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FIG. 2. An enlarged view of Fig. 1 in the neighbor-
hood of a fixed point x; for A, slightly less than A,5, show-
ing a gap. The staircase line between the iterate and the
45' line indicates successive iterations of Eq. (1). A tra-
jectory entering at A will appear to have approximately
12 period-5 cycles of a laminar phase before it exists at 8,
where it displays an aperiodic burst.

cally about the map, corresponding to an intermit-
tent "burst" phase, then reenter at some point A
near some attracting fixed point, etc. To summa-
rize, as e is increased by reducing the driving
parameter one expects to experimentally observe a
P-M transition to chaos characterized by periodic
wave trains increasingly intermittently interrupted

by aperiodic bursts. The average periodic length

( l ) decreases with e with scaling behavior

(l) +
—05 (2)

for Eq. (1), or more generally, as (1) ar 1/e' '~ for
an expansion of the iterate about the point of
tangency of the form =x+a ~x

~

[Z=2 for Eq.
(1)]. For e=O, the P-M scenario can be induced by
additive random noise, represented by adding a
term gg(t) to the right side of Eq. (1) where g(t) is a
white noise source and g is the standard deviation.
The predicted scaling behavior is

(l ) g
—2/3 (3)

for Z =2, and more generally, ( I )
acg ' "~' +". The probability distribution I'(l)
is also predicted, with and without additive noise.
Although onset of chaos via some kind of intermit-
tency has been qualitatively observed in many non-
linear systems, detailed measurements demonstrat-
ing Eqs. (2) and (3) have not been yet reported to
our knowledge. However, Pomeau et al. " interpret
an intermittency in a chemical oscillator as belong-
ing to this class.

We report here the observation of a P-M inter-
mittency route to chaos in reasonable agreement
with Eqs. (2) and (3) for a driven oscillator whose
nonlinearity is a p-n junction diode, similar to that
previously reported. ' We have shown that this sys-
tem follows the universal period-doubling bifurca-
tion route to chaos. Good agreement is found
between theory and measurements for five universal
numbers: convergence rate 5, ' pitchfork ratio a, '

power spectral ratio, ' wide band noise scaling fac-
tor P, ' and noise sensitivity factor i~. ' Almost all
observed window periods and patterns agree with
the U sequence. ' The bifurcation diagram is quite
similar to that of Eq. (1).' These data characterize
the system fairly well: to a good approximation it
is describable by Eq. (1). However, direct observa-
tion of the return map and the Poincare section,
which are more sensitive probes of the system
dynamics, reveals a Henon-type two-dimensional
character, ' expected for the second-order differen-
tial equation for the LRC oscillator; this ap-
proaches the one-dimensional map as R —+00. To
this approximation we consider the system to be a
good candidate for observation of the P-M intermit-
tency route, in addition to the period-doubling
route.

The system is a series connected inductance I.,
resistance R, and junction diode, driven by an oscil-
lator V0sin(2mt/'1}, w. here the period
T =(80 kHz) '=12.5 psec, selected to be near the
natural resonance period of the LRC circuit. The
nonlinearity is provided by the diode which has
nonhnear conductance and capacitance, both in for-
ward and in reverse bias. ' To take measurements
on the system, we do real time analysis of the series
current I(t) and the voltage V, (t) across the diode.
To a first approximation we assume that the system
dynamical variable is the diode voltage V, (t) and
make the correspondences

V,(t)~x„,
V, (t+mT)~x„+~,

and
~

V0
~

~A, , to relate measured quantities with x„
and A, of Eq. (1). Alternatively, we can also assume
the series current I(t) is the dynamical variable
with the correspondences

I(t)~x„, I(t +mT)~x„+

and
~

V0 ~~A, . Both assumptions are reasonablebe-
cause V, and I each show essentially the same bifur-
cation diagram, both very similar to that computed
from Eq. (1). By using a sample and hold circuit
and oscilloscope intensity strobing, we plot directly
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FIG. 3. Observed current I(t+T) vs I(t) for the non-
linear oscillator at A, slightly less than A, 3

——3.828 (thresh-
old for period-3 window), where T is the period of the
driving oscillator. This corresponds to a plot of the first
iterate f (x) vs x and shows, to a first approximation, a
single maximum. The faint splitting is due to some
higher-dimensional character.

the first iterate, or return map, I(t + T) vs I(t), Fig.
3, which corresponds to the map x„+~ vs x„. Al-
though it is not the siinple parabola of Eq. (1), to
first approximation it has a single quadratic max-
imum; the small splitting is a consequence of
higher-dimensional character.

