
for the primed variables. The Kronecker 6 func-
tions expressing the diagonality in the positron and
electron spin variables arise because each u,, is an
eigenstate of the z components of both the positron
and electron spins. Hence each u,, is nonvanishing
only for one value (1 or |) of 0, and one value of
., and

— * /-
Uy (Top, 0,0 )y (Tep,05,00)

vanishes unless 0, =0, and o, =0,.
APPENDIX E: ASYMPTOTIC
WAVE PACKETS AND CONSTRAINTS

_Consider a wave packet of the asymptotic states
| kop,v) [Eq. (61)], defined by

Saea;APs( f;;:»f.e'p;ap,ae) . (D1)

r

|Xo,,v)= [dKX(K)|Kop,v)

= [az,x(5,)5"(5,0,80 | 0) ,
ED)

where X(K) is the wave function of the positron
wave packet in k space and X(T}) is the corre-
sponding Schrédinger wave function

—
—ik Ty =

X(F,)=(2m) "3 [ X(K)e rdk . (E2)
Clearly
&y)| Xo,,v)=0 (E3)

and hence, by (55), the first constraint (53) is satis-
fied,

N; | X0,,v)=0 (E4)
and in addition one has by (59)

Rps | Xo,,v)= [dx'dy'dT,(x'y’ | N, | oo, vX(F, )5 (x167(p) | 0)
+ 3 [drdt,(x'v | Np | 550, X, plxnel. o) . (ES)

It then follows from the last two Egs. (60) that the
second constraint

Np, |X0,,v)=0 (E6)
will be satisfied provided that
[ Bpdx'y'57y 09X (1, )poe ATpdy=0 . (ET)

Here Apy(x'y’;7,0,,y) is the positronium bound-
state kernel Apy(x'y’,xy) with x =(r,0,). Inserting
the decomposition (D1) of Ap, in relative and
center-of-mass coordinates, one sees that (E7) will
be satisfied provided that

fAPs( f.e'p;rep;a;nge X( f"c'.m. - %?ep )Pye (_f(;m + ’;_rep,Ue )dFep =0 (E8)
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for each fixed value of T,, and T; ,, (and, of
course, of v, g,, and o,).

To complete the proof, we must show that (E8)
is satisfied in the usual asymptotic limit of a wave
packet X localized infinitely far from the origin
(i.e., from the H atom). The hydrogen orbital g@,,
in (E8) is localized about the origin in the sense
that it decrmsw exponentially as the distance

| Tom. ++ > Tep | becomes >>nag, where ag is the
Bohr radxus and n the principal quantum number
(included in the quantum number set v). Further-
more, each positronium relative wave function
u%y(re,0,,0,) in (50) has a range of the same order
of magnitude, n'ay, as a function of |7, | [note
from (E8) that the variables T, and T,, are to be
interchanged in (50)]. The product App,. in (E8)
is therefore only appreciable when

| Te.m. | <(n +5M)ay, where 7 is some mean prin-
cipal quantum number for the positronium states
contributing to the summation (50). Now choose
the free positron wave packet X in (E8) to be of the
usual form used in justification of the S-matrix
formulas of formal scattering theory, i.e.,

X(B)=f(P)e' KT, (E9)

where f is an envelope function localized about

some point Ty and with range w. Then the integral
(E8) will vanish exponentially as 7o— o, and
indeed already for ro >> w4 (n +)ag with w
fixed. Finally, let w— oo so that X approaches an
unmodulated plane wave, and | Xo,,v) approaches
the unperturbed asymptotic state | ko,,v). This is
the limiting sense in which the constraints (53) are
satisfied, justifying the use of (62) and hence appli-
cation of standard methods of formal scattering
theory without explicit consideration of the con-
straints. The argument is easily extended to the
asymptotic final states | kpap,k o.) for the reac-
tive process Ps+ H—e™* +e~ by defining them by
an appropriate asymptotic limit of wave-packet
states

| Xp0p,Xe0e)= [ d*Tpd’re X, (T, X, (7,)

xp'(r,0,)8N(r,0.)10),  (E10)

since it is easy to show that the constraints (53) are
satisfied in the limit of infinite separation between
the positron and electron wave packets X, and X,.
Hence the reactive S-matrix elements (65) may also
be evaluated without explicit consideration of the
constraints.
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