The period-3 window has a measurable hys-
teresis' (a consequence of higher-dimensional char-
acter), and the P-M intermittency is not observable
at this window. However, the first period-S window
has no observable hysteresis and displays an inter-
mittency as A, is decreased from the periodic to the
chaotic state. Figure 4(b) shows the observed fifth
iterate for this window at I, chosen very slightly less
than A,5 ——3.737 at the start of intermittency, so that
the five stable fixed points of Fig. 1 are all visited

h

and can be photographed. The points lie on the
straight line

I(i+ST)=I(t) .

Figure 4(a) shows the observed fifth iterate for A,

less than A,5, well into the chaotic region, where the
complete return map is sampled more uniformly.
The points of tangency to the diagonal correspond
to the fixed points of Figs. 4(b) and 1. The curve of
Fig. 4(a) has a reasonable correspondence with that
of Fig. 1, except for a splitting due to the higher-
dimcnsional character. Since this splitting does not
intersect the diagonal line, and the system has ex-

perimentally well defined fixed points and displays
tangent bifurcation, we consider the period-5 win-

dow a suitable system for observation of a P-M in-

termittency.
To take quantitative data to compare to Eqs. (2)

and (3) we do real time analysis of the diode voltage

V, (r), shown in Fig. 5 for e=O. The diode forward
conductance clamps the positive voltage, allowing
observation of voltages pulses V, corresponding to
four of the five fixed points; the pattern of Fig. 5 is
RLRR(R), as expected. ' The largest pulse of V, (t)
is sampled by a window comparator, which outputs
an "event" pulse P, Fig 5, if. the pulse height is
within 1% of the periodic (or laminar) pulse height.
The 1% window was selected to facilitate compar-
ison with the 1% gate width used in the theory of
Hirsch, Huberman, and Scalapino. This is further
illustrated in Fig. 6 which shows V, (t) for e & 0, i.e.,
for intermittency. The dots immediately below the
peaks are the event pulses recorded simultaneously
with V, (t) on a dual-beam oscilloscope; they are
also represented schematically by the pulse sequence
P(t). Additional logic circuitry detects the begin-

ning of a periodic train and outputs a pulse B; and
it detects the end of the train and outputs a pulse E.

x; j

Dt)

FIG. 4. Oscilloscope trace of the current I(t +5T) vs
I (t) corresponding to the fifth iterate f'(x) vs x, for (a) A,

less than A,5, in the chaotic regime and (b) A, very slightly
less than A, 5. The five points x; lie on the straight drawn
dotted line, defined by I(t+5T)=I(t), and correspond
to the five fixed points x; of Fig. 1.

FIG. 5. Dual-beam oscilloscope trace of diode voltage
V,(t) (curve A) for the period-5 window and event pulses
(curve P) that detect the largest peak of V,(t). The P
pulses are separated by a time ST=62.5 psec.
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casionally observed in the bursts; e.g., at region S in

Fig. 7(a} there are 14 oscillations of approximately
constant amplitude at period 2T; bursts of period T
and 4T were also occasionally observed with ran-

dom amplitudes.
For a fast measurement of (I) we read with a

two-channel frequency counter the ratio of
[f(P) =frequency of pulses P] to [f(B)= frequency
of pulses B]. Then, in units of 5T sec, the average
periodic length is the frequency of periodic events

divided by the frequency of periodic trains

FIG. 6. Dual-beam oscilloscope trace (curve A) of
V,(t) for @=10, showing intermittency: periodic re-

gions (and event dots P immediately below) and aperiodic
bursts. The schematically drawn pulse trains P(t), B(t),
and E(t) show, respectively, the pulses for laminar
events, the beginning of a laminar region, and the end of
a laminar region.

b,A,a=k, 5
—A,p ——( Vps —Vp)

Vo
(5)

(I) f( ) (4)f(B)

The average length is measured as a function of 6
defined experimentally by
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FIG. 7. A representative group of dual-beam oscillo-

scope traces of V,(t) as in Fig. 6 showing intermittency in

the period-5 window (@=0), induced by a random noise

voltage V„added to the driving voltage. Traces (a), (b),
and (c) correspond, respectively, to reduced values of V„,
and longer laminar lengths.

These pulses, P (t}, B(t), and E (t) are drawn
schematically on Fig 6 and are the signals used to
quantitatively characterize the intermittency.

Figure 7 is a representative group of intermitten-

cy signals V, (t), with event marker pulses P, shown
as dots just below the periodic maxima. Here e=O
and the intermittency is induced by a random noise
voltage V„added to the driving voltage Vo. Figure
7(a) shows periodic trains of lengths 2, 1, 1, 2, 2, 4,
and 2 (in units of 5T=62.5 }Msec). Figures 7(b) and
7(c) show longer lengths for decreasing values of
V„. %e note the occurrence of some structure oc-

where V05 is the measured driving oscillator voltage
for the period 5 window threshold, and Vo is the
voltage just below threshold; a Fluke 8520A six-

digit recording voltmeter was used. The scaling
factor (AA, /6 Vp} is used to establish a measured lo-

cal correspondence between V and A, in region of in-

terest: the measurement EA, =A, &0
—A, 5 is computed

from Eq. (1) where A, &p is the threshold for bifurca-
tion to period 10 and AVO is the measured voltage
increment between the same thresholds. For our
system (hA/bVp)=0. 103V '. We varied e by
varying Vo by a three-stage helipot attenuator
driven by a digitally controlled stepper motor with
a resolution of 10 in e. To record (I) vs e this
method was used: The P pulses were inputed into a
multichannel scalar, which was advanced by one
channel for every 2048 B pulses; the stepper motor
then advanced to @+he, etc. The result is a well-

averaged plot of (l ) vs e. A very similar procedure
was used to measure (I) vs V„, where the noise

voltage V„was slowly varied, Vo being held fixed at
e=O.

Figure 8 is a representative plot of log, p(l) vs

log]oe. After an initial steep slope, the data are fit
by (1)~1/e~, where P=0.43 is the slope of the
drawn line. From other similar runs an average
value for the slope is found to be P=0.45+0.05.
The initial steep slope is not believed to be an exper-
imental artifact. Figure 9 is a representative plot of
log&p(l ) vs log, pg, with a=0, where g is proportion-
al to the additive noise voltage V„. The data are fit
by (I) o:1/gr, where y=0.65 is the slope of the
drawn dashed line; the fit is fairly good except at
large values of g. Other runs give an average value
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FIG 8. Points: plot of logIp (I) vs logIp(e) for ob-
served intermittency near period-5 window. Dashed line
through data has slope —0.43.
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FIG. 10. Relative probability distribution P(l) vs lam-
inar length l (in units of 5T=62.5 psec) for intermittency
near the period-5 window; @=2.5)& 10 4.

@=0.65+0.05.
A plot of the probability distribution P(I) was

directly measured in this way: pulse B trigged a
linear ramp Va K(t ts——) and puls—e E sampled the
ramp voltage Vz K(tE tz)——and g—enerated a pulse
with magnitude just proportional to the length
l =t~ —t~, pulse E also reset Vq to zero, ready to be
trigged by the next B pulse, etc. This sequence of
pulses is input into a pulse height analyzer which
displays directly P (I) vs I. Figure 10 shows data for
the unnormalized probability P(I) vs I (in units of
5T=62.5 @sec) for @=2.5X10 . After an initial
steep decay there is a slight hump at l =9 and then
a fast fall-off to very small values of P(I) for large
l. Although l as large as 5000 occurred, the proba-
bility is too small to appear on Fig. 10. This figure
is to be compared to the theoretical expectation
(Fig. 7 of Ref. 3) which shows P(I) peaked at small
and large values of I with a dip at I =10=(I ); how-
ever, if a small random noise voltage is added, then
the computed P(l) has a hump at I =10 and the

peak at large l is washed out. This is qualitatively
similar to our data of Fig. 10, which therefore may
be explained by the presence of noise or other spuri-
ous signals in the nonlinear circuit. Data taken at
e=8X10 ' show P(I) vs I extending to 1=5000,
but with modulation at 60 Hz: at such a small
value of e, the intermittency is extremely sensitive
to spurious amplitude modulation of the driving
voltage Vp at the power line frequency, which could
not be eliminated.

The probability distribution was also measured
for @=0 and an additive random-noise voltage of
standard deviation g =10 with results shown in
Fig. 11; there is a very slight hump at l =10. For
g=3.5X10, P(l) falls off more rapidly with no
hump.

To summarize, we note the reasonable correspon-
dence between the data
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FIG. 9. Points: plot of logIp(I ) vs logIp (noise voltage)
for observed intermittency in the period-5 window with
a=0. Dashed line through data has slope —0.65.

FIG 11 Relative probabxhty dxstrxbutxon P(l) vs 1am
inar length 1 (in units of 5T=62.5 @sec) for intermittency
in the period-5 window (a=0), induced by an additive
random noise voltage with standard deviation g =10
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(1) e—(0.45+0.05)

and

—(0.65+0.05)

and the predictions of Eqs. (2) and (3). Further-
more, the observed distributions P(1) vs e and P(1)
vs g are qualitatively similar to theoretical expecta-
tion. We have no ready explanation of the small
consistent deviation from 6 ' of the observed scal-
ing of (I) with e. The initial steep decay of (1)
with e (Fig. 8) and the absence of a second peak at
large 1 in the probability distribution P(l) (Fig. 10)
could be due to a very small spurious 60-Hz com-

ponent of the signal V, (t); other possible causes are
an (unmeasurably) small hysteresis in the period-5
window, and higher-dimensional effects. These in-
termittency measurements are the most detailed to
be reported and, we believe, establish the existence
of a Pomeau-Manneville intermittency route to
chaos in our driven nonlinear oscillator.
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